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PREFACE TO THE THIRD GERMAN EDITION 


W HEREAS the second edition (September, 1920) differed 
essentially only in the mathematical notes from the first 
edition, the third edition is a complete revision. 

My aim was, above all, to promote order in the general series 
spectra. In the earlier editions these, together with the hydrogen 
spectrum, received mention rather throngh incidental comparisons 
in the argument of the fonrth chapter ; now they have been set 
out in detail in Chapter VI. I attach particular importance to 
the introduction of the inner quantum numbers (Chap. YI, §6), 
and to the systematic arrangement of the anomalous Zeeman 
effects (Chap. YI, § 7). The regularities that here obtain through- 
out are primarily of an empirical nature, but their integral character 
demands from the outset that they he clothed in the language of 
quanta. This mode of explanation, just like the regularities them- 
selves, is fully established and is unique. Even at the present 
early stage it has shown itself in many respects to he fruitful and 
suggestive. Doubts can arise only with respect to the interpreta- 
tion in terms of the models. This interpretation has been attempted 
in Chapter YI on the basis of Paschen’s thesis that the term- 
multiplicities arise from an intra-atomic magnetic field. ‘'The 
Law of Displacement ” and "The Law of Exchange ” or ‘'Gross 
Law {these terms are used, symnymoushj in the English text) 
have been carried further in the ,new account (§ 6) than before. 
The explanation of the various series terms by means of the intra- 
atomic electric field (§2), of course, constitutes as before the 
foundation of the theory. 

The band-spectra, too, which before were sketched only in the 
notes, are now treated, with due regard to their importance, in 
Chapter VII. Eollowing on them are the continuous emission 
and absorption spectra (Chap. YII, § 7). ' 

Ebrtunately the systematic structure of Rontgen spectra has 
recently been investigated both experimentally and theoretically 
so far that the possible energy levels and the rules of selection 
that govern them have been made quite clear. Various gaps and 
errors in the second edition have been removed. Here, too, the 
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account is developed along quantum lines, but it is essentially 
empirical and culminates in an attempt to sketch a complete table 
of all Eontgen terms (Chap. YIII, § 6) which would in a certain 
sense represent the consummation of practical Edntgerx spec- 
troscopy. As before, the general and the more simple questions 
are treated first in the third chapter, and the finer questions in 
§§ 5 and 6 of the eighth chapter. For the present, however, the 
interpretation of the E5ntgen spectra on the basis of models has 
been left out almost entirely. Whatever the further researches of 
Bohr naay reveal to us concerning the shell structure of the atom, 
I feel certain that nothing will be changed in the laws of Eontgen 
spectra here described. 

The last chapter of the previous edition, Wellentheorie und 
Quantentheorie,’' has now become the fifth chapter. This was 
done to make the rules of selection and polarisation available for 
the sequel, and in order to allow the use of the normal Zeeman 
effect of the Balmer lines as a model for the anomalous Zeeman 
effects of the doublet- and triplet-systems. The fine structure and 
its relativistic basis, which was formerly treated in Chapter V, 
has now been placed at the conclusion of the book to crown the 
whole. 

Will the view-point of the classical wave theory adopted in 
Chapter V and the idea of the continuous spherical wave stand 
the test of time? It is possible that we are even now passing 
through a critical period in the history of the wave theory. Yet 
in this as in other scientific revolutions we shall certainly take 
much of the older view over into the new one. 

The following changes of detail deserve special mention. In 
order not to introduce the quantum theory too late the photo- 
electric eSect and Einstein’s law for its maximum velocities have 
been included in the first chapter on introductory facts. Through 
this the chief doctrine of the quantum theory is first introduced 
purely empirically. In Chapter II the former discussions of 
molecular models and atomic volumes have been thoroughly 
pared down. To balance this, § 6 on nuclear physics and §§ 5 
and 7 on isotopes and sub-atomic chemistry have been added. 
In Chapter III the crystal structures so far known have been 
tabulated. The last section of Chapter IV, which deals with 
spatial quantising, also broaches the still rather involved question 
of the magneton. In Chapter V we have added § 7 on the 
adiabatic hypothesis, its historical origin and its manifold ap- 
plications. As the most direct confirmation of the general 
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foundations of Bohr’s theory we have appended in § 3 of Ohapt®*^ 
VI the method of electronic collision so far as present results take 
us. The manuscript of this part was kindly checked by Messra. 
J. Branck and H. Eau. In Chapter VIII, § 4, in dealing with tlae 
pictures of the fine structure of X = 4686, I am happily able 'fee 
make known for the first time a curve obtained by photoinetr.y 
which still further strengthens the final conclusions here to l>e 
drawn. The mathematical addenda have in part been reduced, 
and in part been reinforced (contact transformations, principle of 
correspondence, adiabatic invariance of phase integrals). 

The object of the book remains the same as before, namely to 
give a comprehensive account, not however 'too difficult, which 
will also allow the non-academic reader to enter into the new 
physics of the atom and to grasp the meaning of spectral lines . 
Hence inordinately abstract mathematical developments had to bts 
avoided or left to the notes at the end. An endeavour has been 
made to render the account throughout as vivid as possible. I 
hope that the rather more systematic points of view developed by 
Bohr in latter years (degenerate systems, etc.) have not been 
pushed too far into the background. 

All things considered, I have a somewhat easier conscience in 
presenting this edition than when the first appeared. At that time 
much still seemed unripe and uncertain. Even now the subject 
matter is still in a state of violent ferment, but in the course of the 
years that have elapsed since the first edition much has already 
separated out as a definite residue. In particular, the way in which, 
the facts of Eontgen spectra, of term multiplicities, of Zeeman 
ettects, have been put together, half empirically and half by means 
ot the quantum theory, will presumably remain unaffected by later 
de-velopments. Bohr’s recent far-reaching ideas will, indeed, add 
much that IS new, but will not throw doubts on what now appears 
to be established. 

In this edition, too, my collaborators have rendered friendly 
and valuable assistance, A. Kratzer in the band spectra and in 
reading the proof sheets generally, W. Pauli in the mathematical 
addenda .and in reading a great part of the manuscript, G. Wentzel 
m the Eontgen spectra, and in making the index. How much of 
their own ideas has passed over into my account is not manifest in 
the text. My hearty thanks are due to them for their help as well 
as to the publishers. 


Munich 
January, lann 


A. 80MMEEPELD 


EXTRACT FROM THE PREFACE TO THE 
FIRST GERMAN EDITION 


A FTEE the discovery of spectrahanalysis no one trained in 
physics could donht that the problem of the atom would 
be solved when physicists had learned to understand the 
language of spectra. So manifold was the enormous amount of 
material that had been accumulated in sixty years of spectroscopic 
research that it seemed at first beyond the possibility of disen- 
tanglement. An almost greater enlightenment has resulted from 
the seven years of Ebntgen spectroscopy, inasmuch as it has 
attacked the problem of the atom at its very root, and illuminates 
the interior. What we are nowadays hearing of the language of 
spectra is a true music of the spheres” within the atom, chords 
of integral relationships, an order and harmony that becomes ever 
more perfect in spite of the manifold variety. The theory of 
spectral lines will bear the name of Bohr for all time. But yet 
another name will be permanently associated with it, that of 
Elanck. A,ll integral laws of spectral lines and of atomic theory 
spring originally from the quantum theory. It is the mysterious 
organon on which Nature plays her music of the spectra, and 
according to the rhythm of which she regulates the structure of 
the atoms and nuclei. 


Se;piembe7', 1919 



TRANSLATOR’S NOTE 


T he English rendering of Professor Sonamerfeld’s book 
departs from the German original of the third edition only 
in minor details. It was the expressed wish of the author 
that the translation should not be too literal, and that omissions 
and alterations were to be left to the discretion of the translator. 
It is hoped that the exercise of this privilege has caused no change 
in sense whilst conferring freedom of idiom. I wish to take this 
opportunity of thanking Professor Sommerfeld for his repeated 
f assistance and courtesy. No physicist can fail to be grateful to 
him for embodying the most important of recent developments in 
spectroscopy and atomic physics in this easily intelligible form. 
He, himself, and his collaborators have contributed no mean share 
to these results, indeed more than is outwardly apparent in this 
book. 

Since the appearance of the last German edition — on which 
this translation is modelled — new important facts have been dis- 
covered tending to confirm certain ideas put forward here. Chief 
among these is the confirmation of the magnetic moment of the 
silver atom by Gerlach and Stern {Zeitschrift fur Physik). It is 
strong evidence in favour of the theory in Chap. IV, § 7 concerning 
directional quantizing in the magnetic field, and opens up new 
regions of research which may lead to undreamed-of consequences. 
From their measurements Gerlach and Stern have deduced that, 
within the limits of error of their experiments, the magnetic 
moment of the normal silver atom in the gaseous state is one 
Bohr magneton (see page 249). In a recent issue of the Zeitschrift 
fur Physih Einstein and Ehrenfest have discussed the important 
question as to how the magnetic atoms of silver can alter their 
directions at all under the influence of a magnetic field. Difliculties 
appear to arise akin to that of the “time of accumulation” of 
energy quanta for ESntgen rays (see page 44). 

The experiment itself consisted in sending a stream of silver 
P atoms in a high vacuum (10 to 10““® mm. of Hg) very closely past 

ix 
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the edge of the wedge-shaped pole of an electro-magnet, that is, 
the silver atoms were made to pass through a very strong hetero- 
geneous magnetic field. They were finally deposited as a thin 
invisible layer on a glass plate. This layer was developed photo- 
graphically, and it was then found that the silver atoms were 
separated into two discrete rays, showing that some of the atoms 
had been attracted towards the pole and others repelled from it. 

Another new result is the proof of the existence of N-radiation 
(see Coster, Phil. Mag.). Then there is the discovery of Hafnium 
(Atomic Number 72). 

It is perhaps not inappropriate to add a few words about the 
English equivalents of certain German terms. In cases where a 
suitable English expression has not readily suggested itself, I have 
considered it advisable to quote the German original (both in the 
text and in the index). It was felt that this would be of service 
to those who wish to pursue the subject further in original papers. 
In doubtful or difficult cases I have conferred with other physicists 
and have adopted whatever was favoured hy the consensus of 
opinion. Only in two instances have expressions been used 
synonymously and indiscriminately: (1) the Law of Exchange 
== the Cross Law (WechselsatB), page 379 et seq . ; (2) the zero 
line = the null line {Null4mie\ page 419. It is hoped that con- 
fusion will be averted by mentioning them here specifically. 

Much help in reading and correcting the proofs and in offering 
fruitful suggestions was rendered, above all, by Mr. H. 0. Newboult, 
B.A. (Scholar of Balliol College), also by Mr. H. P. Biggs, M.A. 
(Trinity College), and Mr. Y. A. Bailey, M.A., D.Phil. (Queen’s 
College), to whom I here wish to tender warm thanks. No effort 
has been spared to make the text accurate, and it is hoped that 
there will at least he no errors such as would make the reading 
irksome. 

HENEY L. BEOSE 

Christ Ohxteoh, Oxford 
March 25ih, 192S 
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ATOMIC STRUCTURE AND 
SPECTRAL LINES 


CHAPTBE I 
INTEODUOTOEY FACTS 

g L Eetrospect of the Development of Electrodynamics 

I N the lirst half of the nineteenth century Electrodynanaics consisted 
of a series of disconnected elementary laws formed analogonsly to 
Newton’s Laws of Gravitation; they asserted the existence of 
direct action at a distance, which, starting from the seat of an electric 
charge or of magnetism and leaping over the intervening space was sup- 
posed to act at the seat of a second electric or magnetic charge. 

Opposed to this there arose in the second half of the nineteenth cen- 
tury a view which followed the course of the continuously ' extended 
electromagnetic field from point to point and moment to moment ; it 
was called the Eield Theory ” in contradistinction to the “ Theory of 
Action at a Distance.” It was propounded by Faraday, worked out by 
Maxwell, and completed by Heinrich Hertz. According to this view 
the electromagnetic field is represented by the course, in space and time, 
of the electric and magnetic lines of force. Maxwell’s equations teach 
us how electric and magnetic lines of force are linked with one another, 
how magnetic changes at any point of the field call up electrical forces, 
and how electric currents are surrounded by magnetic forces. The inter- 
vening medium, even if non-conducting, is supposed to have a certain 
transparency (permeability) and receptivity (dielectric capacity) towards 
magnetic and electric lines of force ; hence it acts at every point of 
space on the distribution of the electromagnetic field according to its 
constitution at each point. 

The greatest triumph of this view occurred when Hertz succeeded in 
connecting light, the phenomenon of physical nature with which we are 
most familiar, with dectromagmtism, which was at that time the most 
perplexing phenomenon. After Maxwell had already surmised that light 
was an alternating electromagnetic field (he succeeded in calculating the 
velocity of light from purely electrical measurements made by Kohl- 
1 
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rausch), Hertz produced his '‘rays of electric force,” 'which, just lihe 
light, are reflected, refracted, and brought to a focus by appropriate 
mirrors, and which are propagated in space with the velocity of light. 
The electric waves produced by Hertz had a wave-length of several 
metres. From them an almost unbroken chain of phenomena leads 
by way of heat rays and infra-red rays to the true light rays, whose 
wave-lengths are no more than fractions of /x. The greatest link in 
this chain came later as a direct result of Hertz’s experiments, namely 
the waves of wireless telegraphy, whose wave-lengths have to be reckoned 
in kilometres. (Nauen sends out 'waves having a wave-length of 12 kilo- 
metres, -or 7^ miles) ; the smallest and most delicate link is added at the 
other end of the chain, as we shall see, in the form of Eontgen rays, and 
. the still shorter y-rays which are of a similar nature. 

Hertz died on 1st Jan., 1894, at the age of thirty-seven years. It would 
be natural to conclude that the later years of his short life and the work of 
his followers were occupied with an elaboration of his 'wave experiments 
and of his theory of electromagnetic fields. But the last experimental 
work of Hertz, “ Concerning the Passage of Cathode Bays through Thin 
Metallic Layers,” already pointed in a new direction. 

The field theory had diverted attention from the origin of lines of 
force, and had chiefly served to illuminate their general course in a 
regular distribution of the field. The next question was to study the 
singularities of the field, the charges. The best conditions for doing so 
are offered by cathode ray tubes, which have a very high vacuum exceed- 
that of the so-called Geissler tubes (which were investigated by Pliicker 
and Hittorf). Here we have electricity in a pure form, unadulterated by 
ordinary matter, and, in addition, moving in a straight line at an ex- 
tremely high speed; cathode rays are corpuscular rays of negative 
electricity. It was not, of course. Hertz himself but his eminent pupil 
Lenard, who was instrumental in getting this view of cathode rays 
accepted ; but Hertz had recognised the important value of the in- 
vestigation of cathode rays for the future. Thus he had in this way 
helped personally in attracting workers from the field of physical knowT 
ledge just opened up by him towards pioneer work in a new field. In 
the sequel, the greatest interest became centred not on the propagation of 
the lines of force but on the charges, as the origin of these lines of force. 
The original theory of Maxwell which had been perfected by Hertz 
retained its significance for phenomena on a large scale, such as in 
electrotechnics and wireless telegraphy, and gave an easy means of 
determining the mean values of the electrical ^hase quantities (i.e. 
quantities that define the state of the field). But to render possible 
deeper research leading to a knowledge of elementary phenomena, a 
deepened view became necessary. Maxwell’s Electrodynamics had to 
give way to Lorentz’s Dynamics of the Electron; the theory of the con- 
tinuous field became replaced by the discontinuous theory, that of the 
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atomicity of electricity. So the theory of action at a distance and the 
theory of action through fields was succeeded by the atomistic view of 
electromagnetism, the theory of electrons, which still holds to-day. 

g 2. The Atomicity of Electricity. Ions and Electrons 

The theory of the atomicity of matter has existed ever since there was 
a science of chemistry; it is indispensable if the fundamental chemical 
law, that of multiple proportions, is to be intelligible. Nevertheless there 
has been no lack of opponents to atomicity. G-oethe was one of them. 
It was repugnant to him to destroy the beautiful appearance of phe- 
nomena by dismembering it and adding human elements. The eminent 
scientist and philosopher Ernst Mach regarded the “ Atomic Hypothesis 
as merely transitory. He favoured the description of events in terms 
of continuously distributed matter and continuously acting laws. The 
last opponent of atomic theory was the keen-witted author of works 
on Energetics, Wilhelm Ostwald (who has now been converted to 
a belief in atoms). Objections to the theory have died into silence 
in the face of its sweeping successes in all branches of physical know- 
ledge. The perfect explanation of the Brownian molecular movements 
which confirms by ocular demonstration in the case of fluids the branch 
of atomic hypothesis concerned with the theory of heat has contributed 
much to this acceptance. No less impressive is the confirmation of the 
atomic structure of solid bodies which was given by Laue’s discovery 
and which will be discussed in Chapter III. 

A necessary consequence of the atomicity of matter is the atomicity 
of electricity. This was stated simultaneously by Helmholtz and Stoney. 
Helmholtz remarked in his Earaday Lecture * of 1881, as a result of the 
laws of electrolysis which Faraday discovered and expressed in figures: 
‘*If we assume atoms of chemical elements, we cannot escape from 
drawing the further inference that electricity, too, positive as well as 
negative, is divided into definite elementary quanta that behave like 
atoms of electricity. Each ion,t as long as it is moving in the liquid, 
must remain associated with an electrical equivalent for each of its 
valency units." 

Faraday's Law of Electrolysis actually states : One and the same 
q%mtity of electricity ^ in discharging through various electrolytes, always 
sets free chemically equivalent quantities of the dissociated -products. In 
the case of univalent elements quantities are called chemically equivalent 
when they are in the ratio of their corresponding atomic weights, thus 

1 grm. of H 35-5 grms. of 01 107*9 grms, of Ag. 

* Helmholtz, Yortrdge und Bedeiz, Bd. 2, S. 272. The parallel work of Stoney 
bears the title : “Physical Units of Nature,” and appeared in February, 1S81, in the 
Proceedings of the Dublin Phil. Soo., and in YoL 11 of Phil. Mag. 

t As is well known, ions are the “ wandering ” constituents of electrolytes during 
electrolysis, the cation being the positively charged constituent which moves in the 
direction of the positive current, “downwards,” so to speak, the anion being the nega- 
tively charged constituent which moves “ upwards.” ' 
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To dissociate these quantities, we always require, according to Fara- 
day’s Law, to make the same quantity of electricity pass through the 
electrolytes, namely the electrochemical equivalent : 

F = 96,494 coulombs ^ = 9649*4 c.g.s. units. 

The constant ratios of weight 1 grm. H, 35*5 grms. Cl, and 107*9 
grms. Ag become intelligible to us on the supposition of the atomicity 
of matter : 1 grm. of H is composed of just as many atoms of H as 
35*5 grms. of Cl contains Cl atoms, or 107*9 grms. Ag contains Ag 
atoms. The equivalent charge F which is the same for each then 
becomes clear to us in the same way if we accept the atomicity of 
electricity : the equivalent charge F consists of just as many atoms of 
electricity or elementary charges e” as 1 grm. of H contains H atoms, 
or 35*5 grms, of Cl contain Cl atoms, and so forth. There is associated 
with every univalent atom (or more generally with every univalent ion) 
an elementary charge e, whilst there are associated with every divalent 
atom or ion two elementary charges, and so forth for atoms of higher 
valency. Just as the atomicity of matter is a direct outcome of 
fundamental chemical facts,' so the atomicity of electricity is, a direct 
outcome of fundamental electrochemical facts. 

For the sake of brevity of expression we shall define two further 
terms. Following Ostwald we shall take a mol to be that number of 
grammes which is given by the number expressing the molecular weight of 
the substance in question. Thus 1 mol of HgO = 18 grms., -and 1 mol 
of Hg == 2 grms. (In the case of monatomic elements we use the term 
grammatom instead of mol, e.g. 1 grammatom of H = 1 grm.) Further- 
more, Loschmidt’s number L denotes the number of molecules (or atoms, 
respectively) contained in one mol (or grammatom, respectively) of the 
substance in question. For example, in the case of water, or dissociated 
hydrogen, this number will be defined by the equations : 

18 grms. = LmH 2 o 1 ~ respectively, 

whereby denotes the mass, measured in grammes, of a hydrogen atom, 
and Wh 2 o denotes the mass, similarly measured, of a molecule of water. 
Witih regard to this term it must be mentioned that recently, in German 
physical literature, the expression “ Avogadro’s number ” is often used in 
place of Loschmidt’s number,” for the reason that it also plays a part 
in Avogadro’s law of gases. Eut as Lo^chmidt was the first to determine 
this number successfully (by means of the kinetic theory of gases), it 
seems more in keeping with the facts to associate his name with it. The 
fact that he made his calculations for the cubic centimetre and not for 
the mol, is a mere matter of form. If necessary the number L as defined 
above could be called “ Loschmidt’s number per mol.” 

The equivalent charge F contains, as we saw, just as many elementary 

* A coulomb = of the so-called absolute unit of charge, that is the unit of charge 
defined in the c.g.s. system and measured electromagnetioally. 
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charges e as 1 grm. of hydrogen contains atoms of or, as we may 
now say, the electrochemical equivalent contains L elementary charges e. 
We therefore write : 

9649*4 c.g:s. units == Le 1 grm. =» Lmjf 

whence — = 9649*4 — ij 

niu grms. ^ ^ 

The ratio of the charge to the mass is called the specific charge of the^ 

ion in question. In the case of the positive hydrogen ion, this speoiflc 

charge is thus 9649*4, whereas for the divalent positive copper ion it is 

2e ^ 2 . 9649*4 

63*6 

and for the univalent negative chlorine ion, it is 
~ <? 9649*4 


■ and so forth. 


^ "" 65*5 

Eleckolysis shows, as Plelmholtii pointed out, that positive as well 
as negative electricity is composed of elementary quanta ± e, But there 
is a great difference between positive and negative electricity in a certEiin 
respect. We know positive electricity only as an ion, that is, associated 
indissolubly with ordinary matter : as we saw above, negative aksctricity 
also presents itself in electrolysis in the form of ions. But we also know 
the latter in its free state, dissociated from all ordinary matter, as abstract 
electricity, so to speak. This is an all-important result of the researches 
on cathode rays, to which we have already referrcKl in the preceding 
paragraph, and to which we shall again refer in tlu^ iu‘,xt. 

The special position occupied by negative electricity, its occurrence as 
pure atoms of electricity calls for a special name. Following the example 
of Stoney,* we shall call the negative atom of electricity electron. 

In saying that the electron is not encumbercul b}^ ordhuiry nuitt< 3 i% 
we do not imply that it is devoid of inertia. On the ‘contrary, the meres 
presence of electric charges, or, generally, of energy of (wtjry kind, entails 
a certain mass effect. ' I he mass which is associated with tlui electron 
in this way used to be called ‘‘electromagnetic” mass. This t(n*m is, 
however, as the newer developments of fundamental physical conceptions 
compel us to recognise, too narrow : not only electric charges produce a 
mass effect, but so does the cohesive energy (gravitational (.uuugy?) that, 
keeps the charge together and prevents it, in a way as yc^f unknown to 
us, from exploding. Therefore we nowadays prefer to spt^.ak outright of 
the electronic mass m, and to regard it as a fact pr(‘.H(mteul by om* (^Kperi» 
ments with cathode rays. 

A great gap divides the electronic tnaas, as regardH its niagnitiuhi, 
Irom the ordinary masses of atoms and ions. The (doctronio maHH m m 

the i^^TT n^atlKiinal.ic.al ildvclopnumt of 

by H. A. Loroute (An Attempt at a. Theoru of PlMririd n7ui 
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about 1800 times as small as the mass mn of the lightest atom. Accord- 
ingly, the specific charge of the electron, the ratio of the elementary charge 
e to the electronic mass m, is in the same proportion greater than the 
specific charge of the hydrogen atom. The most exact value* of this 
ratio at present known, is 

- = 1 - 769 .107 . . . . ( 2 ) 

But it is not the researches on cathode rays that have led to a know- 
ledge of this value of A more accurate value of the ratio was derived 

from optical experiments, measurements of spectral lines, to which we 
shall return in Chapter lY, and of spectral lines separated by magnetic 
fields, to which we shall return in Chapter V. (The value given above is 
taken from spectroscopic measurements made by Paschen.t) The general 
course of the refraction of light in passing through transparent bodies 
(solids and gases), as calculated on Drude’s Theory of Dispersion, gives 

us values of — of the same order of magnitude. But in the conduction of 

currents along metals, we see electrons at work, as also in radioactive 
processes, in the production of Eontgen rays (X-rays), in the photo-electric 
effect, and so forth. From this we conclude : the electron is a universal 
element of structure of all matter. Whether it is flowing along slowly in 
an electric current, or hastening through space at an extremely high rate 
as a cathode ray, whether it is emitted in radioactive disruption or in a 
photo-electric process, whether it is vibrating in our lamps (or, as we 
should nowadays prefer to express it, ** jumping in our lamps), whether 
it effects the course of light in telescopes, it is always the same physical 
unit, proving its identity by exhibiting the same charge and the same 
mass,! in particular by keeping the ratio of charge to mass constant. 

If we now wish to form a picture of the electron in accordance with 
the foregbing statements, only scant material offers itself. An electron is, 
like every negative charge, essentially nothing more than a place at 
which the electric lines of force from all directions end. In the case of an 

* In electromagnetic c.g.s. units. The power of 10 that is added denotes, as we 
know, by how many places the decimal point is to be shifted to the right ; in the case 
of a negative index the decimal point is to be shifted by so many places to the left, as 
is indicated by the index number. This method of representation is to be recommended 
not only for its brevity, but also because, without it, we should be compelled to add 
after the number given four zeros which would not be founded on experience and which 
would violate the physicist’s respect for truth. 

In general, it must be remarked that in the following pages the data of experiments 
will be given to just that degree of accuracy which is knovm to be justified. We do 
this for the purpose of keeping before the notice of the reader that even in the boldest 
speculations of modern theory, we are concerned with things that have an exact 
numerical counterpart in experience. 

fCf. L. Flamm, Physikal. Zeitschr., 19 , 518 (1917). 

t The “ same mass ” is more correctly expressed by the “ same statical mass,” i.e. 
mass which is not moving with respect to the system of reference, cf. § 4, ec[uation (2) 
of this chapter. 
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electron at rest, these lines of forces are straight lines that come in uniformly 
from all directions. But the same picture holds, according to the ideas of 
the theory of relativity, for an electron moving in any way whatsoever^ 
as long as the picture of the lines of force is regarded as being conceived 
by an observer moving with the electron, that is if the lines of force are 
drawn in a space that participates in the motion of the electron. In other 
cases, when the electron moves with regard to the observer who is mapping 
out its field, the electric lines of force would still, indeed, be straight lines, 
but would become compressed towards the central plane which is per- 
pendicular to the direction of motion, and, moreover, would be accom- 
panied by magnetic lines of force. 

From the point of view of our present ideas, it is better to refrain from 
endeavouring to give the electron a definite volume or size. This conld 
be calculated only on the assumption that the whole mass affect is electro- 



lA. 


Electron. 

= 1 - 769 . 10 ' 

m 

e. - 1 - 591 , 10 --''* 
m ^ 0 - 899 . 10 -^' 



Eia. In. 


H-ion. 

— = 96,494 

e. - 1-691 . 10 
w„ = 1.649. 10 si-i 

L = ^ = 0-006 . 10“-* 


magnetic in origin, and this assumption is, on account of the necessity 
for a cohesive energy {md& above), not justified. Moreover, we should be 
compelled in this case to make the arbitrary assumption that the electronio 
charge e occupies uniformly, either the volume or the surface of a sphere, 
for which there is no support in our experience. Nevertheless it is worthy 
of remark that in whatever way the detailed calculation is carried out we 
arrive at a sub-atomic value for the extent of the electron, an extent that 
is about 10*"^ times as small as that of an ordinary atom. 

The picture of an ion, for example, of the positive hydrogen ion, shows 
itself to be quite similar to that of the electron. As the lines of fore© 
start out from positive charges, they are to be furnished with arrows in 
the reverse direction to that for electrons; they are likewise rectilinear 
and uniformly distributed, if we here also suppose the observer to be at 
rest relatively to the ion. In contradistinction to the electron, shown in 
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Fig. 1a, the ion has, in general, a definite size, which is ■ indicated in 
Fig. 1b. It happens that in the special case of the hydrogen ion, which 
is reduced to a mere nucleus (cf. Chap. II, § 3, No. 2), this size becomes 
illusory and, as in the case of the electron, assumes sub-atomic dimen- 
sions. The subscription of Fig. 1b refers to the hydrogen ion, but the 
figure itself has been drawn for any arbitrary spatially extended ion. 

"^e have furnished our drawings with the characteristic values of the 
specific charge, as well as with the values of the absolute charge and the 
mass, so that they may serve as a reference note for the properties of the 
electron and of the ion.' The origin of these numbers will be explained 
in part in the next paragraph. 

§ 3. Cathode Rays and Canal Rays 

The cathode of a vacuum tube is, according to the terminology that 
we explained in connexion with the word cation (cf. note on p. 3), 
the electrode to which the positive current flows, that is from which the 
negative current emerges. The fact that the cathode rays start from the 
cathode is already an indication that we are dealing with a flow of negative 
electricity. In the case of a high vacuum and a sujf&ciently high potential 
difference, this flow does not follow the form of the tube as in the case of 
the ordinary G-eissler tubes, but spreads out rectilinearly from the cathode 
along the normals of the latter. Assuming the results of the decades of 
research* on cathode rays ranging from Hittorf to J. J. Thomson and 
Lenard, we shall speah of cathode ray particles, or rather, of cathode ray 
electrons. These electrons owe their velocity to the potential gradient at 
the cathode, so that the kinetic energy of the electron is equal to the work 
that the drop in potential does on the electron. Inasmuch as the kinetic 
energy is proportional to the electronic mass m, and the amount of work 
is proportional to the electronic charge e, we see that the velocity v of the 

electron is determined by its specific charge ^ and by the voltage drop 

of the vacuum tuhet "V (volts multiplied by 10^). The formula (which is 
nothing more than the law of the conservation of energy) is : 

- = ■; ■ ■ ■ W 

It is justifiable to say that the experiments with cathode rays are the 
simplest and most perfect confirmations of the principles of mechanics, 
more perfect than experiments with projected stones, and simpler than 
the motion of heavenly bodies. As we shall later have to apply the 
principles of mechanics frequently to the electronic motions in the atom, 

* Details may be found in the excellent account by Kaufmann, Milller-Pouillet, 
Vol. 4, fifth book; a still more elaborate description is contained in the work of 
Lenard : Quantitatims ilber Kathodetzstrahleh alter Geschwindigheiten, Heidelberg, 
Verlag Winter, 1918. 

f The potential difference expressed in volts is converted into absolute electro- 
magnetic c.g.s. units by multiplying by 10®. 
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we shall do well to convince ourselves, at this stage, of their validity 
the cathode ray tube. ^ 

A good apparatus for our experiments is a Wehnelt tube (potently 
difference 110 volts, pressure about 0*1 mm. of mercury, catb-O^^.© 
furnished with a spot of CaO, which, at a red heat, assists the emissi<^^ 
of electrons). The phenomena of illumination in the tube, which 
very striking, are due only indirectly, as we must mention at the 
to the cathode ray electrons, and arise from the impact of the latter 



Fig. 2a. 

the remains of the gaseous content. By means of our tube we now 
confirm the following mechanical laws : 

1. In tJie absence of external forces a body describes, a straight line 
with constant velocity. Corresponding to this law we see in Fig. 2a Bow 
the beam of cathode rays are emitted perpendicularly to the cathode IC, 
and disappear into the anti-cathode AK. (Above the beam of catho«5Le 
rays we see in this and in the following picture a bright image that in 
formed by reflection fpom the glass sides.) The anti-cathode is not no. 
general connected with the source of voltage, and is to be distinguislxed 
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from the anode A. The fact that the beam of cathode rays diverges 
(becomes “scattered”) as its distance from its source increases, is due 
to the influence of the remaining gas molecules on the paths of the 
electrons. The high value of the velocities of the electrons compared 
with the relatively small voltage of 110 volts is worthy of notice. From 
(1) it follows, that, in round figures, 

-y == 6 . 10® cms. per sec. = 
where c = 3 . 10^® cms. per sec. = velocity of light. 



Fio. 2 b. 


2. Under the influence of a centripetal force, that is, om which is every- 
where perpendiciolar to the orbit, a body describes a circle at a constant 
rate. The centripetal force is equal to the inertial resistance which is 
directed perpendicularly to the orbit and is called the ‘‘ centrifugal force.” 
We shall produce the centripetal force that is necessary for the experi- 
ment by a magnetic field, which arises from an ordinary bar-magnet 
MM. A magnetic field acts on moving charges current-elements ”) 
with a force that is perpendicular to the magnetic lines of force and to 
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the direction of motion. In Fig. 2b.' the magnetic lines of force ran 
from the front to the back, so that the centripetal force in question lies 
in the plane of the page. We see the beam of cathode rays become 
curyed under its influence into a circle (or into a spiral, if the initial 
direction of the cathode rays and the direction of the magnetic field are 
not exactly perpendicular to one another : in our case we should then 
get a curve of variable curvature because the magnetic field is not 
homogeneous). It is pretty to see how the circle increases or decreases 
as the magnet moves away or approaches. Expressing this in a formula 
we find that if H denotes the intensity of the magnetic field, p the radius 
of the circle (more generally the radius of curvature of the curve), then 

= m (2) 

P 


On the left is the centripetal force due to the magnetic field, on the right 
is the iiiertial resistance of the electron, or, expressed shortly, the 

centrifugal force. In this case, too, as we see, the ratio -- occurs as a 

determining factor. Prom (2) we get 


V = ® pH (2a) 

8. In a homogmeoiis and jparalhl field oj force, as, for example, is 
represented hy gniwity an the earth's surface, a body deseribes a parabola, 
the form of which depends on the value g of the acoeleration m falling, or, 
more generally, on the acceleration in the field of force in qtiestion. In 
our tube we generate the necessary field of force as an electric field by 
charging the anti-cathode negatively, as by connecting it with the 
cathode by hand. The field that results in this way is confined to the 
neighbourhood of the anti-cathode, and is tolerably homogeneous there. 
The cathode rays that previously disappeared at the anti-cathode are 
now bent backwards into a parabolic shape (cf. Big. 2a, p. 12). (Above 
the anti-cathodci there is a kind of dark space that somewhat disturbs 
the regularity of the parabola.) If F is the field intensity, then we get 
for the accolerative force that acts in this case : 


i) = 


'F 


m 


( 3 ) 


These and similar experiments clearly lead to determinations of 
by various methods. Wo may, for example, combine (1) and {2a), 


eliminate v, and determinate — from the three measurable quantities 

m 

p, H, V. This value, when it was first discovered, led to the discovery of 
the ekotrm, B'^or as it was almost 2000 times greater than the value of 

— that was derived from experiments in electrolysis, it pointed to the 
mu 
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existence of a micro-mass which is almost 2000 times smaller th 
mass of the hydrogen atom. 

Certain results connected with the absorption of cathode rays 
particular interest for questions of atomic structure. Lenard wi 
first to lead the cathode rays out of their capacity in the tube by all 
them to enter into the air through extremely thin metal folia (so- 
Lenard windows). Although they here also soon came to a dea 
owing to repeated obstruction by air molecules, nevertheless they c 



T’la. 2c. 


exhibited their corpuscular existence independently of the producing 
Systematic experiments on absorption now showed that the absor] 
i.e. the arresting (bringing to a stop) of an electron depends solely o 
mass of the atoms of the absorbing substance, not on its physical stg 
its chemical composition. On the other hand, according to the k: 
theory the mean sum (average) of the atoms would be the decisive,! 
in the collisions and hence in the stoppage of a cathode ray. The 
parison of the actual circumstances with those of the kinetic theoi 
Lenard to form the following pictnre of the structure of matter : 0 
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vainishingly small fraction of the space apparently occupied by matter is 
really impenetrable (at least for rapid cathode rays); the electrons 
can fly without obstruction through the whole interyening space. 
The impenetrable centres are called dynamides by Lenard."^ They are 
regarded as electric fields of force and exercise an attraction on the 
electrons, which are no longer effective for great velocities at a moderate 
distance from the centres of force. In the case of small velocities the 
range of action of the attraction increases tip to the extent of the range of 
action given by the kinetic theory of gases. Lenard has to set the number 
of dynamides per atom proportional to the mass of the atom, that is to 
the atomic weight, to get the law of absorption for rapid cathode rays. 

The whole method of representation developed by Lenard as early as 
1903 coincides strikingly with the nuclear theory that Rutherford built up 
in 1913 from a totally different set of facts (vide Ohap. II, § 2). We 
need only replace dynamide by nucleus, and numher of dynamides per 
atom by nuclear charge, to translate Lenard’s results into the language 
now in use. In addition, the sub-atomic size of the dynamides, as 
calculated by Lenard, is in approximate agreement with the order of 
magnitude of the nuclei, as deduced by Rutherford. Proportionality 
of the number of dynamides with the mass of the atom then de- 
notes proportionality of the nuclear charge with the atomic weight (cf. 
Ohap. II, § 2). A difference which is essential for the fruitfulness of the 
picture consists in the circumstance that, in the case of an element whose 
atomic number is Z (and which, in some cases, then has the atomic 
weight 2Z), Lenard assumes Z individual dynamides, generally separated 
in space, whereas Rutherford assumes a single nucleus carrying a charge 
Z. Por the rest, our comparison of these two sets of ideas merely con- 
firms the observation, which often forces itself on us, that important 
scientific facts, when once ripe for discovery, present themselves to various 
investigators independently. 

The antithesis electron and positive ion is analogous to that of cathode 
rays and canal rays.t The canal rays also obtain their velocity as a result 
of the potential drop at the cathode, but they run backwards in the 
direction opposite to that of the cathode rays (Goldstein, 1886). They 
are thus oppositely charged to the particles of the cathode rays ; they are 
accordingly positive rays. To enable them to pursue their paths back- 
wards from the cathode, the latter has to be pierced with hples ("' canals ") , 
The canal rays, like the cathode rays, follow rectilinear paths. They are 
likewise deflected by magnetic or electric fields, but in a direction opposite 
to that of cathode rays, corresponding to their reversed charge. Besides 
this, the deflection is considerably less than in the case of cathode rays. 
For if these deflection experiments are used to determine the specific 

d. Hiysik., 12, 714= (1903). 

i'A comprehensive account is to be found in JSmdbuch der Radiologies Bd. 4. 
Leipzig, 1917, W. Wien. 
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charge of the particles in the canal rays, we find a value having the order 
of magnitude of the electrochemical equivalent, and indeed we get the 

exact value as given in § % Fig. 1b, in the case of canal rays of 

hydrogen, that is when the tube is filled with hydrogen ; we get a value 
200 times as small in the case of canal rays of mercury (atomic weight of 
mercury = 200), that is when the tube contains mercury, and so forth. 
It may be mentioned that in the latter case, we also get multiples of this 
valpe, a fact that points to a multiple charge of the mercury atom (to the 
number of eight elementary quanta, according to J. J. Thomson). In the 
former case we observe in addition to the full equivalent charge, also half 
of this quantity, and this points to the formation of pq^^tively charged 
hydrogen molecules (mohions as contrasted with atom-ions). 

Altogether, the conditions in the case of canal rays are not so typically 
simple and easy to grasp as in the case of cathode rays. This is due to 
the frequent transference of charges among the ions of the cathode rays 
(W. Wien). They become neutralised after a short distance by taking up 
electrons, and become positively charged again through the loss of one or 
more electrons in subsequent collisions (sometimes they become negatively 
charged owing to the absorption of electrons). For this reason the 
phenomena in the case of canal rays are, on the other hand, much more 
manifold and instructive, inasmuch as the canal rays, as ions, possess the 
power of emitting light of their own (J. Stark), The luminescent phe- 
nomena of canal rays (cf. Chap. V, the Stark effect) have furnished 
modern physics with invaluable material in just the province that 
concerns us here. 

The opposite character possessed by ions and electrons manifests 
itself, too, in the velocities of canal rays and cathode rays. The relatively 
large mass of the ions of canal rays, for a constant voltage of the tube, 
assumes a much smaller velocity than the small mass of the electron of 
cathode rays. The corresponding velocities are theoretically in the ratio 
of the square roots of the masses of the electrons and the ions, since 
equation (1) remains valid for velocities that are imparted to the ions of 
canal rays. In the case of cathode rays we get for a tension of 30,000 

volts, for example, a velocity of cms. per sec. = | ; in the case of 


canal rays we scarcely get beyond 2 . 10^ cms. per sec. = 


150* 


So far, in the case of both the ion and the electron, we have been 
concerned only with the measurement of the specific charge. On the 
other hand, we also mentioned the dbsol%te value of the elementary charge 
e at the end of the preceding section as being an equal, invariable, and 
universal quantity for ions and electrons. We must therefore complete 
our account by stating how the elementary charge itself may be deter- 
mined. It is obvious that if we know the absolute charge then (by 
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comparing it with the specific charge) we can also find the electronic 
mass m and the absolute mass of the hydrogen atom mn, as well as the 

Loschmidt number — and the mass of all other atoms. The values of 

mi-i 

m, Wh, and L found in. this way are also noted at the end of the pre- 
ceding section. 

There are many ways of deriving the elementary charge e. Trom our 
discussions about the theory of spectral lines we shall get a spectroscopic 
determination of e which promises to give us the most accurate values 
(cf. the final paragraph of Chap. VIII.). At present, however, the surest 
road seems to be that which has been followed with particular success by 
Millikan.^ 

A macro-ion, that is a charged particle of matter composed of many 
atoms, preferably a drop of oil, on account of its shape, is kept suspended 
by balancing an electric field against its weight, or it is allowed to drop 
slowly by altering the field or its own charge. By means of radiation 
from radioactive bodies or Eontgen rays (X-rays) the charge may be 
varied to the extent of one or several units of charge e. By noting the 
times taken to fall in the case of one and the same particle, we get the 
data necessary for calculating both the size of the particle and also its 
charge. The result of measurements repeated by Millikan over a span of 
several years is : 

0 = (4*774 ± -004)10-10 .... (4) 

In (4) the elementary charge is given in so-called electrostatic units 
(E.S.IJ.). We may express its value in electromagnetic units (B.M.U.), 
which are usual in the case of the specific charge, by dividing the above 
value by c = 3 . : 

6 = (1*591 ± *001)10-20 b.M.U. . . . (5) 

This was the value noted at the end of the preceding section. 

§ 4. a- and ^-rays 

Not only are canal rays and cathode rays produced artifically, but 
they also occur naturally, being emitted during the disintegration of radio- 
active elements.*}* The positively charged a-rays correspond to the canal 
rays, and the negatively charged ^-rays correspond to the cathode rays. 
These natural corpuscular rays are much more violent and tempestuous 
than those produced artifically. In this way they testify directly to the 
immense stores of energy’ available in the interior of the atom, with 
which even those released in our modern evacuated bulbs are ridiculous 
in comparision. As the fields of force in the interior of the atom are 

Phil. Mag. (6), 34, 1 (1917). 

tPor general information on radioactive radiations vide St. Meyer and E. "V. 
Schweidler, JRadioaktiviUCtf Leipzig, 1916, and B. Butherford, Badioactipe Sub- 
stances and their BadAations^ Oamb. Univ, Press, 
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later to be subjected to a special investigation, it will be good to get 
this early stage an idea of their elemental power. 

The velocity of the a-rays of radium C amounts to 2 . 10^ cms. per s( 
It is about ten times as great as the velocity attained by canal rays, 
follows from equation (1) of the preceding section that the energy that 
necessary to produce this ten times greater velocity is 100 times great 
than, or, if we take into account the carriers of the a-rays [vide belov 
even 100 times greater than the canal rays of hydrogen. Hence, where 
we work a canal ray tube by means of a potential difference of 30,0' 
volts, i.e. 30 kilo-volts (KV), we should require a voltage of about 12, 0< 
KV to produce the energy of a-rays. A comparison of cathode rays wi 
/?-rays gives similar results. We may produce artificial cathode ra 

having a velocity ranging from ~ to whereas natural y5-rays a 

known whose velocities differ by only 1 per cent and less from c. Sine 
as we shall see later, the velocity of light, c, represents an unsurpassal 
limit for every velocity of material particles, a limit which may 
approximated to only when the energy applied is increased without limr 
we see that to a velocity which approaches to within 1 per cent of 
there corresponds a voltage of the same order of magnitude as was jr 
given for a-rays. 

For cases in which the velocities of the /5-rays approximate so close 
to the velocity of light, it is clearly convenient to express these velociti 
by giving their ratio to c instead of giving their absolute values v in on 
per second. This ratio, which is always a proper fraction, is usual 
denoted by the letter /5, thus : 

/? = ;, 0<^<1 ( 

c 

From experiments on the deflection of a- and /5-ray8 the speci 
charge has been found to be half the value of the equivalent charge - 
in the case of a-rays, and considerably greater in the case of /5-ra'' 
namely, of the order of magnitude of the s^^ecific charge of the electron, 

The latter discovery confirms our above statement that yS-rays are pg 
ticularly rapid cathode rays. But the former discovery set physicis 
before a triple choice from which experiments on deflection offered i 
escape only after the effect of each single a-particle could be successful 
demonstrated, that is, after a means of counting a-particles had be 
discovered. A decision had to be pronounced in favour of one of t 
three following possibilities, all of which were compatible with the val 
of the specific charge of the a-rays particle : — 

a-particles, are singly charged hydrogen molecul 
(that is molecules, each of which carry a unit charge). 
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2. i.e. the a-particles are singly charged atoms o£ an element x, 

hitherto unknown, and having the atomic weight 2. 

2c 

3. - — ^ i.e. the a-particles are doubly charged helium atoms (atomic 

WHe 

weight of He is 4*00). 

The experimental researches mentioned have demonstrated the truth 
of the third suggestion. This means that the radioactive elements are able 
to 'produce from within themselves doubly charged positive helium atoms. 
By demonstrating the presence of the He spectrum physicists succeeded 
in confirming this conclusion by direct observation. 

In consequence of this we now understand the difference between the 
general properties of a- and /5-rays. On account of their great mass 
(inn), the a-rays pursue their paths with great persistency. They shatter 
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the obstacles which they encounter in the form of air molecules. The 
latter thereby become ionised, that is, they become split up into positively 
and negatively charged ions. And, indeed, the a-rays in their passage 
through atmospheric air form several thousand ions in every millimeter 
of their paths. The ^-rays, on the other hand, being of extremely small 
mass are much more easily deflected from their paths. They exert a 
comparatively small influence on the air molecules with which they come 
into contact and form ions only now and then (5 or 10 per mm. according 
to their velocities). 

These properties of a- and /?-ray3 were exhibited in a striking way by 
some beautiful photographs of 0. T. E. Wilson,^ which have often been 
reproduced and which we must consider here also. His method con- 
sisted in bringing a radio-active substance into the vicinity of a vessel 


2 


^ 0. T, R. Wilson, Phil. Trans., 193, p- 289, 1899. 
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which contained super-saturated water vapour ; by this means, a- and 
/3-xays were introduced into the closed chamber. The gaseous ions which 
are formed by these rays serve, just as in the case of the gaseous ions or 
particles of dust that are instrumental in the production of rain in the 
atmosphere, as nuclei about which the super-saturated water vapour may 
condense when the moist air is suddenly allowed to expand. The drops 
of water which thus form and collect rapidly are what we see on the 
photographs. 

The path of an a-particle is characterised on the plates as a dense, 
apparently continuous, mark (indicative of strong ionisation), but, in 



Fig. 3b. 


reality, it consists of individual drops of condensed vapour. In general, 
its course is a straight line (due to its great mass). Fig. 3a shows a 
sheaf of a-rays which start out from the end of a wire which has been 
made radioactive, like the divergent rays of the sun at dawn. Fig. 3i^ 
was produced by a-rays that originate at a point of convergence outside 
the picture. Several of them show, towards the ends of their paths, where 
their speeds have already been weakened, pronounced hooks (sudden 
bends). We here call particular attention to this apparently subsidiary 
V phenomenon for the reason that, as we shall see later (Chap. II, § 2), 
far-reaching consequences arise through it. * 

On the other hand, the path of a )8-particle is deflected much more 
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often and much more easily (on account of its small mass) and is punctuated 
only rarely with drops of water vapour, as is manifest on the photographic 
negative (this indicates feeble ionisation). In Fig. 4 we see in particular, 
besides diffusely scattered drops of water, the paths of two such /3-rays, 
of which one is strongly curved several times. In Fig. 5 we see, in 
addition to the thick (highly magnified) path of an a-particle (with a 
pronounced hook towards the end), several traces of the paths of /3-rays. 

To shed further light on the nature of /3-rays we shall enlist the aid 
of another scientific document, ono of the defiection-pictures obtained in 
the famous experiments on /3-rays by Kaufmann* : it is here reproduced 


PiGL 4. 

about six times magnified. The sheaf of /3-rays emitted by a radium 
salt and singled out by means of a series of fine apertures is exposed to 
the simultaneous action of a magnetic and an electric field. The lines 
of force of both fields are parallel to one another and to the photographic 
plate. The electric lines of force divert the /3-ray electrons from their 
ordinary paths, to the right in our figure, to the left when the field is 
reversed by commutation. The magnetic lines of force cause a deflection 
at right angles to themselves, in Fig. 6 this is upwards. Both deflec- 
tions depend on the velocity. The greater the velocity, the smaller the 

*'W. Kaufmann performed these experiments in the period 1901-1906 : ar^sumd 
of them is given in Ann. d. Pliys., 19, 487 (1906). 
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defection. For eaiCh velocity of the ^d-electron, therefore, different 
^‘deflected point” or, if vre eommutate, too, each time, a different 
deiected point-pair will be recorded on the plate to the right and left. 



Fia. 6. 


Now since this beam of /3-rays may contain all possible velocities reach- 
ing almost to the velocity of light, a continuous section of line marked 
by the points of deflection will be produced, or, rather, two branches of 
a curve are produced that converge towards the 
point of departure on the path of the undeflected 
beam. The latter path is also recorded on the 
plate thanks to the photographic action of the 
undeflected y-rays (cf. §5). From formulae (2) 
and (3) of the preceding section we can easily 
verify that the branches of the curve would have 
to be two parabolas that touch, having a common 
vertical tangent at the last undeflected point if 
the electronic mass m were constant, that is, the 
same for all velocities. As an experimental fact 
the two branches do not touch (cf. the tangents 
t and t' which have been sketched into Pig. 6), 
but run into one another, inclined at a certain 
Piu. 6. angle. Prom this it is to be inferred that the 

ehctrofiio mass depends on the mlocity and that it 
imreases beyond all limits as it {the velocity of the electron) approaches 
that of light. 

This result excited great astonishment, as is easy to understand , for 





it shattered the time-honoured dogma that mass is constant. But 
Kaufmann wished to read still more from his negatives. He wished to 
learn from them the law according to which the mass of the electron alters 
with the velocity. In this connexion there were two opposing theories 
which led to different forms for this law, namely, the older theory of the 
absolute ether (the original theory of Lorentz, elaborated in particular 
by Abraham for the questions here under consideration), and its younger 
rival, the theory of the relativity of motions (founded by Binsteio). The 
latter theory gives rise to a particularly simple form of the law govern- 
ing the change of mass with motion, namely to the formula : 

•Win 

.... P) 

In it ^ is the velocity, as explained in equation (1), expressed in terms 
of the velocity of light c ; is the mass at rest or '' statical mass,'’ 
corresponding to the velocity = 0 ; m is the mass of the moving 
electron. The theory of relativity asserts that this is true not only for 
the electronic mass m, but also for any arbitrary mass of matter. This 
means that every arhitrary mass must increase as /3 increases and must 
beconu infinitely great lohen ^ = 1. Brom this the thesis, stated right 
at the beginning of this section, that the velocity of light represents for 
all velocities of material bodies a limit that cannot be exceeded, ie. that 
the velocity of light can only be approached asymptotically but never 
passed, would already follow as a natural consequence. 

It can easily be grasped from this that the defection experiments of 
/9-rays were regarded for a long time as the exjyeriment%mi crucis which 
was to decide for or against the doctrine of the relativity of motions, and 
that they were thus to determine our fundamental views of space, time, 
motion, and the ether. As far as Kaufmann’s experiments are con- 
cerned, it has been proved that they were not sufficiently accurate to 
give a decisive answer. Later experiments have established more and 
more definitely the correctness of the relativistic formula for mass ^(2). 
In our spectroscopic discussions later we shall likewise arrive at a con- 
firmation of this formula by a method that far exceeds all others in 
accuracy (see the final paragraph of Chap. VTII). 

We might well close our brief survey of corpuscular rays here, were 
it not that we have still to discuss several general questions dealing with 
the nature of electricity. Are we to regard electricity as unitary or 
dualistic? Is it made of matter or of energy, of substance or of force? 

The question as to whether it is of one kind or of two kinds has been 
proposed long ago particulaidy with reference to Voltaic currents. Does 
only one type of electricity or do two contrary types, in opposite 
directions, move along a conducting wire? The battle resolved into one 
of words, as no decisive experiments on this point could be suggested. 
Even nowadays we have really advanced no further in this question as 
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far as current electricity is concerned, but by adducing other evidence 
about electrons we are justified in asserting that what flows in a 
conducting wire can only be negative electricity ; and that even a current 
of electricity in metals is a current of electrons. In this field our view is 
thus unitary. 

In the realm of atomic physics, however, we are inclined to take the 
dualistic view. A positive charge signifies more than the absence of a 
negative charge. Positive electricity is always associated with ordinary 
matter. We have thus to deal with two types of electricity that differ 
not only in sign but also in nature. As representatives of negative and 
positive electricity we have the electron and the positively charged 
H-atom. 

There is no reason why we should not claim these two representatives 
as negative and positive electrons, respectively. Just as all negative 
electricity consists of the ordinary negative electrons, so all matter, 
according to the old hypothesis of Prout and the newest results of 
Aston (cf. § 5 of the next chapter), very probably resolves into positive 
hydrogen ions. Hence, as the fundamental elementary constituent of 
matter and of positive electricity, the positive hydrogen ion deserves the 
name of positive electron. In using the term ‘'positive and negative 
electron,” we have already adopted the dualistic view, even if not the 
dualism of two elements of a like type, but of two that differ radically in 
respect of mass. 

In the following respect, too, there is a difference of type between 
negative and positive electricity. We can picture an atom (or a body) 
as highly charged negatively as we like, that is, we can add to it any 
number of negative electrons. But we can increase the positive charge 
only to a certain maximum amount so long as we do not considerably 
alter the mass. For we can abstract from the atom only just as many 
electrons as it possesses from the outset. In the case of the He-atom, 
as we shall see, this maximum limit is already reached when it has two 
positive charges, in the case of the H-ion when it has only one. A 
further increase in the positive charge could be effected only by simul- 
taneously increasing the mass, that is, by adding positively charged 
matter. 

This really furnishes us at the same time with the answer to the second 
question, as to whether we are to imagine electricity as a substance. To 
us nowadays negative electricity certainly denotes a substance. It is one 
of two universal and fundamental substances of which positively charged 
matter is the other ; both are equally entitled to being called such. If 
we regard an unalterable constitution as the characteristic of substance, 
then the charge (positive as well as negative) is more truly a substance 
than matter (electronic mass or ordinary mass). As a matter of fact we 
saw, as an inference from Kaufmann’s experiments, that every mass 
varies according to its state of motion at the time under consideration 
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(more correctly, according to the state of motion relative to the 
in question). In the case of the theory of relativity, too, no claang^ 
the electric charge enters into question. In consequence of its 
imnmtability the charge, in contradistinction to the mass, proves itself 
true suhstance. The charge and the mass are hereby indissoZ'iMy 
sociated with one another, the negative charge with the electronic 9 nass, 
qmsitive charge tvith the hydrogen mass. 

§ 5. Rontgen Rays and y-rays 

Eontgen’s discovery was made in the year 1895. He was worfei^^ 
with a highly evacuated cathode ray tube and observed the presence 
penetrating rays that started out from the part of the tube at wHioh 
cathode rays struck the glass wall. . These rays propagate themselves 
all directions in straight lines from their source and are not deflected "by 
a magnet.* For this reason Eontgen himself had looked on his “ X-ray ^ 
as wave-radiation. At first it remained undetermined whether tHey 
longitudinal or transverse in character. As we know, improvemex^i'^j^ 
in the construction of X-ray tubes have brought it about that the X-ra^y^ 
are no longer produced at the glass wall but at an anti-cathode placed. 
the path of the beam of cathode rays : it is found preferable to make 
anti-cathode of a metal with a high melting-point (e.g. platinum, tiangstoxi, 
molybdenum, etc.). The cathode rays that strike it are thus brought to 
rest. By giving the cathode the shape of a soup-plate the focal point of 
the beam of cathode rays is made as small as possible. 

The question whether the rays were longitudinal or transverse wa^S 
decided by Barkla ten years after Eontgen’s discovery. Even in tine* 
original researches of Eontgen it had been ascertained that all bodios, 
especially metals, on which X-rays impinge, serve as sources of now 
(“secondary”) X-rays. In the same way secondary X-rays genera^te 
tertiary X-rays. Now, Barkla discovered that primary X-rays aiX"© 
partially polarised, secondary X-rays are wholly polarised in certa^in 
directions. He succeeded in proving this with the help of tertiary X-rays, 
that is with the help of the secondary rays produced by secondary rays. 
Eor reasons to be given later, Barkla used as the generator of second a^iry 
rays not metals, but substances that are composed only of ligKt atoxxis 
(charcoal, paraffin, paper). We must parenthetically mention anotlnor 
product of the action of impinging X-rays, namely secondary cathode rccys 
which were discovered in 1900 by ‘Born. They occur simultaneously 
with secondary X-rays and are similar in velocity to the primary catliocl© 
rays that i^roduced these X-rays. 

Polarisation signifies that a ray favours a certain plane passing 
through it more than the one perpendicular to this plane. In hlie 

* The older developments of the work with which we are concerned in tliis jetton 
have been colleoted together by R. Pohl, Die Physih der RontgenstmUert, Bra,uu- 
Bcliweig, 1912 (Sainmlung Wissenschaft). 
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of longitudinal vibrations, that is, vibrations that occur in the direction 
of the ray, there is symmetry about the ray and no such preference can 
be imagined. Longitudinal radiation must therefore be unpolarised. In 
the case of transversal vibrations, ho-wever, a favoured plane (including, 
of course, all parallel planes) is determined by the direction of vibration 
and the direction of the ray. It is only ■when no direction of vibration 
is favoured that a ray composed of transverse vibrations can be un- 
polarised. We here interpret the direction of vibration not as being the 
direction of a motion or of matter, hut only of the electric force which 
participates in the wave-radiation. With this electric force is associated 
a perpendicular magnetic force. 

Let us first discuss in a general sense the production of electromagnetic 
waves. In doing so, we shall adopt the standpoint of classical electro- 
dynamics and of the theory of electrons. The fact that the newest 

developments have led to the partial 
rejection of this view is not to disturb 
. us for the present. 

A charge e which moves non-uni- 
formly radiates energy, for it generates 
an electromagnetic field which propagates 
itself with the velocity of light. (A charge 
moving with uniform motion, such as a 
cathode ray particle, carries its electro- 
magnetic field along with it, and hence 
does not radiate.) Consequently the in- 
tensity of the radiated field is in general 
Fig. 7. " proportional to the acceleration* v of the 

charge; in particular, in the direction 
r = OP (cf. Fig, 7, in which 0 is the position of the charge, P that 
of the observer, briefly called the initial point) it is proportional to the 
component of acceleration v,„ which lies in the plane through v and r, 
and which is perpendicular to r. We describe a sphere through P, 
about 0 as centre, with the radius r, and mark as its north and south 
poles N and S, the two points at which the acceleration vector, when 
produced, meets the sphere. Let us fix the position of P on the sphere 
by means of the angle 0 (complement of the geographical latitude). 
Then ^ 

i sin 6, 

The electric force lies in the meridian plane ONF, the magnetic force h 
the tangent to the small circle PP'. These forces are of equal magnitude 

* following Newton, we indicate the increase with, respect to time by a dot thus ; 



in the case here considered in which the velocity is supposed to have a constant direc 
tipn, V denotes the value of ^ when the direction is disregarded, 



25 


§ 5. Rontgen Rays and y-rays 


if, as is natural, we measure E in the electric (^'electrostatic”) system 
and H in the magnetic (“ electromagnetic ”) system, namely 


E = H = 




(1) 


(the charge e is measured in electrostatic units, just, like E). The de- 
pendence of these quantities on as expressed in the equation, may 
easily be seen a priori. During the process of emission of radiation, the 
same flux of energy passes through each spherical shell. Since the 
surface of each increases proportionately to the specific flux of energy 
S, the so-called Poynting vector, must decrease as increases. But, if 

we disregard the factor which depends on the system of measure- 
ment, S is equal to the product of E and H (at least, when E and H are 
perpendicular to one another; cf. Note 1 at the end of the book), thus in 
our case : 


EH 






e^v 


■ sin2 $ 


( 2 ) 


“ - - dTTc'VX" 

From this (by integrating over the surface of the sphere, of. also Note 1) 
we get for the total flux of energy 

2 eH‘‘^ 


S 


3 c« 


( 3 ) 


Our representation (1) of the field is a necessary consequence of the 
established pifinciples of electrodynamics. It shows the transversal 
character of the field (E and H are perpendicular to r, that is, to the 
direction of the ray S).' In addition, it shows that in the longitudinal 
direction^ that is, in the direction of the acceleration v, the emission of 
radiation becomes zero (sin ^ = 0). This fact is used practically in wireless 
telegraphy : in the direction of the antenna (that is, of the alternating 
current, corresponding to our v) the emission is zero : it is a maximum 
in the direction at right angles to the antenna. The position of H, too, 
corresponds to the well-known circumstances that attend the passage of 
alternating currents through a wire : the lines of magnetic force are 
circles around the wire (corresponding to our small circle PP' in Pig, 7). 

After these preliminary remarks, we have now to imagine secondaxy 
X-rays to be produced as follows : Every body, whether solid, liquid, or 
gaseous, is built up of electrons and positively charged matter. In Pig. 8, 
let 1 be the direction of the primary beam from R (Eontgen, or X-ray, 
bulb) to K (the scattering body). We assume that at the outset the 
primary ray is unpolarised and that it consists of transversal vibrations (the 
possibility of longitudinal vibrations is already excluded owing to the mere 
fact of polarisation). Let us then resolve the electric force, as shown at 
the bottom of the figure on the left, along the two perpendicular directions 
2 and 3, which are perpendicular to 1 ; we get two equally intense 
component forces along 2 and 3. When the component 3 has arrived 
at the surface of K, it sets the electrons in motion along the direction 3. 
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*ThLese electrons thus become the source of a new radiation. This xadii^* 
^ioa gives us, as we saw, no intensity along 3, but maximum radiation 
"fcHe direction 2. In the same way the component force 2 sets tH^^ 
electrons of K into motion. The radiation thus produced g’iv'en n<> 
ijntensityin the direction (2), but maximum radiation in the direction 
3From this it follows that the secondary radiations s, which are prop gat 1 
irx the direction 2, are derived from, electronic vibrations in the diroctioi^ 

3 and likewise vibrate in this direction. They are thus 
S^olarised, The same is true of the secondary rays that are prop^^p^^’fe**'^^ 
irt the direction of 3 and which vibrate in the direction 2; and it iH trit*^ 
of all secondary rays that are propagated at right angles to the px-imai’y 
^direction 1. (The secondary rays that are obliq^uely inclined to 1 
partially polarised.) 

But how can we recognise the complete polarisation of the secondary 
3ray s in the absence of a Nicol for X-rays? By repeating the 

we place a second scattering: body 
K' in the path of the secon<3.ta.#ry 
s and measure the tertiary iX-ray^-' 
These are produced by eleotror* ic5 
vibrations that take place exclnsivc^?* ly 
in the direction 3. They enait 
imum radiation in the direction K I ♦ 
and none at all in the direction ICS* 
The jper 2 )endicular set of liivsB fst 
the directions 1, 2, 3 proves by f^/i^ 
mnishing of the intensity of 
tertiary rays K'3 both the complmim 
polarisation of the secondary rcj^ys a^mM 
the transversal nature of the prrini^e rji 
rays. 

In Barkla’s experiments the scattering bodies H and K' conFsiHtecl of 
charcoal. The intensity of the tertiary rays was measured electrosc opicii,! I y 
by their ionising action on the air space of a condenser (ionisation cht am 1 | * 

which is very sensitive towards X-rays and which had already beum i 
fected and used in the original experiments of Kontgen. Provided t, li**.! 
the primary radiation was fully unpolarised, X2 and K3 would havc*^ iti 
show the same degree of intensity under similar conditions of 
rnent. In reality, as Barkla, and later Bassler, found, the secondary 
already show differences of intensity with direction. They thus 
a partial polarisation of the primary radiation. 

The latter circumstance leads us still more deeply into the pirooeH« 
production of the primary X-rays. In Fig, 9 let X he the plato-shit pirf 
cathode and AA the anti- cathode. When the cathode rays shrikes I fail 
anti-cathode, they are arrested ; their average direction of retardaticj^tt is 
represented in the figure by the arrow v. This change of velooiby 
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radiation to be produced, which is the shorter in wave-lem^hli and the 
more intense, the greater the change of velocity. This 
regarded as the reason (or better, a reason) for the occurreno^ of X-rays, 
The resultant field is described by the earlier Fig. 7. it direction 

SN is now represented by the direction KA of the cathodo rays. The 
electric force lies in the meridian planes, that is, now, in th-O plane KAE 
through the cathode ray and the X-ray. The process of formation of 
X-rays thus points directly at a favoured plane for the oloctric force. 
The observations (of Barkla and others) have confirmed this of the 

plane of polarisation. 

According to our argument we should actually expeoii a complete 
polarisation of the primary X-rays. What is the cause of tiro incomplete 
character of the polarisation ? A reason that immediately snggests itself ■ 
is that there are changes in the direction of the impinging oathiode rays 
before and after they have been stopped by the material of the anti- 
cathode. Through them the direction of the arrow v and Irence also of 
the direction of polarisation becomes blurred. But there is a still deeper 
reason. 

Barkla has discovered that every 
material substance when bombarded 
with* cathode rays emits a radiation 
characteristic of the substance (called 
characteristic radiation,” Eigen- 
strahlung). Whereas we may com- 
pare the radiation considered just 
above ('‘impulse radiation,” Brems- 
strahlung) with the forced vibrations 
that occur in mechanics — as a necessary consequence of the sudden 
stoppage — ^this characteristic vibration corresponds to ttie free or nat- 
ural vibrations of mechanics. Through the agency of tb.es cathode rays 
the electrons of the material of the anti-cathode are ■fclixo'wn out' of 
their positions of rest (or out of their stable orbits) and -bend to return 
to these. In doing so they emit the frequencies natuira.! to, or char- 
acteristic of, the material of which the anti-cathode is comciposed. This 
circumstance gives the process a resemblance to optical fiiaorescence, in 
which, likewise, a frequency of vibration occurs which is characteristic 
of the fluorescent material but differs from the frequency of the incident 
radiation. The phenomenon occurs freely, being excited by the cathode 
ray but, especially in regard to direction, is not subjects to conditions. 
Thus the characteristic radiation is unpolarised, and the total radiation 
{impulse radiation -h characteristic radiation) is only pcu^tdojlly polarised. 

As a result of the polarisation experiments above discuissed, there is 
no doubt that the radiation of X-rays is of the transverse "wave type. 

Nowadays we speak of Eontgen light or X-ray light and distinguish 
it from visible light only by its greater hardness (penetrative power). 
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This general character of Rontgen light is shown very strikingly in a 
photograph, here reproduced in Fig. 10, by C. T. E. Wilson (c£. § 4, 
p. 17). In contrast with the former photographs (Figs. 3, 4, 5), we see 
here no rectilinear nor curved corpuscular paths, but a thick bundle of 
rays that traverse the space of the condensation chamber in a horizontal 
direction. This bundle of rays is made visible to us photographically not 
directly hut indirectly by the secondary cathode rays (see p. 23), that is, 
by the electrons that have been set free from air molecules and molecules 
of water vapour by the X-rays, and which fly out laterally and irregularly, 
and cause the water vapour to condense. 

The hcordness of Eontgen light represents what we usually call colour 
in the case of ordinary light. Great hardness denotes great frequency of 
vibration or small wave-length. Moderate hardness or greater softness 
denotes smaller frequency and greater wave-length. This terminology 
introduces no difficulty in the case of characteristic radiation. We called 



Fig. 10, 


this free vibration and are tempted to ascribe to it a period (or a series of 
periods) of vibration characteristic of the material of the anti- cathode. 
This we may actually do, for experimental researches have fully confirmed 
this conclusion. The characteristic radiation is not only ^‘characteristic’’’ 
but also “ homogeneous.” It consists of a few sharply defined kinds of 
vibration, each of which corresponds to a homogeneous monochromatic 
type of light. When we have become acquainted with the spectral 
resolution of X-rays (Chap. HI), we shall see that the characteristic 
radiation assumes the form of a line- spectrum. 

To supplement our earlier statements v/e must add the following : 
As the atomic 'weight of the body emitting the characteristic radiation 
increases, so does the hardness and the intensity of the characteristic 
radiation. Anti- cathodes of heavy metals produce copious and hard 
characteristic vibrations, whereas charcoal, paraffin, etc., produce only 
scant characteristic vibration, which is soft, being absorbed after traversing* 
only a few centimetres of ordinary atmospheric air, and which, therefore, 
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hardly deserves the name of Rontgen radiation. Hence we understand 
why Barkla, to prevent being disturbed by the characteristic radiation of 
the scattering body, had to use bodies of small atomic weight for his 
experiments on polarisation. On the other hand, makers of X-ray 
appliances had to resort to heavy metals for their anti-cathodes so as to 
make use of characteristic vibration as well as the impulse radiation. 

Our explanation of hardness does not seem to be so readily applicable 
to the case of impulse radiation. The process of impulse radiation is a 
single event ; that is to say, it is non-periodic. Consequently the con- 
ceptions of period of oscillation and wave-length here seem out of place. 
During the time reqi^ired in coming to a stop (length of impulse) a single 
shock emanates from the anti- cathode ; an electromagnetic impulse is 
emitted out into space ; its field is contained between two spheres that 
are described about the place at which the retardation or stoppage is 
effected, and that widen out with the speed of light. The distance 
between the two spherical shells gives the measure of the width of the 
2 ;one of disturbance ; it is the width of the impulse.’^ Thus instead of 
wave-length, width of impulse was formerly the term used in speaking 
of Rontgen radiation. 

Now, it is a simple mathematical truth that a single unperiodic occur- 
rence may be represented as composed of a number of purely periodic 
occurrences superposed on one another. For example, the crack of a gun 
may be represented by a continuous series of musical tones, if these are 
chosen of the proper intensity and phase (Fourier's integral representation 
of an arbitrary function). The physical realisation of this mathematical 
mode of representation is called the s^pectrum of the occurrence in question. 
From the moment that the spectrum of such an event can be specified, 
the spectral picture, will be preferred on account of its fixed quantitative 
character. This moment had arrived, in the case of X-rays, when Laue 
made .his discovery. Since then, we speak of the spectrum, wave-length, 
and frequency of vibration in the case of impulse radiation too. Instead 
of one width of impulse we have then a continuoihs series of wave-lengths, 
to each of which there corresponds a purely periodic vibration of definite 
intensity. Accordingly the spectrum is not as in the case of the 
characteristic radiation a line-spectrum but a contimiom spectrum. It 
resembles the spectrum of white light and is therefore occasionally called 
the white Hontgen speGtr^ml. The difference between the white Rontgen 
spectrum and that of white light, for example, is only in the order of 
magnitude of the dominant region of wave-lengths, of the region of maxi- 
mum intensity. The mean wave-length of this region is in the case of 
X-ray spectra 10,000 times smaller than in that of the solar spectrum. 

As we saw, the hardness of the characteristic radiation depends on 
the atomic weight of the emissive material of the anti-cathode. On the 
other hand, the hardness of impulse radiation depends essentially on the 
voltage of the X-ray bulb, or on what is the same, according to equation 
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(1) of § 3, the yelocity of the impinging cathode rays; as is well known, 
the hardness increases with the voltage of the bulb. In the language of 
spectra this means that the region of wme-Ungths of greatest intensity 
in the continuous' spectrum shifts towards the smaller wave-lengths as the 
voltage increases. We shall pursue this fundamental law further in the 
next paragraph. To do so, we must discard the view-point of classical 
electrodynamics here adopted, and must build up on the basis of the 
modern quantum theory. 

For our special purpose — atomic structure and spectral lines — the 
characteristic radiation with its line-spectrum, which is characteristic of 
the emitting atom, will of course be more important than the impulse 
radiation with its continuous spectrum essentially conditioned by the 
voltage of the tube. But firstly we have yet to call attention to various 
observations about the latter that are intelligible on the basis of classical 
electrodynamics and mechanics. 

We inquire into the total scattered secondary radiation that is emitted 
per unit of time by a body (radiator) struck by primary X-rays. The 
scattered secondary radiation, in contrast with the simultaneous secondary 
characteristic radiation of the radiator, has the same hardness, or in more 
precise terms, the same continuous spectrum as the primary radiation. 
Its intensity, calculated for a single emitting electron, is given by equation 
(3). We shall write it down here for the unit volume of the radiator and 
take n as the number of atoms per unit volume, Z the number of electrons 
per atom. (The radiator is assumed to be a chemical element ; in the 
case of a compound the various atoms would have to be differentiated.) 
We then obtain from (3) 


S = 


2e2v5 


nZ 


(4) 


This implies the assumption that the quantities of energy emitted by the 
individual electrons of the atom become simply superposed, an assumption 
which no longer holds for white light (cf. Note 2) and which even in the 
case of excitation by X-rays is not true for all directions of the scattered 
radiation (cf. again Note 2). 

The acceleration v of the individual electron is closely connected with 
the electric intensity of field (of the primary X-ray which impinges on 
it) by the equation 

mv = - eE,, ..... (5) 


In (5) we have assumed the electron to be free. If it is bound to a 
position of rest, the restoring force has to be added. In the case of 
sufdciently hard X-rays, we may discard this force ; in the case of optical 
frequencies it must be taken into account (cf. Note 2). By inserting (5) 
into (4) we get 
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Again, we determine the energy P of the primary radiation that falls per 
unit of time on the unit of area of the radiator and excites secondary 
radiations in it. We get (cf. eqn. (2), in which H == E = E^,) 


P == 



(7) 


Prom (6) and (7) we get 


S ^ 

p 


Stt 

3 * 


• nZ 


(8) 


The energy S is produced at the expense of the energy P and hence 
causes a decrease in the latter, an absorption through scattering.” The 
S 

ratio p is called the “ absorption coefficient due to scattering ” and is 

designated by s. Prom it we pass on to the absorption coefficient of mass 
s 

~~ by dividing by the density p. Whereas 5 is a measure of the scatter- 
P 

g 

ing per unit of volume, — is a measure of the scattering per unit of mass. 
Now 

Tv/r M 

p = nniiiNL = (9) 

in which M is the atomic weight of hydrogen, = 1, and thus mnM is the 
mass of a single atom ; and minM. is the mass of the atoms contained in 

unit volume, i.e. it denotes the density p; L = is (see p. 4) 

“ Loschmidt’s number per mol.” 

Prom (8) and (9) we get 

S TT ^ / 

p “TmV M ^ M • * * • 

The factor K is a universal quantity independent of the nature of the 
radiator. Its value may be calculated according to the data at the end of 
§ 2 in Pigs. 1a and 1b. In doing this, it must be observed that we have 
here reckoned e in electrostatic units, and hence according to the remark 
at the end of § 3 we must divide it by g to reduce it to electromagnetic 
units. We then obtain 

-- = 1-77 . 107 fL ^ 9.05 . io», - = 1-59 . 10-2“ 

me ' c G 

hence 

K =» 0*40 (11) 

Z 

Prom this we can determine the ratio from (10) if the absorption 

coefficient of mass is found by observation. Such observations have been 
made by Barkla (for air) and by Barkla and Sadler (for 0, Al, Cu, Ag). 
In the case of air, 0 and Al, the value attained (in orns. and grms.) is 
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For Cu and Ag, greater values (0*4 and 0-5) were found, but in their cases 
we are no longer dealing with pure scattering, for secondary characteristic 
radiations occur, as well scattered secondary rays, and these increase the 
demand for primary radiation and hence increase the absorption co- 
efficient of mass. Taking this into consideration we may say ; for small 

atomic weights measioremmts lead to the ^miform value 0*2 for whereas 

for greater atomic weights the values obtained do not condradict the assnmp- 
tion that the same value holds generally to a certain degree of approximation 
so long as we are concerned only with the absorption due to scattering. 
Now, from (10), (11), and (12) the remarkable result follows 


^ _ ^2 ^ 1 

M 0*40 2 


(13) 


The number of electrons per atom is half as great as the atomic' weight 
(proved for atomic weights smaller than 27 ; extrapolated for higher’ 
atomic weights, and in their case, as we shall see later, this rule is only 
approximately true) . 

For the sake of completeness we must emphasise that the law con- 
tained in (12) is subject to a very noteworthy exception in the case of 


extremely hard X-rays, We get for them values of - that continuously 

and systematically fall below 0*2 as the wave-length decreases. ITor 
further details we refer to Note 2 and merely remark here that the oc- 
currence of this exception for just the shortest wave-lengths is very sur- 
prising. In the case of long waves for which the distances of the 
electrons from one another in the atom compared with the wave-lengths 
can no longer be regarded as great, the vibrations emitted by the in- 
dividual electrons would interfere with one another, analogously to what 
happens in optics, so that in their case we should be able to understand 
a departure from (12), since it takes no account of such an interference 
but assumes a simple superposition of energy. Nevertheless in the case 
of short wave-lengths this departure must be due to another reason. 
Presumably it hints again at the limits of validity of the classical theory 
and the necessity of supplementing it by the quantum theory 

From the secondary rays we return once more to the primary ray 
and inquire whether, their mode of generation (sudden stoppage of 
cathode rays at the anti-cathode) can be proved in greater detail by 
observations. To answer this we must first generalise formulm (1) a 
little. These formulae related to the radiation that was emitted by a 
single electron that was subjected to an acceleration v, but that possesses 
no velocity comparable with c. They cannot, therefore, he applied to 


rather rapid cathode rays 



without same modification. 
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They must be replaced, if yS is not very small, by (see Note 1) — 

T. „ TT _ __ _££ si n^ 

- c-^r(i - ^ cos ey^ ~ cV (1 - yS cos 


(14) 


in which 0 denotes, as in Fig. 7, the angle between the direction of the 
X-ray under consideration and the direction of v (being the same as the 
direction of the generating cathode ray). In place of (2) we then get for 
the energy radiation S at the angle 6 and measured per unit of time and 
surface : 


sin^ 0 

47rc^r^ (1 “ cos Oy 


(15) 


This is the radiation emitted during any arbitrary moment of the 
process of stopping: ^ denotes the velocity still left at this moment, 
divided by g. To arrive at the total radiation S emitted during the whole 
process of stopping, we must sum all the amounts S (i.e. integrate over 
the time). We get (cf. Note 1), if we keep v constant, 


S = 


e^v 


sin2^ 


cos 6 V(1 - iS cos 6) 


(16) 


In contradistinction to (15) yd here denotes the initial velocity of the 
cathode ray, which becomes reduced to zero through the stoppage. For 
values of /5 that are much less than 1 (slow cathode rays) we get from (16) 


s; = 


4:7rG^r^ 


sin^ $ 


(17) 


The result of this calculation is depicted in Fig. 11. The curve 
presents the emission of radiation for /? = xo- according to equation 
(17), for every angle 6 between 0° and 180°. It exhibits a maximum for 
B == 90°, as we ascertained earlier in the case of scattered secondary 
radiation, and a symmetrical decrease on both sides of 6 = 90°. Of 
course, the figure must be imagined three-dimensional by supposing it 
rotated about the direction of the cathode ray. The curve has been 
drawn for yd » The maximum is here displaced in the direction of 
smaller 0’s, and is indicated by a small circle : it is still further displaced 
in the outermost curve which holds for yd ~ For yd = 1 1 we should 
get a pear-shaped figure for the curve of emission, with a maximum near 
0 = 0. For 0 = 0° itself, as for 0 = 180°, the emitted radiation, on 
account of the factor sin" 0, is necessarily zero under all circumstances, 
as has already been mentioned above in the discussion on secondary 
radiation. Concerning the size relationships of the figure, it is to be re- 
marked that all three curves have been drawn for the same 

This progressive advance of the maximum was derived by the author 
theoretically as long ago as 1909 { and has been confirmed by observation 


* < signifies considerably less than, > signifies considerably greater than, 
f r>j signifies is of the order, + Physik. Zoitschr., 10, 969 (1909). 

6 
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several times, with the greatest accuracy in a work by W. Lobe.* In the 
experimental observations the differences of intensity are not so pro- 
nounced as in our figure, because in this case there is superposed on the 
impulse radiation the unpolarised radiation, particularly the characteristic 
radiation of the anti- cathode, which is equally intense in all directions. 
Besides the differences of intensity primary X-ray radiation exhibits 
differences in hardness. The hardness increases uniformly from $ == 180° 
to 0 = 0° as we may prove by a simple geometrical consideration in- 
volving Doppler’s Principle.t These differences in hardness have also 
been actually observed. 

It is hoped that the latter reflections will help to give the reader a 
picture of how successful and how trustworthy in detail are the classical 
methods of calculating radiation. That, notwithstanding this, they have 

yet to be refined by the intro- 
duction of the quantum theory 
is no longer open to doubt. 

The radioactive y-rays bear 
the same relation to X-rays 
as a- and yd-rays hear to the 
canal and cathode rays. Like 
X-rays they are a wave radia- 
tion; likewise they cannot be 
deflected by electric or mag- 
netic fields. We have already 
encountered them in Kauf- 
mann’s Fig. 6 of the previous 
paragraph (at the point of non- 
deflection on these). The 
y-rays, too, may be resolved 
spectrally. The result has been 
a line-spectrum of y-radiation 
which links up continuously with the hardest characteristic X-rays and 
extends towards the region of decreasing wave-lengths to waves about 
twenty times smaller. It is possible that there exists considerably harder 
y-rays than those hitherto known. In any case it may be stated that the 
difference in hardness between X-rays and y-rays is by no means as great 
as that between visible light and X-rays (the ratio of the wave-lengths is 
in the latter case given by a factor of about 10"^). Whether, in addition 
to the line-spectrum, there is also a continuous background in the y-spectrum 
has not yet been decided. - Experiments carried out by Edgar Meyer t 
seem to favour of a one-sidedness in the emission of y-rays, similar to 
that which occurs in the case of Eontgen rays, but, in conformity with 

* Ann. d. Phys., 44, 1033 (1914). fPhysik. Zeitsohr., 10, 969 (1909). 

:): Ann. d. Phys., 37, 700 (1912); of. also E, Buohwald, idem, 39, 41 (1912). 
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the greater hardness, this characteristic is correspondingly more strongly 
pronounced. The y-rays, too, produce scattered" secondary radiation and 
secondary ^-radiation. In radio-therapy, y-radiation alone is effective: 
it is surmised that its effectiveness is due solely to the secondary /?- 
radiation generated in the diseased tissues, which thereby causes their 
disintegration (ef. Tig. 10, in which the corresponding process is exhibited 
for the case of air that is traversed by X-rays). In particular, it is the 
y-rays of , EaC and MsTh2 (c£. Table 1 of § 7 in this chapter) that are 
applied in medical practice. 

All things considered, there is no doubt about the similarity of nature 
between y-rays and X-rays. 

§6. The Photo-electric Effect and its Eeversal. Grlimpses of the 
Quantum Hypothesis 

Just like the modern development of the doctrine of cathode rays 
(cf. §2), so the knowledge of the photo-electric effect is to be traced back 
to a paper by H. Hertz {Concerning an Effect of Ultra-rioUt Light on 
Electric Discharge, 1887). Following in Hertz’s footsteps, Hallwachs 
showed that when a metal plate is exposed to short wave radiation, it 
becomes positively charged ; and again, as in the case of cathode rays 
phenomena, it was Lenard + who recognised that the true cause of this 
whole category of phenomena was to be sought in the corpuscular 

negative rays, the photo-electric cathode rays. Their specific charge 

was found to be equal to that of ordinary cathode rays, but their velocity 
was found to be only a fraction of the latter. Whereas in the Wehnelt 
tube we met "^vith particularly slow cathode rays excited by a voltage of 
110 volts, the photo-electric cathode rays, when reduced in the same way 
to an imagined excitation voltage, correspond to only one or two volts 
(according to equation (1), p. 8). They thus have a velocity that is ten 
times smaller than the already "‘low*' velocity (amounting to only six 
million cms. per second) in the Wehnelt tube (cf. p. 10), 

The following discoveries of Lenard are of very great importance.! 

^ Tor further details see Pohl and Pringsheim, Lie lichteleMnsch&n ErscJui- 
nungen, Sauxmlung Yieweg, Nr. 1, Braunschweig, 1914. This also contains a descrip- 
tion. of the interesting “ selective p,hoto- 0 lectrio effect” which originated in researches 
of Bister and Geitel and which was further investigated by Polil and Pringsheim. 
They show that there is an increase in the number bub .not in the velocity of the 
escaping electrons when the plate is exposed to wave-lengths that lie in the 
neighbourhood of a certain favoured or resonance wave-length, especially when the 
plane of polarisation is perpendicular to the plane of incidence. In the text we 
restrict ourselves to the so-called “normal photo-electrio effect,’* which is independent 
of the polarisation of the exciting light. An exhaustive discussion of the literature as 
far as 1912 is to be found in Hallwachs, “Handbuoh der Badiologie,” Bd. 8. See also 
P,ringsheim, Flwrescenz afi3 Lhosphorescem im Lichte der neiceren Atomt'heorie, 
Sprin^r, Berlin, 1921. 

t P. Lenard, Ltmugung von Kathodemtrahl&n d%i7xh uUraviolettes Licht, Wiener 
Akademie, 108» 1649 (1899). 

% P. Lenard, timber die UchteUhtrische Wirhung, Ann. d. Phys., 8 , 149 (1902). 
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The intensity of the exciting light has no influence on the 'velocity of the 
excited photo-electric cathode rays; the intensity determines only the 
mmber of electrons emitted, which is exactly proportional to the intensity. 
The velocity of the escaping electrons depends primarily on the colour of 
the exciting light. Ultra-violet light produces the quickest photo- electrons^ 
and that is why its photo-electric activity was discovered first (by Hertz). 
Red light endows the photo-electrons with so small a velocity that in the 
case of most metals (it is difficult to prove the photo-electric effect in the 
case of non-conductors) they remain embedded in the surface. The 
alkalies alone form an exception in this respect for reasons that are 
connected with their chemical behaviour in other directions (with their 
electropositive character). 

A still greater degree of photo-electric activity than that of ultra-violet 
light is possessed by X-rays. 

To bring into prominence the essential peculiarity of these discoveries 
we shall refer to the well-known conceptions of thermodynamics in this 
connexion. Thermodynamics investigates the conditions that govern the 
transformation of heat into work and, in particular, then, the production 
of kinetic energy. It teaches us to recognise temperature as the measure 
of the work- value of heat. Heat of higher temperature is richer, is capable 
of doing more work, than heat of lower temperature. Work may be 
regarded as heat of an infinitely high temperature, as unconditionally 
available heat. 

In the case of the photo-electric effect, too, we are dealing with the 
production of kinetic energy which is drawn from the energy supply of 
the incident radiation (the fraction that is absorbed). We should expect 
more intense light to produce a greater photo-electric effect, than less 
intense light. But this, as we saw, is not true. The power of the light is 
not determined by its intensity but by its frequency . Blue light has great 
power, red light but little. The intensity determines only the quantity, 
but not the quality of the photo-electric action. These facts are very 
strange and depart greatly from the usual theoretical conceptions : they 
could not be explained on the basis of classical mechanics and optics. 
The key to them was furnished by the modern theonj of quanta. 

The quantum theory is a product of the twentieth century. It came to 
life on 14th December, 1900, when Max Planck gave the Deutsche Physika- 
lische G-esellschaft a method of deriving the law of black body radiation, 
discovered by him shortly before, on the basis of a novel physical idea. As 
is well known, we apply the term black body radiation to that condition 
of equilibrium of heat radiation which comes about in a space enclosed by 
bodies of any kind, but at the same steady temperature. The term itself 
is due to the fact that radiation of just this intensity and spectral com- 
position is also emitted by a black body, that is, a non-refiecting body at 
the same temperature. 

The problem of radiation is rooted, on the one hand,, then, in thermo- 
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dynamics, in the laws of the eqnilibnnm of heat ; on the other hand, in 
electrodynamics, in the laws according to which light- and heat- vibrations 
are excited, propagated, and absorbed. Planck spent years of consistently 
planned work in seeking to penetrate into the realm of electrodynamics 
with thermodynamic principles. To retain agreement with observation 
and experiment he finally saw himself compelled to take a bold step 
leading away from the main road of onr usual wave theory and to 
propound his hypothesis of energy -quanta. He postulated that energy of 
radiation of any frequenoy v whatsoever can be emitted and absorbed 
only in whole multiples of an elementary quantum of energy, 

( 1 ) 

h is Planck’s QLuantura of action. Prom measurements of radiation Planck 
soon succeeded in determining the value of his constant 

h = 6*55 . erg secs (2) 

(Its dimensions are : energy x time, the same as those of the mechanical 
“ action ” that occurs in the Principle of Least Action) 

This postulate does indeed upset our usual ideas of the wave theory. 
If wave energy is propagated continuously in space and becomes dispersed, 
how can it then condense at individual places so as to be absorbed in 
quanta of finite size? Moreover, how can it be emitted in finite quanta 
if, according to the laws of classical electrodynamics (of. for example, 
equation (2) of p. 25), every change of motion of the centre of vibration, 
which emits radiation, is accompanied by an instantaneous emission of 
radiation ? 

The hypothesis of energy-quanta, however, also affects classical 
statistics, that is, the method by which, for example, in the kinetic theory 
of gases we calculate the average result of many individual events which 
are not known to us separately. Like every problem of heat, so the 
problem of the equilibrium of radiation is ultimately a statistical question. 
The radiation that we observe is composed of an -immense number of 
separate rays and separate events that occur in the emitting body. Now, 
Planck’s investigations showed that classical mechanics could never lead 
to Planck's law of radiation, which has been verified by observation so 
excellently, and that, on the contrary, it would lead to a spectrum of 
heat radiation that would be in irreconcilable contradiction to the facts 
of experience. 

It was just this statistical aspect of radiation that engaged the special 
attention of the discoverer of the quantum theory. He purposely brought 
the elementary atomistic phenomena which lie at the basis of radiation 
under one scheme, by operating with a harmonic oscillator,” a con- 
figuration that emits and absorbs radiation in a manner different from 
that of the real atoms. Einstein (and also Stark) maintained the opinion 
that the quantum conception must be valid not only in the statistical 
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equilibrium of radiation, but also in the elementary atomic phenomena. 
Einstein* called his extension of the principles of the quantum idea “ a 
heuristic view-point concerning the production and transformation of 
light.” 

Disregarding for the present all obstacles we shall follow Einstein and 
describe the photo-electric effect thus. The radiation that is active photo- 
electrically is absorbed in energy-quanta hv according to equation (1), and 
in a manner depending on its vibration number v, it may generate an 
amount of kinetic energy hv in the electrons dislodged from the metal. 
In this process the kinetic energy that we measure in our observations is 
less than that originally absorbed since the electron, in passing through 
the surface of the metal, has to perform work to get away. This work 
of escape P keeps the free electrons back in the metal if there is no 
photo-electric excitation, and it is different for different conductors. The 
difference in the values of P for two different metals finds expression in 
Volta’s series of contact potentials, and is equal to the difference between 
the two contact potentials. Accordingly, we get for the velocity of escape 
V of the electrons, if m denotes the electronic mass : 



P . 


( 3 ) 


We shall leave unanswered the question whether P is a measure of 
only the work of escape from the surface of the metal or whether it is 
simultaneously a measure of the velocity of escape out of the atom (the 
so-called work of ionisation) . If there are really free electrons in metals, 
then the latter work would be zero, and P would be a direct measure of 
the work of escape out of the metal ; otherwise, P would be the sum of 
both amounts of work. 

At the time that Einstein set up the relation (3), only qualitative 
evidence was available on which it could be based : the velocity of 
electrons emitted photo -electrically increased with increasing frequency 
of the exciting light (greater hv) and with the increasing electropositive 
character of metals (small P) : ultra-violet light had been found to be 
more effective than red light ; potassium, which is situated at the extrema 
end of the electropositive metals, was more sensitive than copper and 
silver. Quantitatively, Einstein could confirm the law only as far as 
order of magnitude was concerned. The wave-length of blue light is 

X == 0*4:/a = 4 . 10“® cms. 

The vibration number (frequency, or number of vibrations per second) 
corresponding to it is 

V = v = l-10“sec-i 

X 4 


* Ann. d. Phys., 17, 132 (1905) ; of. idem,, 20, 199 (1906) Zur Theovie der lAchtet* 
zeugimg und Ahsorjjtion, 
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and the corresponding energy- quantum according to equation (1) is 
hv - 6-55 . 10-2T . 1 . 1015 =, 5 . iQ-n ergs. 

According to (3) the kinetic energy of the escaping electrons is just 
as great, provided that we disregard the work of escape P for the present. 
Now, if we calculate the potential V which a cathode ray tube would have 
to possess to produce the same kinetic energy in a cathode ray tube, 
we also get 

eV = 5.10-12. 

If we take for e its value in the electromagnetic system, that is, 

0 = 1‘6 . (see p. 15), 

we get 

Y = 3 . 10*^ electromagnetic C.G.S. units = 3 volts. 

The same order of magnitude, namely 1 to 2 volts, characterises the 
contact difference of potential between two somewhat distant metals of 
the Voltaic series, and hence also our work of escape P (which is, so to 
speak, the difference of contact potential of the metal relative to a 
vacuum). For the kinetic energy of the escaping electrons there then 
remains, according to (3), if we take P into account in our calculation, 
likewise an amount of 1 or 2 volts, corresponding to the above- 
mentioned order of magnitude of the results of observation.' ^ 

The order of magnitude changes if we pass from visfme light to 
Eontgen light ’(X-rays). The wave-length of the latter is, as we 
mentioned in the preceding paragraph, about lO*^ times smaller, and 
hence their vibration frequencies about 10^ times greater, than the 
corresponding quantities in the visible region. If we carry out the same 
calculations for X-rays as made just above for blue light, we get for the 
kinetic energy of X-ray photo-electric cathode rays, or for the potential 
corresponding to this energy, in place of 3 volts, 30 kilovolts, that is, 
a voltage such as is usual for working a moderately hard X-ray tube; 
Clearly, the work of escape P, being only of a few volts, is to be neglected 
in cpmparison with a voltage of this magnitude. We thus arrive at an 
amount of energy that corresponds to that of the secondary cathode rays 
mentioned on page 23, of which we said that it is equal to that of the 
corresponding pirimary rays. This shows that the secondary cathode 
rays are to be regarded as a photo-electric eftect of the pjrimary X-rays 
and that their energy, too, is expressed by Einstein’s formula as far as 
the order of magnitude is concerned. 

Ten years after Einstein had proposed his law, it became clear that 
it was not only true in order of magnitude but that it gives the exact, 
quantitative expression for the photo-electric effect. This was shown in 
particular by Millikan* for the case of the sharply defined greatest energy 

*R. A. Millikan, A Direct Photo-electric Deter minatioru of Planck's “/i,’' Phys. 
Rev., 7, 356 (1916). 
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which monochromatic light (light corresponding to a definite spectral line) 
is capable of generating. For if we plot the greatest energies that are 
obtained by using various spectral lines in a diagram, in which we plot 
the energies as ordinates and the vibration frequencies of the spectral 
lines used to produce them as abscissae, the line connecting the points 
plotted exhibits a linear increase, the magnitude of which is given by the 
constant Ji. 

That there is a maximum value of the energy generated and that just 
this and not some mean value of the energy follows Einstein's law is, in 
fact, to be expected according to quantum ideas. For the energy- 
quantum liv denotes the energy which the incident radiation initially 
puts at the disposal of the electron for the purpose of photo-electric 
emission. This energy can, indeed, be reduced through secondary losses 
of energy in the metal, but it can never he exceeded. "We have, there- 



fore, to regard the photo-electric maximum * of energy as being primarily 
given and determined by the theory of quanta. It appears that this 
maximum of energy obeys Einstein's law very accurately. 

We demonstrate this in the following picture (Fig. 12) by Millikan, 
which has been obtained for the case of lithium ; the result for sodium 
looks quite similar. Millikan used as a source of light five mercury lines 
in succession. The corresponding five points of observation are in- 
dicated in the figure by small circles. The frequency number of the line 

* About the same time as Millikan, Bamsauer investigated the photo-electric law 
of disirihutio7i, that is, how often, relatively, the various values of the kinetic otusrgy, 
for light of a given frequency v, are represented in the photo-electric emiHsion. Ho 
found the distribution to follow a universal form, independent of the nature of the 
metal used and of the light used. The energy that occurs most often (corresponding 
to the maximum of the curve of distribution) follows, according to Kamsauer, a law 
that expresses linear dependence on the exciting frequency p, which is of the kind 
given by Einstein and Millikan for the maximum energy. Of. Arm. d. Pliys., 45, 1121, 
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corresponding to the shortest wave-length, the so-called resonance-line 
of mercury X = 2536A (A = Angstrom unit = 10"^ cms. =* iV w) 

V = 1T8 . 10^"' ; the frequencies of the others can be read off from the 
figure along the £c-axis. Opposite the Li-plate is a so-called Faraday 
cage, carefully sheltered from electrostatic influences, which is connected 
with the electrometer : the plate gives up the photo-electric cathode rays, 
released by incident radiation, to this Faraday cage. The plate and the 
cage are kept in a vacuum. If the plate is now charged positively, the 
ejected electrons experience a restoring force. A certain intensity of 
charge just suffices to turn back all electrons, including those that are 
emitted perpendicularly to the plate with the maximum velocity. The 
reversing potential, in volts, corresponding to this charge is at the same 
time, according to the law of energy, a measure of the maximum kinetic 
energy of the incident light. Corresponding to every vibration frequency 
of the incident light there is a different photo-electric maximum of energy, 
that is, a different voltage of the reversing potential. Millikan next 
proceeds, by means of an auxiliary figure (see Fig. 12, the right-hand 
bottom corner), to determine graphically the voltage of the reversing 
potential for which the photo-electric current becomes just equal to 
zero.* 

In the main part of Fig. 12 this voltage number is mapped out as the 
ordinate and the same is done in the case of the other four frequencies. 
The points obtained lie beautifully on a straight line (departing from it 
by less than 0*5 per cent). The inclination of the line, expressed in 
C.G.S. units, is : 

h = 6.58 . 10 erg secs, in the case of Li 
and h « 6*57 . erg secs, in the case of Na 

agreeing fully with Planck's value of h in equation (2) . 

In the realm of X-rays, too, we may regard Einstein’s law as an exact 
expression of the facts and not only as being correct in order of 
magnitude : here we may state it in the simplified form in which the 
work of escape P is omitted (cf. p 38). Thus we write 

= .... ( 4 ) 

If we read this equation from right to lefty it represents the process of 
generating secondary cathode rays by primary X-rays: it determines 
from the frequency v of a monochromatic Rontgen radiation the 
maximum velocity v of the cathode rays which this radiation is able to 
release when it impinges on any arbitrary material substance, and it 
likewise determines the corresponding voltage that is equivalent to the 

* The particular advance made by Millikan beyond bis predecessors consisted in 
the accuracy with which he determined this reversing potential. This is expressed in 
the circumstance that the curve of our auxiliary figure outs the aj-axis in a well- 
defined point at an angle that is not excessively acute. 
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maximum velocity generated in 'the cathode rays. We have, as in th© 
photo-electric effect, the transformation of wave-radiation into Gorpuspular 
radiation. The same equation, however, represents the transformatimi 
of corpuscular radiation into wave radiation. Por if we read it from lefi 
to right, V denotes the voltage of the X-ray tube. This produces tlin 
primary cathode rays of velocity v: when the latter strike the anti* 
cathode, they produce X-rays, characteristic radiation, and impacii 
radiation. The spectrum of the impulse radiation is, as we saw in tli« 
previous paragraph, continuous. This spectrum stretches from a snuili 
V (soft X-rays) up to a sharply defined limit in the region of short /r# 
quencies, which corresponds with the hardest X-rays that can be pro 
duced by the voltage V; the frequency corresponding to this limit 
given by equation (4) . So, here too, the relation between the voltage V 
the tube and the limiting frequency v is expressed by Einstein's linear Imt,. 
As V increases, the short wave limit of the continuous spectrum movif.* 
to higher frequencies. The frequency of the greatest intensity, as ali*4i 
the average hardness of the radiation, becomes displaced in the Himm 
sense. The well-known law (cf. p. 30), that the hardness increamwi^ 
with the voltage of the tube is thus likewise a consequence of Binst(»iirii 
law ; it is, in a sense, a more sketchy form of it. 

In particular, we get as a direct result of the double reading «ri 
Einstein’s law the equality, emphasised above (p. 23), between the velociti 
of primary and secondary cathode rays. The production of secoiulm i 
cathode rays from primary X-rays seems ,a direct reversal of the phc»twi» 
menon of the production of primary X-rays from primary cathode rayn 

The existence of the short wave limit of the continuotis spectrum m n 
main feature in the complete picture of X-ray phenomena. There Bifitin* 
no possibility of success in attempting to explain it from the point of 
of the classical theory of radiation. However we may care to picturi^ ll» 
details of the phenomenon of impulse radiation, the resolution of tlw 
radiation emitted into Fourier terms would, according to classical 
dynamics, lead to a spectrum that would stretch to infinity on the siili* i 
higher frequencies. Thus the existence of the short wave limit m 
unmistakable hint that we must go further than the classical theoi s 
radiation and work out a quantum theory. Einstein’s law formulat(‘M th m 
fact as compactly and precisely as can be desired. That it is quantitatii r » 
correct will be seen in Chapter III, § 7. Just as in the case of the 
electric effect, the measurement of the short wave limit of the continue & 
X-ray spectrum may be elaborated so as to lead to a precise determiniii r * - 
of the constant of radiation h. 

We shall now at once go a step further to the extreme end of the ? 
of frequencies — to the y-rays — and we shall discuss their connexion %% 
/3-rays. Concerning this connexion there are particularly conviiw ^ 4 ^ 
researches,* by Butherford, Bobinson, and Eawlinson, undertaken in ^ 

^ Phil. Mag., 26, 717 (1913), and 28, 281 (19U). 
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years 1913 and 1914, which give quantitative evidence. The /3-xays of 
certain radium preparations (RaP and EaC, cf. the following section) have 
velocities which, over a certain region, approach the velocity of light, but 
within this region of velocity they, in the main, assemble at individual, 
discrete points. By means of magnetic deflection they can he resolved 
into a '‘velocity-spectrum.” This velocity-spectrum is then observed 
once, at the beginning, with a wire brushed with the radium preparation, 
and then, after the wire has been surrounded by a lead envelope that 
absorbs the y^-rays, the spectrum of the secondary rays is observed. In 
the latter case the primary ^-rays remain imprisoned in the absorbing 
layer. But they absorb secondary y-rays, for which the layer is trans- 
parent. What we observe when we apply magnetic deflection are the 
secondary /?-rays produced in their turn by the y-rays — in particular, those 
yS-rays that are produced near the surface of the absorbing envelope and 
which escape without any considerable reduction of velocity. A com- 
parison of the primary with the secondary spectrum shows that they are 
exactly identical (except for a certain broadening in the region of lesser 
velocities). This proves that the transition 

/3-rays ^ y-rays 

is a reversible phenomenon that is regulated accurately by the /^-v-relation. 

We have now to take only one step further to arrive from Einstein’s 
law to one of the main pillars of Bohr’s theory of spectral lines. 

We have seen how energy of monochromatic frequency hv is taken up 
by a metal atom and how it reappears as kinetic energy of a photo-electric 
electron. If we now suppose that the absorbed energy of vibration does 
not suflice to release the electron from the atom, then it will only effect a 
re-adjustment in the atom, in which the atom passes from a lower to a 
higher step of energy. We can imagine this transition to be similar to 
that of a weight which is lifted from a lower initial position to a higher 
final position. If W« and W^ (> Wa) are the initial and final energies of 
the atom, respectively, then we get, as a counterpart to Einstein’s photo- 
electric equation, Bohr' s fmda>mmtal eq'uationfor d 'phmommon of optical 
dhsorpiion : 

/tv « W, - W« . . . . (5) 

We saw, on the other hand, that an initially given amount of energy 
of cathode rays or its equivalent volt-number produces Eontgen radiation, 
the maximum hv oi which is equal to the initial energy. This maximum 
hv is not reached in every elementary process because in general a fraction 
of the available cathode ray energy Wa is transformed into wave radiation 
and another (indefinite) fraction W« remains in the form of cathode-ray 
energy. If we now suppose that the primary energy originates in the 
change of configuration of the atom, of which the initial energy is and 
the final energy < W^, so we may here too, expect a radiation to appear 
thus 

hv w, W, 


( 6 ) 
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This radiebtion is no-w strictly momchromatic, because in this case W« as 
•well as Wa is fixed as a discontinuous quantity by the configuration of the 
atom. In equation (6) we have Bohr's fm%dmimtal equ(itio7i for the 
phenomenon of optical emission. 

Just like Einstein’s law, this extension of it by Eohr claims to be valid 
with absolute accuracy in the entire spectral region from the slowest heat 
rays to the most rapid X-rays and y-rays. Thus this quantum law regu- 
lates in the same way as Einstein’s law the transition of wave radiation 
into corpuscular radiation as well as the reverse process ; it governs the 
phenomena of absorption as well as those of emission, in optical regions 
as well as in the region of high frequencies. There is no doubt that we 
are here dealing with one of the most mysterious of physical laws. 

The photo-electric phenomena and the other phenomena of absorption 
in optical and X-ray regions certainly give the impression that wave 
energy as well as the energy of corpuscular radiation is concentrated at 
certain points. This brings us to the extreme view that light consists of 
“ light- quanta ” that leave the centre of emission with the speed of light. 
Particularly the facts of the production of secondary cathode rays by 
X-rays seems to ^dmit of no other interpretation. In phenomena of 
optical absorption we see the same transformation of radiation energy hv 
into mechanical work exerted on the electron take place in the interior of 
the atom. How is this transformation to be interpreted if the wave 
energy is not concentrated in the form of light-quanta, and is not 
available all at once ? 

There has been no dearth of attempts to reduce the contradiction be- 
tween the “ quantum ” and the “ classical ” view of energy transference. 
In conjunction with Debye the author has put forward a view of photo- 
electric phenomena and a method of deriving Einstein’s law,"^ which does 
not deprive radiation of the character demanded of it by the wave theory, 
that is, which does not require the -use of compact elements of energy of 
amount hv and which, instead, ascribes to the atom the property of being 
able to pile up energy of radiation to a limiting amount determined by the 
constant A. As soon as this limit is reached, the electron is supposed to 
be released from the atom and to escape with the energy which it has 
collected. Under certain conditions (chosen in rather an artificial manner) 
Einstein’s law for the energy of the escaping electrons may be deduced. 
At the same time the ''time of accumulation” that is necessary for the 
heaping-up of the energy hv may be calculated. If a powerful source of 
light is assumed, then this time in the case of the photo-electric effect 
comes out fairly small (fraction of a second), but when the calculation is 
made for the conditions of the X-ray photo-electric effect, for which 
the energy-element hv is much greater and the intensity of radiation is, 
in general, much smaller, impossible " accumulation times ” come out, 
times of the order of magnitude of years ! Yet experiment shows that, in 

* Ann. d. Phys., 41, 873 (1913). 
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the case of X-rays as well as in that of ordinary light, the emission of 
electrons commences immediately, as soon as the exposure to the incident 
light begins, and ceases the moment the exposure is stopped. I^rom the 
point of view of the wave theory the source of the great energy of emission 
remains incomprehensible. The phenomena actually occur as if in light 
of frequency v there are v energy-elements of the magnitude hv, which are 
ready at any moment to become transformed, according to Einstein’s law 
(in atoms that are appropriate), into kinetic energy of electrons. Later, 
when we come to speak of the absorption and excitation of spectral lines, we 
shall find ourselves compelled to adopt this standpoint of light-quanta.” 

On the other hand the continuous propagation of wave-energy is so 
firmly established for phenomena of interference and diffraction (also in 
the region of X-rays, owing to the Laue effect, cf. Chap. Ill) that it 
makes the idea of light-quanta appear quite out of the question. Modern 
physics is thus for the present confronted with irreconcilable contradic- 
tions and must frankly confess its “ non liquet.'’ 

§7. Radioactivity. 

Hitherto we have considered only the physical manifestations of 
radioactive processes. A few remarks about the chemical carriers in- 
volved must now be added.* 

A characteristic feature of radioactivity is that it occurs essentially only 
in the case of the elements of greatest atomic weight. Uranium {Ur-ahn 
= original ancestor of the radium family) is the heaviest element, having 
an atomic weight 238*2. Thorium, the parent substance of the thorium 
family, is the second heaviest of the elements that were known before 
radioactivity (as its atomic weight = 232*15). It is therefore allowable 
to regard atoms that are too heavily loaded with matter as hypertrophic, 
configurations that are unstable and disintegrate into simpler forms. 

We shall take for granted the sum-total of radio-chemical research in 
the form of the genealogical tree given in Table 1. How it became 
possible to set up these lines of descent will be made clear below (in the 
theory of disintegration), and also partly in the next chapter (§ 5, “ Laws 
of Displacement”). It need only be remarked here that without this 
theory as a kind of Ariadne’s thread it would have been impossible to 
find a means of locating the members of this manifold series of new 
elements. On the other hand we must mention that it is only the extra- 
ordinary sensitiveness of electroscopic observations of radioactivity, a 
sensitiveness which far exceeds that of the balance, that has enabled us 
to prove the existence of the products of disintegration, for these are 
often present in only very minute quantities. 

* Of., besides tliG comprehenBXve works mentioned in § 3, the r^sunxd of Fajans in 
Jahrg. 16 der Physik. 2ieitsohr., 1915 : Das j^eriodiscfm System der Memente, die 
radioaktiven Umwandlungen und die Strnktur der Atome. Of. also Badioahtivitdt 
mid die neueste Dntwichehmg der Lehre vo% den chernischen Blemenim. 8. And., 
1921, by the same author in Sammlung Viewog. 
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I^ormerly, three radioactive families were distinguished, the Uranium- 
raditim Group, the Actinium Group, and the Thorium Group. It was, 
however, conjectured that the actinium series was a branch of the 
■uranium series. This has been confirmed by Hahn and Meitner’s 
discovery of protactinium; the exact point at which the branching 
commences is not quite certain (it is at Uranium II in our table). Thus 
tliere remain only two families : the Uranium family and the Thorium 
family (vide Table 1 on the following page). 

The upper rows of our genealogical tree shows the stages of develop- 
ment from the two parent substances U and Th as far as the three 
emanations (the inert gases). The subsequent development, which runs 
parallel in the three, now distinct, families, is shown in the lower rows. 
In each case they end with an element having the character of lead. 
The actinium series ends with AcD (actinium lead), and the thorium 
series ends with ThD (thorium lead), but we are not yet certain whether 
these are really permanent final products or only intermediate pro- 
ducts that disintegrate exceedingly slowly and whose further disinte- 
gration is yet unknown. In the radium series the analogous substance 
HaD is certainly not a final product : to it there is linked the series EaE, 
RaT = polonium, and EaG ~ radium lead. The similarity of the three 
trees of descent between the emanations and the D-products is shown not 
only in the number of products of disintegration and their position in the 
natural series of elements (cf. Table 4 in Chap. II, § 5) but also in the 
mode of disintegration (denoted in our table by the letters a and ^ printed 
above the arrow used to signify transformation ; y denotes that y-rays 
are present). At corresponding positions in the genealogical trees the 
disintegration is effected either by an a-transformation (emission of 
helium) or a /^-transformation (electron emission), or by a simultaneous 
a- and /^-transformation. The notation here adopted takes due account of 
this parallelism of disintegration. It has been .suggested by Stefan Meyer 
and Schweidler and differs from that formerly in use (which arose 
historically and which is thus less systematic) in the names given to the 
C- and D-products. 

Below the symbol of each element we have recorded the “ half-value 
time ” ; this is the time which has elapsed when half the body is disinte- 
grated. It is proportional to the “ mean duration of life ” of the ele- 
ment. We shall explain later how it is determined. The abbreviations 
a, d, h, m, s, denote : year (annm), day, hour, minute, second. We thus 
have long lived elements with spans of life stretching over millions of 
years (UI has a half -value time of 5 . 10^ years, and^Th has one twice as 
long) and short-lived elements which Hve pnly for seconds or fractions of 
a second. The elements whose lives are shortest are to be found among 
those designated by C' : 

EaO' has 10 seconds, AcC' 5 . 10”*^ s, ThC' s. 
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These numbers like all the bracketed half -value times have been found, 
not from observation, but from calculation. Within the region above 
mentioned (from the emanation to the lead group) there is also a certain 
parallelism between the half- value times of the three families. 

The branching between RaC and RaD over RaC' and RaC'', and the 
exactly corresponding branching of the Th- and Ac-tree is of special 
interest. The fact that RaC is transformed into different products (RaO^ 
and RaC") according as it disintegrates by a fS- or an a-transformationj 
is intelligible. But the fact that these products, when subjected to the 
same transformations but interchanged (i.e. by an a- and a ^-trans- 
formation respectively), resolve into the same element RaD will be made 
plausible by the displacement laws of Chap. II, § 5, but it is not em*- 
pirically certain. In addition to these ramifications we have in our table 
also the (at present hypothetical) branch at UII which is supposed tc 
consist of a double a-radiation. The branch product UZ (half- value time 
6-7 hours), which emits /3-radiation and was discovered by 0. Hahn,* has 
not been included in our table as the point at which it branches ofl 
(UXi ?) and its further development are not known with certainty. 

We thus see that in virtue of these ramifications there are represented 
in our genealogical tree not only children and grand- children but alsc 
brothers and cousins of the first degree as well as of higher degrees. 

Our next .step is to give a short note on the laws of radioactive 
disintegration. These laws arise directly and are of an extraordinari| 
simple type. Being fully independent of temperature and pressure, th^ 
thus differ fundamentally from the laws that govern ordinary chemica 
transformations. Nor are they dependent on whether the active sub 
stance is present as an element or a salt, whether it is pure or mixed witi 
other substances. Everything seems to support the view that we are m 
dealing with an action of one atom on another but rather with some inm 
■ atomic process. 

In Eig. 13 we consider a particularly simple case. We are dealin 
with the disintegration from U into UX, or, more exactly, from UI ini 
UX^, that is, with the process that stands at the head of our table. L 
-US take the ^-ray activity as an indicator. That is we shall suppose ti 
a-rays to be eliminated by absorption for the sake of our present argi 
ment.t Only the /3- and y-rays penetrate into the electroscope, ionii 
the air, and produce a charge which flows into the leaves of the eleotri 
scope and which serves as a measure of the number of ions formed. Bi 
since y-rays are ineffective in forming ions, as compared with /3-rays, V 
need here regard the activity as referring solely to /3-ray activity ; “ n 
active ” means “ producing ” no ^-rays. 

The preparation with which we start is not pure uranium but alreac 
contains a certain very small percentage of UX. It is possible 

*Ber. d. Deutsoh. Ohem. Ges., 54, 1131 (1921) ; Naturwissenschaften, 1921, p. ( 

t mm. of A1 are sujBacient to absorb the most rapid «-rays almost entirely. 
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precipitate the latter from the iiranitim by repeated application of barium 
sulphate. The TJX thus isolated carries away the whole activity of the 
. preparation with it, and the U itself is left behind entirely inactive at 
first. In the figure we have thus set the initial activity of XJ equal to 
jzero, and that of UX equal to 1. From these initial states onwards the 
activity of the UX diminishes regularly to -zero, whereas that of U 
simultaneously recovers and increases from 0 to 1. By comparing the 
two curves we see that their ordinates at each corresponding point add 
up to 1. If J^(t) is the activity of UX at the time t, and J’ 2 (j 5 ) that of U 
at the same moment, then we have : 

= 1 “• Ti(^) * ‘ . (1) 

Hence although these products are distinct from one another 
(chemically, and, for example, separated by a considerable distance in 
space) they yet continue to act in full accord with one another : the 



20 40 60 80 100 120 140 160 180 

Fig. 13.' 


activity lost by the one is gained by the other ; the sum of their activities 
is constant just as would have been the case if we had not sejoarated 
them chemically. 

According to the disintegration theory of Rutherford and Soddy, the 
explanation is as follows. The constitution of the atom, and this alone, 
invests any arbitrarily chosen atom with a certain probability that it will 
disintegrate in an arbitrarily chosen unit of time. This probability is 
called the radioactive constant (or decay constant) of the atom. From 
this there follows the essential principle of the theory of disintegration : 
The number of atoms that decay per unit of time is equal to the radio- 
active constant multiplied by the number of atoms still present (namely, 
equal to the probability of decay of an atom multiplied by the number of 
atoms). On the other hand the activity of the prepared substance is, 
except for a constant depending on the apparatus, equal to the number 
of atoms that decay per unit of time (in our case the atoms disintegrated 

4 
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by the jS- transformation). In conjunction with the above principle, this 
leads to : 

J{t) =^G\n (2) 

where J = activity at the time j 5, 0 == the apparatus constant, A, = the 
radioactive constant, and n = the number of radioactive atoms at the 
time t. 

We next apply this principle to the two curves of Fig. 13. 

I. In the case of UX isolated from its parent substance, the number 
of atoms n is changed only through the decay of the atoms present. 
Therefore the number of atoms that decay in time dt is - dn. From 
this, and from the principle of the disintegration theory we get the 
following differential equation for the disintegration of UX : 

- dn = Xndt (3) 

Thence it follows that if denotes the initial number of atoms of UX, 
and if e is the base of natural logarithms, 

% = (4) 

and, by (2), 

J(^) - .... (5) 

In our figure we chose our unit so that J(0) = 1. Hence we must set 

CA.no = 1 (6) 

and thus get 

m ( 7 ) 

The curve in Fig. 13, which vras obtained from direct observation, agrees 

exactly with this exponential law. Its rate of decline allows us to 
determine the decay or radioactive constant X. 

II, In the case of the U that has been purified of UX, let N be the 
number of uranium atoms at the time t, Nq the initial number, A the 
radioactive constant of uranium. The decay again takes place according 
to the law (3), which now assumes the form : 

iZN - Kmt, N = Noe-^« . . . (8) 

Now, the radioactive constant A of the uranium is extremely small com- 
pared with the radioactive constant X of the UX, i.e. 

A<X (9) 

Hence, -within a period of observation that is not reckoned in millions of 
years, we may reasonably set : 

At = 0, 

and hence, by (8), 

N = No, 


■At = 1 

m 

~ dt^ 


AN„ 


( 10 ) 


( 11 ) 
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Measurement of the activity in this case discloses nothing of this change, 
since it is an a-transformation. For this measurement depends only on 
the y5-transformation of the TJX. Now a UX-atom arises from each U- 
atom. If the latter were not to decay, we should have simply dn=^ - 
and, by (11), 

dn 

di - ANo, 71 = ANo^. . . . (12) 

The number n of UX-atoms and therefore also the activity J(i) of UX 
would thus increase uniformly with the time, and would thus be repre- 
sented by a straight line in Fig. 13, namely the initial tangent of the 
curve there shown as 12 ( 2 ^). But the increase does not continue inde- 
finitely, for the UX-atoms decay in their turn : a state of equilibrium is 
gradually reached, in which just as many UX-atoms decay as are formed. 
If 7^0 is the number when equilibrium is reached, then the number of 
UX-atoms which decay per unit of time is, according to (3), \ 71 q, the 
number of those being formed is equal to the U-atoms that are decaying, 
and = ANq, by (11). Hence, in radioactive equilibrium : 

X7io - ANo (13) 

Bi the state of radioactive eqtcilibrium, the number of atoms of parent 
substance and child product are in the inverse ratio of the corresponding 
radioactive constants. 

This state of equilibrium existed during the initial separation of the 
U and the UX. The equilibrium number just calculated is thus 
identical with the initial number of atoms n^ of UX in equation (4). In 
the state of equilibrium the activity of UX will be, according to (2) 
and (6), 

J 2 == GknQ = 1. 

Our curve J.j^{t) which was originally an oblique straight line thus curves 
round into a horizontal straight line, which is at unit distance from the 
time axis. 

If, further, we wish to find the law of curvature, we must complete 
(12) thus : 

dn 

di = ^^0 - 

by taking account not only of the production of the UX-atoms but also 
of their decay. As a result of (13) this equation may be written : 

dn 

and may be integrated by simple mathematical rules, if we take into 
consideration the initial conditions w = 0, i =* 0, thus : 

n = Wq(1 - e’-^^f 
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By multiplying this by OX we get the activity = G\n. From (6) we 
get for the latter : 

= .... (14) 

Thus J^{t) increases according to the same exponential law as that hy 
which Ji{t) decreases. J 2 (^) and Jj(^) sum up to unity. 

This is the full explanation of Fig. 13. The same diagram gives us 
the semi-decay time of UX. For it, the relation holds : 

= 1 or . . . (15) 

The abscissa of the point of intersection is thus the time which has 
elapsed when the exponential function has diminished to a half of its 
initial value, i.e. at the time ^ = 0. In our case the curve tells us that 
the half-value (or senii-decay) time t^ is equal to 23-8 days. 

In addition to the half- value time we also arrive at the radioactive 
constant. For from 15 it follows that 

= log, 2 = -693 .... (16) 

The radioactive constants are in the inverse ratio of their half-value 
times. The values of these times are given in Table 1. 

Closely related to the conception of half- value time we have the con- 
ception of mean length of life or average life. If we denote the latter by 
we get in place of (16), 

(17) 

For, as in social statistics, we define the mean length of life by first 
multiplying each age by the relative number of the individuals that just 
attain this age but do hot exceed it and then summing all these products 
of age and relative number. In our case, as we see from (3) and (4), 
- dn is the number of atoms which at the time i decay within the time- 
interval dt. md the total number of atoms initially present, thus 

= Xe-m 

no 

signifies the relative number with which we are here concerned. By 
multiplying it with the corresponding t and summing for all ^’s, we 
get the required average length of life : 

i,, = . . . (18) 

1 * 0 o' 

Equation (17) follows simply from this definition if we multiply both sides 
of (18) by X and introduce £C = X^ as a new variable of integration : 
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By comparing (16) with (17) we see that we get the average lengths of 
life of the radioactive elements by dividing the numbers of Table 1 by -693. 

In general, conditions are not as simple as in the example we have 
so far discussed. This simplicity was due in the first place to the fact 
that the life of UI is very long compared with that of TJXp We made 
use of the resultant simplification (A X) in passing from equation (8) to 
equation (11). But then the further fact comes into consideration that 
the life of UXg = 1T5 minutes) is very short compared with the life 
of TJXj^ (cf. Table 1), and that the life of UII is again extraordinarily long 
(ta == 2.10® years). The result is that immediately following on the dis- 
integration of each XJXi-atom, i.e. at intervals of probably about a minute, 
the decay of the new-born UX 2 -atom and the transition to the Ull-atom 
takes place. The decay is accompanied by and y-radiation, and there- 
fore increases the ionisation produced by the decay of UX^. In fact, 
on account of the greater hardness of the ^-radiation of UXg, it forms 
the main part of the entire ionisation that is observed. The addition of 
the decay of UX 2 does not, however, bring about to any appreciable extent 
a delay in the rate at which the activity dies down, or a change in the 
exponential law given by the curve. This allowed us to use the short term 
UX,” as referring to a uniform, product, in our explanation of Kg. 13, 
thus treating the two elements and UXg conjointly as was the 
practice formerly before these two elements had been separated. Nor does 
the activity of UII, which remains after the decay of UX^ and UX 2 , 
cause a change in the course of the activity curve, since, being an a- 
activity, it evades measurement. 

We get a complete picture of the great possibilities of the theory of 
decay only when we consider the course of the activity in a case in 
which several products of approximately the same length of life par- 
ticipate. The classical example is given by the precipitate which is 
produced by radium emanation. This precipitate consists of a mixture 
of RaA, EaB, EaO, yrhich becomes transformed into the long-lived EaD. 
The short-lived products EaO' and EaC" are included here under the 
symbol EaO. The a-activity curve of this mixture is shown in Fig. 14. 
Since EaB emits only /3- and y-rays (cf. Table 1), it does not come into 
account for the measurement of a-activity, except in so far as it becomes 
changed into EaO. At the beginning of the measurement the products 
A, B, and 0 are in equilibrium. By (13) we then have 

== Xb . Nb . No 

if Na, Nb, No, denote the amounts of these products present (properly the 
numbers of atoms of each). These amounts are different. By (2), 
however, the activities of EaA and EaO, which we shall denote 
briefly by A and 0, are equal when in radioactive equilibrium, as 
long as the apparatus constant that comes into question may be 
regarded as constant. In the case of EaB, which has no a-activity. 
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this constant is equal to zero. In Fig. 14 we therefore make tlie ^ 

A and 0 start with the same co-ordinate, whilst B starts witH 
ordinate zero. The curve B, which represents the indirect 
of EaB to the a-radioactivity (this contribution asserts itself *3^ ^ ^ 

ascends by degrees, like the curve for J 2 proportioiit 

BaB produces BaC, but not to a constant value, as did ear’liex', j 

to a maximum (on account of the limited life of EaB), and then gradtt^it# > 
drops to 0 again. The sum of the ordinates of B and C has been 
as the curve L = B + C and shows the activity of the whole HaO 
present (namely that which is originally present and gradually dissociii^t-**^* 
and the EaO which is developed from EaB). In actual measuremeriti 
get the curve L + A = A + B-l-Ofor the whole activity. Its 
descent at the beginning betrays the presence of the comparatively 
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lived component A (half- value time 3 minutes). Its later more 
descent points to components whose lives are longer (half- value tint 11 ^ of 
BaB is 27 minutes, of EaC is 19*5 minutes). The theory of decay 
us as the theoretical representation of this curve, A -h B -h C, the sxi lit c»f 
three exponential functions whose exponents are - XJ}, — ~ ifctitl 

whose coefficients depend only on X^, Xq. We must use analysHtH to 
find these three unknowns X^, Xjj, Xo- The fact that this aualynii-i im 
possible, that is, that the results of observation may be repre^^t*! i 
accurately by superposing three exponential curves with appropiruu,t«*ly 
chosen exponents and coefficients, proves that only three compoiicf t liti 
whose lives are of the same order of length have contributed ho 
activity that has been measured. It maybe remarked that in thicks 1 1 res- 
eeding case a direct separation of the products A, B, and 0 is also pOHHil^|fJ 
by physical and chemical methods. 
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§ 7. Radioactivity 

These few examples of the observations furnished by radioactive 
researches conclude our note on the radioactive series of transformations - 
It is hoped that they will have given the reader on the one hand a pictiare 
of the simplicity and capabilities of the theory of decay, on the otlier* 
hand an idea of the methods that have led to the genetic relationships 
recorded in Table 1. We have now only to touch on two points of more 
general significance. 

Our first question is whether radioactivity is a peculiarity of the heavy 
metals uranium and thorium or whether it is a general property of 
matter. The only certain fact that can be stated is that potassium 
and rubidium both exhibit a feeble ^S-activity. So that even if a high- 
atomic weight doubtless favours radioactive decay, it is not the deciding 
factor for this activity. The assumption, that there are also genetic 
relationships between other elements and that they can be proved by the 
existence of radioactive transformations, is at any rate supported by the 
examples of K and Rb. It receives weight from the regular connexion 
between the atomic weights of the periodic system, to which we shall turn 
our attention in the next chapter. 

Then there is the second question : Whence does the energy of 
radioactive actions come? At the beginning of §3 we saw that the 
energy of the a- and y^-rays is many times more than that which any of 
our present technical means will allow us to produce in the case of canal 
and cathode rays. When the rays are kept back in the prepared sub- 
stance, they produce and maintain an increase in the temperature of the 
substance, which is several degrees higher than that of the surrounding 
air. The heat energy generated by 1 grm. of radium amounts -to about 
100 calories per hour. A familiar problem of long standing asks how 
the energy which the sun loses by radiation is continually replaced. In. 
this case, too, reference has been made to the apparently inexhaustible 
supplies of energy derived from radioactive processes. Whence does all 
this energy come? The answer is: from the interior of the atom, ox", 
more precisely, from the innermost part of the atom, from the “ nucleus ” 
of the atom. We thus indicate the r6le which has to be assigned to 
rodioactivity in our theory of the atom. The sources of energy which 
thus make their entrance into the outer world are of an order of magni- 
tude quite different from the energies of other physical or chemical 
charges. They bear witness to the powerful forces that are active in the 
interior of the atoms (in the nuclei). This inner world of the atom is 
generally quite shut off from the outer world. It is not influenced by 
the temperature or pressure conditions that exist outside. It is governed 
by the law of probability, the law of spontaneous decay that can in no 
wise be influenced, Only as an exception is a door left open which leads 
from the inner world of the atom into the outer world. The a- and 
/?-rays that are hereby emitted are emissaries from a world otherwise 
closed. 
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THE HATUEAL SYSTEM OF ELEMENTS 

§ 1. Small and Great Periods. Atomic Weights and Atomic Numbers 

I N the face of the manifold of elements which were brought to light by 
the alchemists of the Middle Ages and by the research chemists of the 
eighteenth and nineteenth centuries the human intellect has never quite 
lost the view that unity and order exist among them. The old postulate 
of natural philosophy that there must be a common basic substance in all 
matter recurred again and again, particularly in the form of Prout’s 
hypothesis (1815), because only the fulfilment of this condition could give 
us hope that we should succeed in understanding fully chemical action. 
# This goal has assumed a more definite shape since the discovery of 
the natural or periodic system of the elements by Lothar Meyer and 
Mendeleef about 1870. In this system, as is well known, the elements 
are written down in the order of increasing atomic weights, the series 
being broken off at appropriate points. Chemically related elements are 
written in the same vertical column, e.g. the alkalies, Li, Na, K, Eb, Os, 
in the first column ; the halogens, P, Cl, Br, J, in Column VII ; since 1896 
(Eayleigh and Eamsay) the inert gases, He, Ne, A, Kr, X, Em, have 
become added as Column VIII (cf. Table 2). 

In general, the number of the column is the same as the oxygen- 
valency of the elements contained in it. The valency increases by one 
for every step from left to right in the periodic system. On the other 
hand, a different kind of valency, the hydrogen-valency, increases in the 
periodic system from right to left ; this is particularly pronounced in the 
columns from VII to IV. As the oxygen- valency increases the electro- 
positive character (basic nature) becomes stronger and passes over into 
the electronegative character (acidity). 

In this mode of tabulation the system of elements seems, externally at 
least, to be built up of periods of eight. Before the discovery of the 
inert gases they were true '' octaves ” in the musical sense, i.e. periods of 
seven (Newlands, 1864). The structure in periods of eight is, however, 
only apparent, for the periodic system has not so simple a periodicity. 
At the beginning, for example, there is a period of only two elements (H 
and He). Then there follow two periods of eight, the two small 
periods of eight exactly corresponding elements. They are succeeded by 
two “ great periods of eighteen elements, which can be forced into the 

m 
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scheme of series of eight only by somewhat artificial reasoning- 
matter of fact the alkalies, halogens, inert gases, and 

elements which exhibit exactly corresponding chemical behaviour ' ^ 

one another after a further eighteen steps and are thus separate i 

scheme by an intermediate series. By writing the terms on t • ® 

or left side of the individual spaces we succeed in making on y ^ ^ I ^ 

elements that correspond exactly lie in a vertical line. The fact 

strictly speaking, belongs neither to the series of the alkalies nOT ^ t |i«* 

of the precious metals, Cu, Ag, Au, is indicated by placing 1»«»- 

middle of the space. Likewise C and Si are placed in the 

tween the two sub-groups of Column IV. ^ It is to be noted, ^'^ -uiiri 

that the elements that lie consecutively in the same vertica ^ co 

but are not written in an exact vertical line, are related in certain 

Bor example, Cu and Ag are univalent just like the alkalies in tho 

column; Zn and Cd are divalent like the alkaline earths, and so 

This secondary” relationship becomes weaker at the end of . 

zontal series, particularly in Column VIII, in which we group wi ,1#%* 

inert gases the triads, Be, Co, Ni, and Eu, Eh, Pd, constellations o * , ^ 

meats that are interrelated among themselves, but are absolutely * 

similar from the inert gases. It is only by uniting these triads ni 

column that the number 18 of the great period can be adapted to 

the double number 2 . 8 of the small periods. - j. t wr* 

The great periods are then followed by a very great period of thirty -two 
elements which begins in the regular fashion with an alkali (Os) * 

with an inert gas (Em). It, too, has its representative in Column y III. ^ 
triad Os, Ir, Pt, But the whole series of rare earths (stretching frorti I ^ 
to Tuit), sixteen in number, will admit no periodicity and can in no wity Iw 
inserted in the Columns I to VIII. As we are dealing, in their case 
as in that of the triads, with elements that are closely related chemic^wlly# 
■ w© may group them together into a “ hexadecade ” (a group of sixtee 1 1 ) , fc^r 
which there are two empty spaces in the Columns III and IV If it* wi-t 
possible to print them so, we should insert this hexadecade in Colufiiii^ 
III and IV ; instead of this, however, they had to be printed 
below. 'Written in this way the period of thirty-two elements also 
distributed among the spaces of two horizontal series, whereby €*'Xii(f*t, li 
corresponding elements^ separated by a horizontal row lie below 
corresponding elements of the period of 18, thus W lies under C5r 
Mo, Au under Ag and so forth. 

This greatest period is followed by a series of only six elements. wHk?! 
end with the heaviest element uranium. But it is quite admisMlItlif t 
imagine this series continued, say to the number of thirty-two terriiw, 
to assume that it is only due to reasons of instability that the later el 1 1 1 1 1 1 1 1 
no longer exist. The facts of radioactive decay (cf.- Chap. I, § 7) , it $ti- > 
encourage the view that elements heavier than uranium are pos«il>lf » i 
themselves although they cannot exist under the conditions of our 
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The periodic numbers 2, 8, 18, 32, with which we are thus left may 
finally be written in the following somewhat cabalistic form suggested by 
Eydberg : 

2 = 2.1^ 8 = 2.22, 18 = 2.32, 32 = 2 . 42 . 

The newest refiections of Bohr, as expressed in his letter “Atomic 
Structure,” in Nature (24th March, 1921), seem to show the way in wbictt 
this series of numbers is to be interpreted. To make their physica.1 
meaning clear he has written the right-hand factors in the following 
form : , 

2 = 1.2, 8 = 2.4, 18 = 3 . 6, 32 = 4 . 8. 

When we write down the natural system of the elements in the order- 
of increasing atomic weightsl we find that at four points the natural order- 
is transgressed. There is no doubt that we must write the inert gas A. 
before the alkali K, although the atomic weight of the former is greateir 
than that of the latter. Furthermore, Co must come before Ni and Te 
before J, in spite of the order of atomic weights. After the recent 
discovery of protactinium we have the fourth exception, for we must set 
the series Th and Pa in the reverse order of their atomic weights. These 
necessary reversals of order have been indicated in the table by a double 
arrow. The method of X-ray analysis will remove these blemishes in th.e 
system and will restore the natural order of the elements. This methoii 
will show that the atomic weight is not the true regulative principle in. 
the natural system, but that it is only a complicated and as yet unex- 
plained function of the true “atomic number” (Ordnungszahl). 

The tme atomic {or series) number is sim;ply the number lohich gives tJhe> 
yosiiion of the element in the natural system when due account is taken of 
chemical relationships in deciding the order of each element. In our table 
this number is printed directly before each element. 

By arguing on the basis of the periodic system it was possible some 
time ago to predict unknown elements and to discover them subsequently. 
These are the elements bearing the national names. Gallium (1875, Lecoq 
de Boisbaudran), Scandium (1879, Nilson), Germanium (1886, Winkler), 
Polonium ( 1898 , Madame Curie). The former three had been predicted, 
by Mendeleef and their properties had been accurately described. 
Nowadays we can give the exact number, five, of the still existing gaps in 
the system by means of the method of X-ray spectroscopy. These have 
been marked in the table by a star. In conformity with the position of 
the missing elements, they should be called eka-mangan<ese, eka-eka.- 
maiiganese, eka-iodine, and eka-caesium ; the fifth unknown element is 
situated in the group of rare earths. 

The atomic weights, with a regularity far exceeding the bounds set "by 
the laws of probability, are integral numbers or very nearly so when 
referred to oxygen « 16. This integral property agrees with Prout*s 
hypothesis (that elements are composed of hydrogen atoms). There aire 
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certain exceptions (e.g. 01 = 35*46, and Cu = 63*57), but they are rare. 

We shall revert to these ex- ‘ 
ceptions and to their elimina- 
tion by F. W. Aston in the 
fifth section of this chapter. 
Whole numbers of the form, 
4n and 47^+3, are particu- 
larly frequent, the former 
generally in even spaces, the 
latter in places where the 
atomic number is odd. 

Thus, if we compare an 
element with the next but i 
one element, we get for the 
difference of their atomic 
weights as a rule approxi- 
mately four. Hence the 
average increase in the 
atomic weight as we pass 
from element to element is 
not one but two. Or, in 
other words, tJm atomic 
number of the element does 
not on the average coincide 
with the atomic weight, hut 
with the half of the atomic 
weight. This rule certainly 
holds only at the beginning 
of the system (as far as Ca) ; 
thence onwards systematic 
deviations occur in the sense 
that the semi- atomic weight 
increases more rapidly than 
the atomic number and ex- 
hibits a greater and greater 
difference. As this rule will 
be of importance in the 
following section we shall 
impress it on our minds by 
means of Tig. 15. 

Tor the sake of economis- 
ing space we have marked 
off the atomic numbers (the 
abscissae) alternately to the 
right and to ^the left after 
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every twenty steps, so that the first branch of the line corresponds to the 
elements from H to Oa, the second to those from Ca to Zr, and so forth, 
The ordinates represent for the one part the atomic numbers themselves 
(continuous line), for the other part half the atomic weights (crosses). 
We see that the latter, in the mean, increase to the same extent as the 
atomic numbers, but that with the exception of the lowest branch they 
lie above the corresponding. points of the atomic numbers, the difference 
increasing as the atomic number increases- Thus our diagram gives us a 
picture of the above-mentioned complicated relationship between atomic 
weight and atomic number. 

Concerning the arrangement of the periodic system in our table, it 
cannot fail to be recognised that it is in many ways arbitrary. We have 
already pointed out the arbitrary nature of the eight columns into which 
we could insert the great periods only by force, as it were, A further 
arbitrary adjustment consists in having placed the eighth column on the 
right, next to the seventh column. As is often done, we may place it as 
the 0th column in front of the first on the left. The 0th column would 
then contain the elements of valency zero,'’ that is the chemically inert 
gases (at the same time, however, it would contain the triads, which 
have in a certain sense a high valency, unless we renounce the grouping 
of the triads and inert gases in one column ; but then this grouping seems 
very plausible, inasmuch as the one row fits so well into the gaps of the 
other and thus completes the whole structure of the periodic system). 
By some physicists the inert gases have been placed into the middle 
column of the table ; this has the advantage that electropositive elements 
are on the right and electronegative elements link up on the left. As is 
self-evident from the cyclic character of the system, the table may be 
split at any vertical row and then joined at the former edges. ' 

To dispose of this arbitrariness, the table is often imagined written, not 
on a plane, but on a cylinder (Ohancourtois, Lothar Meyer, Harkins),* 
whereby the secondary relationships within the great periods and the 
departure of the rare earths from periodicity is exhibited very well by 
passing from the surface into the interior of the cylinder at appropriate 
points. Eepresentations in which plane spirals are used have also been 
suggested. It must be clearly understood that the arbitrariness concerns 
the type of description but not the essence of the matter. In spite of the 
manifold nature of the elements, the relations between them follow in 
logical sequence. 

The general doctrine, however, that we derive from our consideration 
of the natural system is that which we stated at the beginning of this 
chapter. 

The atoms of the mriotcs elements are not different by nature butj in 
virtue of the uniform connexions which exist between them, they must be 

* William D. Harkins and R. E. Hall, American Chemical Society, 38 (1916), or 
Zeitsohr. f. anorgan. Ohemie, 97, 175 (1916). 
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similarly constituted and must be built up of identical units. This gives 
the lie to the name atom, which signifies indivisible. We now seek to 
penetrate into the interior of the atom. 

§ 2. Nuclear Charge and Atomic Number. The Atom as a Planetary 

System 

The absorption of cathode rays and the dependence of the absorption 
on the velocity suggested to Lenard, as we remarked above (Oh^p. I, § 3), 
as early as 1903, that matter has a perforated structure and that only a : 
vanishingly small part of the space occupied by it is impenetrable by ; 
rapid cathode rays, whereas the whole remaining space allows them to 
pass freely. (We shall call this the Nuclear Theory of 
Matter; Lenard called it the Dynamide Theory) 

Ten years later Eutherford was led to the same 
conclusion, expressed in a quantitative form, by experi- 
ments on the scattering of a-rays. In passing through i 
thin metal leaves a bundle of a-rays at first undergoes a 
general scattering, which is distributed in conformity | 
with the laws of chance. Just as the shots from a gun ^ 
at a target, so the points of impact of a-particles cluster J 
about a mean position of greatest probability, the elonga- | 
tion of the incident beam of a-particles, and occur less 
and less frequently in all other directions as we move | 
outwards from this mean position. A fluorescent screen, ; j 
such as is used in spinthariscopes, allows us to observe 
the impact of individual particles owing to the scintilla- 
tion produced. But there are occasional departures from 
the incident direction, which amount to as much as 150°, 
and which seem contrary to the laws of chance. They 
are few in number (e.g. in the case when platinum is the * | 
scattering leaf and a-rays from radium G are used for the 
scattered radiation, they amount to 1 in 8000 of the 
incident particles), but this number is much greater 
than is to be expected according to the law of scatter- 
ing for small angles. Eutherford* and his collaborators, Geiger and 
Marsden,+ made an accurate investigation of the distribution of these 
abnormal deflections among the various angular segments for a series of 
metal laminae, using a-rays of various velocities. We have met with 
corresponding abnormal deflections in Wilson’s photographs, in the form 
of hooks at the end of the paths of the a-rays produced, not by atoms of i 
metal, but by air molecules. We reproduce in Eig. 16 the picture of a 
particularly striking case (this is an enlargement of a portion of our 
former picture. Fig. 3b). 

*PM1. Mag., 21, 669 (1911). 
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What has happened to the a-particle at this bend ? Eutherford traces 
the effect back to very intense electric fields that start out from a very 
small element of space, the “nucleus/’ Since the magnitude of the 
abnormal deflections increases with the atomic weight of the deflecting 
element, the intensity of the deflecting field must also increase with the 
’ atomic weight. If we consider the field produced by a point-charge con- 
centrated in the nucleus, and if we suppose this charge to act according 
to Coulomb’s law, we can calculate the magnitude of the charge that 
is necessary to account for the observed deflections. At the suggestion 
of Eutherford, Chadwick * has made very careful measurements of the 
deflections caused by thin laminae of Pt, Ag, and Cu, and hasi succeeded 
in determining with an accuracy which allows an error of about 1 per 
cent the charges that must be assumed in the corresponding nuclei. He 
gets the numbers 77*4, 46*3, and 29*3 for Pt, Ag, and Cu respectively, 
these numbers giving multiples of the elementary charge e. These 
numbers agree, within the limits of error, with the position of the cor- 
responding element in the periodic system, namely, with the atomic 
numbers 78, 47, and 29. Thus we follow Eutherford in enunciating the 
fundamental thesis : The nuclear charge is eqtcal to the atomic number , 
numerically. If in the general case we designate the atomic number by 
Z, then the nuclear charge of each element is Ze, the nuclear number 
being Z. 

The nuclear charge, in itself, might just as well be negative as 
positive, that is, the deflections might be regarded just as well as due to 
attractions instead of to repulsions. But our general observations about 
ions and electrons lead us to decide in favour of the positive sign for the 
nuclear charges. For the nucleus must possess not only a considerable 
charge but also a high resistivity, that is, must have a great mass in order 
jo bring about the great deflections of the a-particles. Now it was the 
positive charge (cf. p. 5) that was, by nature, associated with 
gravitational matter, whereas the negative charge was a property of the 
ight and mobile electron. Electrons, as centres of negative charges, may 
)e adduced to explain the small deflection in the regular scattering, 
vhereas we must fall back on the heavy positive nucleus to explain the 
ibnormal deflections. 

We thus arrive at the following summarised statement. The positively 
harged a-particle is repelled by the positively charged nucleus^ if it passes 
xceptionally close to the latter. In the neighbourhood of the nucleus there 
f an atmosphere of negative charges^ electrons^ by which the a-particle is 
ttracted. These attractions, which are superposed according to the laws 
I chance, explain the regular scattering of slight angular deflection, whilst 
^pulsions explain the comparatively rare bends of great angle. 

Observations of a-rays also allow us to make deductions about the 


Phil. Mag., 40, 784 (1920). 
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size of the nuclei. The distribution of the deflections among various 
angles was calculated by Eutherford and Chadwick on the assumption 
that the nuclear charge is concentrated at a point. So far as the ob- 
served deflections agree with those calculated, they thus show that the 
size of the nucleus did not interfere with the paths of the particles. The 
greatest deflections that have been observed thus give us an upper limit 
for th|^ possible size of the nucleus. In the case of gold, Darwin * has ob- 
tained a value 3 . 10"^^ cm’s.; in that of water he obtained 2 . 10 cms. 
This estimate by no means precludes the nucleus from being actually 
smaller, but it cannot be larger if a disagreement with the observations of 
a-rays is to be avoided. We may thus at least affirm with certainty that 
the mtcUm (as also the electron, see p. 12) can he at most of sicb- atomic 
size. 

On the whole, atoms must be electrically neutral. Consequently the 
number of electrons t per atom must equal the number of elementary 
positive charges concentrated in the nucleus. Hence we get our second 
thesis. The atomic number is equal to the nuclear charge {numerically)^ 
and both are equal to the mmber of electrons around the micle%Ls. 

This thesis is supported by a result arising from the theory as well as 
from the measurement of Eontgen radiation: this result is the value.’] 
found for the amount of scattered radiation per atom. As we saw earlier : 
(Chap. I, § 5, eqn. (13)), this amount led us to conclude that the number ‘ 
of excited electrons per atom that emit scattered radiation is equal to half " 
the atomic weight. Whereas in the case of optical waves only the out- 
side or loosely bound electrons (so called dispersion or valency electrons) 
are perceptibly excited — the inner electrons are too rigidly fixed to be 
affected by the optical excitation to which they are exposed — the X-rays ; 
which are of high frequency, affect the inner electrons (those nearer the 
nucleus). The above result about the scattered radiation was interpreted 
earlier as follows. The total number of electrons in the atom is approxi- [ 
mately equal to half the atomic iveight and is exactly equal to the atomic ' 
number of the element ; this accords with Fig. 15 of the previous para- 
graph in which we saw that the atomic number is approximately equal to 
half the atomic weight. 

So far our theses are supported by comparatively meagre observations. . 
In the next chapter tha facts given by the X-ray spectra will furnish us 
with much stronger evidence. Assuming these results for the moment, we^ 
affirm : for each step forward in the periodic system of the elements the 

* 0. G. Darwin, Phil. Mag., 27, 606 (1914) ; of. Rutherford, ibid.^ 494 (1914). 

+ In more accurate language, we mean the number of electrons present in the 
atom outside the nucleus. For, later, the facts of radioactivity will compel us to 
assume that there are also electrons in the interior of the nucleus. In determining the 
nuclear charge these are subtracted from the positive charge present. Hence “ nuclear 
charge ” denotes, not the positive charge of the nucleus, but the algebraic sum of the 
jpositive charge of the nuclear matter and the negative charge of the electrons co 9 itained 
in the nucleus. For further remarks see § 6 of this chapter. 
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nuclear charge grows by one unit and the nuclear mass becomes increased 
by approximately tim units. For since the electrons contribute only sb 
vanishingly small amount to the atomic weight, the latter must be repre- 
sented essentially by the mass of the nucleus. And further : each eleme'l^t 
in the periodic system contains oiie electron more than the preceding element 
(we do not here take into consideration the nuclear electrons mentionie<3- 
in the last foot-note). 

The question arises : how can the electrons of the atom maintain 
themselves in opposition to the attractive action of the nuclear charge ? 
Will this action not cause them to fall into the nucleus ? The answer — su 
possible one which is particularly simple and satisfactory — is furnished 
by the conditions of the solar system. The earth fails to fall into the sun 
for the reason that it develops centrifugal forces owing to its motion in 
its own orbit, and these forces are in equilibrium with the sun's attraction . 
If we transpose these ideas to our atomic model we arrive at the following 
view. The atom is a planetary system in which the planets are electrons. 
They circulate about the central body, the nucleus. The atom of which 
the atomic number is Z is composed of Z planets each charged loith a 
single negative charge, and of a sun 
charged with Z positive units. The 
gravitational attraction, as expressed 
in Newton’s law, is represented by 
the electrical attraction as given by 
Coulomb’s law; these laws are alike 
in form. There is a difference in that 
the planets repel one another in our 
atomic microcosm — likewise according to Coulomb’s law — whereas, in 
the case of the solar macrocosm they undergo attraction not only from 
the sun but also from themselves. The fact that the dynamical laws — 
we just now introduced them in using the popular expression, centrifugal 
force— hold in our microcosm just as exactly as in the astronomical 
macrocosm, will be fully exhibited in all our later discussion. 

Bearing in mind the picture of the planetary system, let us once again 
consider the phenomenon of a-ray deflection. We shoot an a-particle, a 
comet, through our planetary system. In general it pursues a rectilinear 
path (as is shown in the top and bottom paths of F^. 17) and is attracted 
(scattered) only slightly by the nearest small planets. But if it strikes 
the sun directly or passes near by (central path of Fig. 17), it undergoes 
a comparatively great and immediate repulsion. It then describes a 
hyperbolic orbit, in the focus of which is the nucleus ; the angle of 
deflection is eqiial to the angle between the two asymptotes of the 
hyperbola. 

This astronomical description of the phenomenon hints, too, at the 
method of calculation, and Eutherford was the first to apply it in the 
discussion of the measurements of a-ray deflections and on it he founded 
5 
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his nuclear theory. The historical remark must he added that van den 
Bxoek was the first clearly to formnlate the idea of a nuclear charge 
increasing with the atomic number and of the electronic number, and he 
substantiated these ideas with chemical facts. 


g 3. The Simplest Examples of Atomic Models. 


1. The hydrogen atom (Niels Bohr,t 1913). The simplest atom is the 
hydrogen atom ; for this, Z = 1. It consists of a nuoleus with one positive 
charge, and of an eleotron that revolves about this nucleus. In Eig. 18 
we have designated by ^ the nucleus as the centre of the lines of force. 
Three circles have been drawn as examples of the path of the revolving 
eleotron. The sense of revolution is of course arbitrary, as is also the 
position of the plane of the orbit in space. It seems at first as if the size ; 
of the circles is arbitrary. For we may make the electron run along a 
circle of any radius whatsoever as long as we give it a velocity such that 
the centrifugal force due to the revolution exactly balances the attraction 

due to the nucleus. Nevertheless, we 
affirm that actually only certain dis- J 
Crete values of the radii of the orbits ' 
may occur when the atom is in a ^ 
stable condition. We indicate this in ; 
the figure by marking the radii 

which are to be regarded as of ^ 
definite lengths given by a certain law. ii 
(This will be discussed in the follow- 
ing section.) At any rate the motion 
must encounter no resistance if station- = 
ary orbits are to be possible ; in our . 
case, this means that no radiation ma'g take place. | 

We observed in Chapter I, § 5, that the accelerated electron radiates 
energy of an amount depending on its acceleration. Uniform rotation is - 
an accelerated motion (since the direction of the velocity is altering con- 
tinually, although its magnitude remains unaltered). So that according ! 
to classical electrodynamics a rotating electron must also be radiating f 
energy. Hence our atomic models deliberately contradict ordinary ] 
electrodynarnics, as far as the radiation of energy is concerned. 

These two postulates that the orbits be discrete and free from radiation, 
not only in the case of the hydrogen atom but also in all others, seem at 
first rather bizarre. But they are quite indispensable and are supported 
by two fundamental facts the discreteness and sharpness of the spectral 
lines on the one hand, the existence and permanence of the atoms on | 



^Physik. Zeitsohr., 14, 32 (1913). 


t The writings of Bohr that laid the foundation, to this theory appeared under the 
title: “On the Ooastitution of Atoms and Molecules,” 1913, in Phil, Mag., 26, 1» 
46T,857, * 
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the other. We postpone the discussion of all scruples against these 
postulates till later when we deal with the ideas of the quantum theory. 

In g 6, Chapter I, we sketched one branch of the quantum theory ; the 
general introduction will be given in g 1, Chapter IV. Whereas in Chapter 
I we limit ourselves to the phenomena of radiation, we shall in the fourth 
chapter apply the quantum theory to any mechanical motions whatsoever, 
setting up definite rules according to which certain orbits will possess a 
unique character among al! possible ones. According to the nature of the 
motion these rules will be c^cerned with the energy or with the moment 
of momentum, with the form or with the position of the orbit. In the 
first case they make the energy, in the second the moment of momen- 
tum, and so forth, consist of an integral number of elementary quanta of 
the corresponding quantity. According as we set this number, which 
we may call the quantum number, equal to 1, 2, 3, . . ., we obtain a 
discrete series of quantum paths or orbits, which thus correspond in turn 
to the discrete series of whole numbers or integers. The quantum theory 
asserts that all these quantum orbits are stationary states of motion, that 
is that they are traversed without radiation being emitted. 

In the matter of discrete orbits our planetary system of atomic 
dimensions differs decidedly from the solar system.* In other respects, 
however, the analogy may be carried further, as follows. Just as in 
the solar system the general motion of the electron about the nucleus m 
an ellipse, at a focus of which the nucleus is situated ; but these Kepler 
ellipses,” further, form a discrete series, the members of which are 
characterised arithmetically by quite determinate eccentidcities and 
major axes in conformity with quantum conditions. But these are details 
of the model, the existence of which we shall only be able to demonstrate 
much later (in the last chapter, when dealing with the hydrogen doublets). 
For the present it is sufficient to imagine exclusively circular paths as 
depicted in Fig. 18. 

Concerning the appearance of these various circular orbits we may 
already here remark the following. The innermost orbit (radius in the 
figure) is the most stable ; as a rule the hydrogen electron is to be found 
in this orbit. By excitation from without (heat motion, electric fields, 

_ collisions) the electron is occasionally removed into one of the outer 
orbits (radii , in the figure), which it also traverses as a stationary 

orbit, but with less stability. When left to itself it falls earlier or later 
back into the innermost orbit or, more generally, into one that is situated 
further inside. It is only during these transitions that energy is radiated 
out, namely the difference of energy in the initial and the final path of 
the electron. 

* In drawing this comparison we feel oompelled to mention the well-known rule of 
Titius Bode, which asserts that the radii of the planetary orbits are approximately 
connected by a simply arithmetical relation. We decline to regard this as a result of 
the quantum theory or to compare this rule with our laws which give discrete atomic 
orbits. 
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The hyd/rogen atm is the prototype of all further atomic models, t* ^ ^ 
the whole theory of spectral lines has been develoi)ed from it. The reasor » 
easy to grasp. Only in the ease of the hydrogen atom are -we dealing ^ 

the simple case of the problem of two bodies ; in the case of all other 
we meet with the notoriously difficult problem of three bodies or moi-**; 

2. The hyd/rogen ion. Still simpler than the hydrogen atom we 

the hydrogen ion, which bears a single positive charge. It is so Bin»l* ** 
that we appropriately dispense with a pictorial representation of ^ 
After it has lost its only electron it consists solely of a soUtarif ivudef^^ 
vanishingly small spatial dimensions as compared 'laith atomic - 

We might find a connexion between this special constitxition of^ * 
hydrogen ion and its unusual mobility in electrolysis, and with its activ 
in acids— we could well do this, were it not that there are BBVc^^al 
ions, e.g. the hydroxyl (OH), that likewise possess unusually ^reat rnohii * 
ions which undoubtedly have a more extended constitution. Moreovf^r* t* 
is known that the electrolytic ions are loaded with rnultipki water 
cules (or, more generally, with molecules of the solvent). Hence the 
hydrogen ion, as it occurs in electrolytes, is by no means of snl)-atowi^ 
dimensions but is an extended complex. 

On the other hand, another inference that may l)e drawn from tl»# 
constitution of the hydrogen ion is well founded : it is impassible to fn€*i w r# 
as a physical reality a hydrogen ion carrying kvo posUive. chaiyes. I f ^ 
chemist should ever succeed in producing such a one, we .shouhl 1 )b eotiri’* 
pelled to declare all that follows in this book to be false. In his anfi^ly*lii 
of canal rays, J, J. Thomson * has actually never foutul doubly posifci v«sl,y 
charged hydrogen atoms (just as little as trebly positive heliiun atorriiil# 
whereas in the case of mercury positive charges up to eight units 
(cf. Chap. I, § 3). The impossibility of having a hydrogen atom witli # 
double positive charge is connected with the general diifertmcea 
positive and negative charges, which was emphasised at the end of 
I, § 4: a negative charge maybe increased to any extent, a positivca oli» 
only to a certain limit, namely, to that at which all electmus hav€!i 
removed from the atom. 

3. The neutral helium atom. “ Hier stock' idh schon, wer kil/if tr 
weiter fort," says Faust. This atom would have to oonHist of a ciotiMy 
charged positive nucleus, the “ helium nucleus,” four times as heavy* 4 *# 
the hydrogen nucleus, and two electrons. But how do the elactrorts 
rotate around the nucleus? Here we stumble over the threes- iMMly 
problem. 

*Sir J. J. Thomson, Bays of Positive Mectricity, Longmaim, Orecin ik Ckn, 1 I 
Thomson emphasises the certainty of this statement by the following words on p, 
of this book: “ISTo h^ydrogen atom with more than one charges has evesr 
observed, though as the hydrogen lines occur practically on ovory jfiatfi more 
vations have been made on the hydrogen lines than on those of any other 
The non-existence of was first proved by W. NTammer, contrary to Bir JP J 
Thomson’s assertion (Ann. d. Phys-,43, 686, 1914), and was only later taken ovtur ••#« 
the latter. 
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Niels Bohr, directly extending his hydrogen model, has\ suggested for 
the He-atom the model represented in Pig. 19. Two electrons are to 
rotate at opposite ends of a diameter about the nucleus on the same 
circle, and hence at the same speed. Unfortunately, for various reasons, 
this picture may no longer be regarded as true. It would behave para- • 
magnetically in a magnetic field, whereas real helium is diamagnetic. If | 
we calculate the work that is necessary to detach one of the two electrons, 
the so-called “ work of ionisation ’* or ionisation potential (if it is 
measured in volts), it comes out to be too great (28’8 volts instead of the 
observed value of 25*4 volts, cf. Ohap. VI, § 3). As regards dynamical 
behaviour, our model is unstable with respect to certain perturbations, 
and is unable to continue existing when subjected to certain compara- 
tively minor influences, and so forth. It seems rather that, according 
to the optical behaviour of He gas, as has been observed during ordinary 
refraction of light, in the real atomic-model of helium one of the two 
electrons must form a close bond with the nucleus, so that the other 
electron can circulate around both as in the case of the hydrogen atom. 
The inner system then acts on the external electron with an “ effective 
nuclear charge of 1, that is, with the jpositive excess of charge : 
+ 2 - 1 = +1. The exact position, however, is still 
a mystery, which will be solved only when the numeri- 
cal explanation of the spectra of neutral helium has 
been found. Obviously, to overcome the extraordinary 
mathematical difficulties, new methods will have to be 
thought out. We hope that these are already available 
in Bohr’s newest ideas about atomic structure.* 

4. The ionised helium atom. On the other hand, 
the positively charged helium atom, the He+-ion, which 
has been deprived of one electron through electrical or thermal agency, 
is very simple. Consisting of a doubly charged nucleus and one electron, 
it is represented by the same picture as the hydrogen atom. Like the 
latter, it thus also comes under the scheme of the two-body problem. 

It differs from the H-atom only in si^e. It is easy to understand that 
the two-fold attraction of the He-nucleus on the electron diminishes the 
orbit of the rotating electron as compared with that of the electron that 
rotates around the singly charged H-nucleus, and, indeed, it is reduced to 
one-half the size (cf. the following paragraph). Hence, we may again use 
Pig. 18 as a picture to represent the He^'-ion, but we must consider the 
nuclear charge increased to 2^, and the radii decreased by one-half. 

In the theory of spectral lines ionised helium has become of great 
importance, and has shown itself superior in some respects to H. The 
broad outline of the theory has been developed and confirmed by the 
spectrum of H, whereas the finer details have been suggested and proved 
by the ionised helium, 

Bohr, in the letter called Atomic Structure,” in Nature, 24th March, 

1921. 
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5. The a-ray particle. The next picture, that of doubly ioniseii 
helium, the helium atom with two positive elementary charges, is very 
characteristic and satisfactory. ' It is, lihe the simply positive hydrogen 
ion, a mere nucleus without real extension. The unique part played by 
this system as an a-particle in radioactive phenomena now becomes 
clear. The enormous penetrative power of a-particles, their comet-liki* 
intrusion into the planetary systems of foreign atoms, their double positivi^ 
charge, which corresponds to the loss of all electrons in the helium, th** 
non-existence of three“fold positively charged helium, give it a special 
r6le. In addition, the circumstance that, hitherto, a characteristic light 
emission of a-rays has never been observed, speaks in favour of out 
model. In the first chapter we spoke of the luminescence of canal rays 
and of the similarity of nature between canal rays and a-rays. Thin 
similarity, as we now see, cannot extend to the luminescence. We 
acquainted with helium canal rays that consist of neutral and also of 
simply ionised helium atoms. These are recognised, among other 
methods, by the characteristic lines that they radiate out. To render this 
emission of spectral lines possible, there must be present at least one 
electron, which alters its position during the process of emission. But 
the doubly ionised helium atom is devoid of electrons, and hence of the 
means of radiating. It becomes immediately obvious that the helium 
nucleus, in travelling as an a-ray through the atmosphere or other matter 
with its enormous velocity (almost • velocity of light), cannot carry an 
electron with it on the way or draw one to itself. 

It must also be mentioned that already in Big. 17 we have made use 
of the exceedingly minute size of the a-particle. When, arguing from this 
figure, we derived an upper limit for the nuclear size of an atom, 
deducing it from the defieetion of a-ray comets, we assumed tacitly that 
the a-particles could be justifiably treated as points. In more correct 
language, this determination of size gave us the sum of the nuclear radii 
of the atom in question and of the helium atom. Inasmuch as the sum 
was found to be sub-atomic, it was clear that, besides the atomic nucleus 
under consideration, the a-particle itself can have no appreciable size. 

Whereas scruples may be raised against the later spectral evidence of 
our atomic theory, on the ground that it requires diverse theoretical inter- 
mediate steps, the observable properties of the a-particle follow directly 
from our fundamental views of nuclear charge and nuclear size, of atomic 
number, and the number of associated electrons in the atom. 

Oar picture of the a-particle is so convincing that it seems justifiable 
to infer from it that there is no gap between hydrogen and helium in the 
periodic system. In the upper strata of the atmosphere and in stellar 
nebulae lines have been found that scientists have hitherto not been able 
to ascribe to known elements, but that seem to hint at elements having 
an atomic weight of 2 or 8 (isTebulium, Coronium, and Protofluor)."^ The 

* Bourgefe, Fabry, and Bnisson, Oompt. rend., 158, 1017 (1914) (Photographs of the 
nebula of Orion). 
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existence of elements between hydrogen and helium has been demanded 
on certain alleged grounds of chemical systematics. (Eydberg concluded 
that there were two such elements ; G. Schmid that there were three.) 
These inferences, which are quite uncertain in themselves, seem very 
doubtful in the light of our system of atomic models. If there were two 
or three new elements between H and He, then He would not have a 
nuclear charge 2, but one of 4 or 5. But then the a-particle would not be 
a mere He-nucleus, but one with two or three outer electrons. But tbis' 
would be irreconcilable with our general experiences of a-rays. An exact 
mathematical analysis of a-ray spectra also speaks against an increase of 
the atomic number Z of all the heavier elements by even a few units, and 
this would be necessary if unknown elements were inserted at tbe 
beginning of the natural system. Vfre shall, therefore, regard it as proved 
that helium has the atomic number Z = 2. 

6. The Li-atom. It consists of a trebly charged nucleus and of three 
electrons that rotate around the nucleus in certain orbits unknown to ns. 
Probably one of the electrons is situated at a relatively great distance 
from the nucleus. We surmise that this is generally true for the alkalies 
on account of their great atomic volume (cf. § 7 of this chapter) ; tbe 
other two electrons would then form a more intimate bond with tbe 
nucleus. 

Nor can anything very exact be said about simply ionised lithium. 
Its orbits, Just like thope of the neutral helium atom, come into tbe 
category of three-body problems. On the other hand, the doubly ionised 
lithium atom is exactly of the hydrogen type : it is a triply charged 
nucleus with one electron rotating around it in orbits that are a third as 
great as those of the hydrogen electron. It would be very well worth 
while for some one to prepare this doubly ionised helium and to measure 
out its spectrum. To achieve this, we should have to bombard lithmm 
with the strongest means available (by canal rays). The superiority 
which we above claimed for He+ as a test of spectral theory is possessed 
by Li++ to a still greater degree. Without doubt, experimenters will 
succeed in finding ways and means of realising this state of ionisation of 
lithium. 

Finally, triply ionised lithium is a mere nucleus that gives rise to no 
spectral phenomena at all. 

7. The atoms of the heavier elements. As the number of electrons 
increases so do the difficulties that oppose themselves to the theoretical 
synthesis of atomic structure. In the case of the N-atom we shonld 
have to describe the position and motion of seven electrons, in that of tbe 
0-atom eight, and in that of the Uranium-atom we actually have to fit 
ninety-two electrons into definite positions or orbits. 

For the present we shall have to rest satisfied with asking general 

* The existence of “isotopes” of H or He of atomic weight 2 or 3 (of. § 5 of this 
chapter and also § 6) is not excluded by these remarks. 
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q_'uestioEis concerning the arrangement of the electrons. Are the elactror 
subdivided into groups ? Do they form rings that surround the nuclei t* 
or shells arranged in space? Do the rings lie in a plane or fcire 
inclined to one another? Or have the shells a symmetrical form ? 
is the number of innermost electrons in the atom? How many electro t 
are to be found in the outermost region? We shall see that sevtjral 
these questions, even at the present stage of our knowledge, will 
a more or less definite answer. Whereas the questions concerning tit** 
innermost shells of the atom will be dealt with in the next chap I* 
which is concerned with the theory of X-rays, the questioiiH al>out 
constitution of the electronic envelope is to be treated in connexion wit. It 
the natural system of elements, that is, in this chapter. 

In reviewing the substance of this section we cannot but regret tl*® 
comparatively scant number of atomic models that have hitherto 
established as certain. We feel quite sure about the rnodcil of 
hydrogen atom and of the very similar atoms, He^, and Li ^ ^ , of wh iolt 
the latter has not yet been made accessible to experiment. Concern 
the neutral He-atom, the atom of Li+ and the heavier atoms, we 
been able to make only provisional and insufficient assumptions. 

To the future falls the task of working out a coffiplete topoloif tj of 
interior of the atom and, beyond this, a system of mathematical chonuBtry* 
that is, one which will tell us the exact position of the elech’Oim in tl *«i 
Uitomic envelope and how this qualifies the atom to form moiociileB miBcl 
to enter into chemical compounds. 

The subject of mathematical physics has been in existence for 
than one hundred years ; a system of mathematical cheinintry that 4smM 
achieve what we have just mentioned, that can shed light on the »till 
very obscure conception of valency and can, at least in ty|)ical ca«€»* 
predict the reactions that must occur, is only on the point of 
created. 

§4. Auxiliary Mathematical Eeflections. Molecular Models 

To begin with, we shall supplement quantitatively what we have 
about the hydrogen atom. 

Let be the radius of the smallest circular orbit that, accortliiii^ no 
Bohr, the electron can describe about the hydrogen nnakm, or, let 
the radius of the^irs^ JBohr oircle as we shall call it. In addition to ifcli i« 
first orbit it can move in the second, third, . . . 71^*' Bohr circle. T'ln^ 
radii of the latter are : 

^2 “ • ^ 1 ) Ujj = 3 ‘^ . j a.^^ » 11^ . (i^ , , I ^ 

We ^ shall use the same terminology as that used in ( 1 ) of tho precociiri.^' 
section and shall call n the quantmi number of the circles under c«i i . 
sideration. We then, in general, call the Bohr drde the qimni 
orbit 
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In the case of the ionised helium atom, as in that of the doubly ionised 
lithium atom, and so forth, the corresponding radius is only one-ha-lf, one- 
third, ... as large as that of hydrogen on account of the double, treble, 
. . . charge of the nucleus. The proof of this as well as of (1) will be 
furnished later in Chapter IV, § 3. In general the radius of the Bohr 
circle for a nucleus with a Z-fold charge around which on© electron 
rotates is given by 


For the sake of later applications this formula must be extended in two 
directions. 

(a) Let the nucleus be surrounded by a certain number of electrons, 
say j); suppose there is a further electron at a comparatively great 
distance away. This external electron is to be considered moving in such 
a way that in a certain circular orbit it is in dynamical equilibrium under 
the combined influence of the nuclear attraction, the repulsion of the 
inner electrons and its own centrifugal force. (The same may be 
assumed for the inner electrons.) Then the force that acts on the outer 
electron is no longer the whole nuclear charge Ze but the ** effective 
nuclear charge” : 

Ze- >pa^Z^,e = Z ~ p . . . (8) 

{h) Further, suppose that in the outer orbit there is not on© electron 
but g, which are distributed at equal distances on their common circular 
orbit. Then, not only do the j? inner electrons act as a screen, but also 
the q outer electrons, the latter, of course, not with the full electric force 
corresponding to their total number q but only with a fraction of it, 
which we shall call This 
fraction may be calculated, as 
we shall presently show, for the 
general case by an easy method. 

For the present let the hint 
suffice that the repulsions which 
the g - 1 electrons exert on the 
remaining electron combine in 
pairs to form .resultants, which, 

.when continued backwards, 
pass exactly through the nu- 
cleus (cf. in Fig. 20 the re- 
sultant PE, which is composed of two equal repulsions PQ^, that 

are images of one another in an imaginary mirror along PE.) . Per an 
even value of g (in the figure, g = 6) there is, in addition to the 
symmetrical pairs of electrons, the one diametrically opposite to the one 
under discussion, and this one exerts a repulsion along PB. In the 
case of both odd and even values of g, the total effect of these i^epulsions 
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can lead to nothing more than a weakening of the nuclear attraction, 
that is, a further screen -effect that must be added to (3). In place of (3) 
we thus get the effective nuclear charge 

. . . . (4) 

and in place of (2) we get for the radius of the Bohr circle, in which 
our ring of electrons can circulate, 






(5) 




k = 2 


(g) Our next step is to calculate arithmetically the quantity .s,, intro- 
duced into (4). Let n be the number of electrons and a the radius of the 

ring. Bach two neighbouring elec- 
trons are separated from one another 
by a' distance that subtends the angle 

a = at the centre. Hence an initial 
% 

electron P is separated from the 
{h •+ 1)^^' electron q by an angle 

27rfc 
n 



ha 


2 ^. 


Fig. 21. 

our first and our (k -i- 1)**^ electron, that is to calculate 


In Pig. 21, the half of this angle, if 
we use the triangle 0PM, allows us 
to calculate half the distance between 


1 Trifc 

grpQ = a sin = a sin — 


( 6 ) 


According to Coulomb’s elementary law, two charges e and &' separated 
by a distance r act on one another with a force Accordingly, the 
force which Q exerts on P in the direction QP is 


4a^ sin- 


Trk 


(7) 


To form the resultant, however, we do not need the whole force but 
only its component PP^ in the direction of OP. This is obtained from 
(7) by multiplication with 

cos /MPO = sin /MOP = sin /? = sin ^ 
and has thus the value 

■ • • ■ • ( 8 ) 


4a^ sin 


Trfc 
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The resultant of all the electrical repulsions at P then becomes simply 


4aS 



1 

. Trh 


sm 


75 

( 9 ) 


in which the sum is to be taken by beginning with the electron {h = 1) 
succeeding our initial one up to the last electron before the initial one 
{h = n - 1). The quantity 

■ ■ ■ ■ ao) 

* = l Sin 

is that fraction of Coulomb’s force with which the ring electrons act 

repulsively on a single one of them ; thus, the symbol .9,, corresponds to 
that used in equation (4). 

We arrive a little more simply still at the same quantity if we in- 
quire into the potential electrical energy of our electron ring. The 
Coulomb energy, that is, the useful work contained in the field of two 
charges e and e' and due to the mutual Coulomb attraction, is 


On account of (6) this gives for our electron ring 

2a2‘*' . xA a®" 


( 12 ) 


if we write down only those terms in which a definite initial electron plays 
a part. To arrive at the full potential energy Y, we have yet to multiply 
this expression by % (we may choose each electron of this ring in turn as 
the 'initial” electron), and to halve the value obtained (otherwise we 
should be reckoning the mutual action between two ring electrons twice 
over). We thus get 



Ifor n » 2, we obviously get from (2) 

^ 1 = 0'25. 

" 4 . TT 4 

sin 2 

For =a 3, we get 



2 sin 60° 


0-577. 


( 13 ) 
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Eor w = 4, we get 



= ^ (1 + 2 V2) = 0-957. 


!For kiglier values of n we use trigonometrical tables. In this way we 
get 


Ta-ble 3 


= 1 

Sn = 0*0 

w == 9 

6,, = 3*328 

= 2 

= 0*25 

= 10 

= 3*863 

= 3 

r= 0-577 

= 11 

= 4*416 

= 4 

=: 0-957 

= 12 

= 4*984 

= 5 

= 1-377 

= 13 

= 5*565 

= 6 

= 1-828 

== 14 

= 6*159 

= 7 

= 2-305 

= 15 

= 6*764 

= 8 

=: 2-805 

= 16 

== 7*379 


Por great values of %, direct calculation becomes cumbersome. In 
this case we may use the following approximation formula, the results of 


2 



which agree well with even the last values in the table and which is 
useful for forming general estimates : 

K = £(log, n + 0-12) .... (14) 

(It is derived in an essay by the author by means of substituting for the 
sum an integral, see Ann. d. Phys., 53, 511 (1917).) The formula shows 
that Sn increases to infinite values with n, 

{d) The hydrogen molecule. We shall now describe a little more 
fully the model that Bohr has suggested for the constitution of the 
hydrogen molecule Hg, although, nowadays, we can take only a historical 
interest in it. It is certain that the hydrogen molecule must consist of 
two hydrogen nuclei ; each composed of one positive charge 4- 0, and two 
electrons, each having the charge — e. Is there an arrangement in which 
these four charges are in dynamical equilibrium with one another ? 

The answer is given in Pig. 22. The two nuclei form the axis of the 
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molecule and are at rest. The two electrons rotate diametrically opposite 
one another in the plane bisecting the line connecting the nuclei about 
this line as axis. Let a be the radius of the electron circle, h the distance 
of the nuclei from the middle plane. We must first determine the ratio 
a : h. The nuclei are subject only to electrical forces. According to 
Coulomb’s law we have, for example, a repulsion at the upper nucleus, 
due to the lower nucleus, of magnitude 


and two attractions, due to the electrons, of magnitude 


+ }>^ 


(16) 


These three forces acting on the nucleus must be in equilibrium. In 
the figure they are represented by the arrows 12, 13, 14. Equilibrium 
certainly comes about if the forces are equal in magnitude and act at 
equal angles. If they are equal in magnitude we get from (15) and (16) 

H- =s 46^^ a — h . . . (17) 

If they are equally inclined to one another then the two nuclei and each 
electron in turn form an equilateral triangle. In Pig. 22 one of these 
two triangles is distinguished by being shaded. 

Through the relation (17) the equilibrium of the forces is established 
as far as the nuclei are concerned. What is the position as far as the 
equilibrium of forces on the electrons is concerned ? 

We see at once that this equilibrium can be brought about by suitably 
choosing the rate of rotation. If there were no or only a very small 
velocity of rotation both electrons would be drawn inwards owing to the 
attraction of the nuclei : in the case of very great velocities of rotation the 
centrifugal forces would become predominant and drive the electron out- 
wards, so to speak. It is easy to determine by formula that magnitude of 
the velocity of rotation for which the centrifugal forces are in equilibrium 
with the electrical forces. 

The electrical attraction which each electron experiences from both 
nuclei is, as in (16), 


The^ resultant of both Mis in the direction of the orbital radius w and has 
the magnitude 


2c^ g 
0 ^ 4 * ¥ + 6 ^ 


3 a/ 

4 0. ^ 


(by (17)) 


(18) 


Then there is to be added the electrical repulsion of the other electron, 



78 Chapter 11. The Natural System of Elements 

which also acts in the direction of the radius ct, but in the reyer^^ 
direction to that given by (18) . Its magnitude is 

4: 



Let the angular velocity of the electrons be w, and hence the lineB^^ 
velocity aco. The centrifugal inertial force, which arises in this rotation ^ 
amounts to 




( 20 > 


The forces (18), (19), (20) are to be in equilibrium. This requires that 




3^8 -- 1 
4 


(2a> 


Equation (17) determines the form of the hydrogen molecule, equation 
(21) the velocity of its electrons. There is still wanting a third equation 
that determines the size of the model. This missing equation can t>© 
furnished only by the quantum theory. Eohr applies it to each of thi© 
two electrons in the molecule just as to the single electron in the hydro-- 
gen atom (cf. Chap. IV). This would complete the molecular model. 

But is it correct ? Only a short while ago, even while this book was 
in its first edition, we were inclined to accept it. Particularly after 
Debye* had calculated the refraction of light in a gas composed of sue hi 
models and had found -it to agree with the empirical behaviour of hydro- 
gen gas. Since then, however, a series of properties have been remarked , 
in which the model departs from 'reality in its behaviour, above all, in its 
magnetic behaviour (it is paramagnetic in the model, diamagnetic ijti 
reality) ; also in the instability of the model when subjected to certain 
small disturbances; further, the decrease of the specific heat correspond- 
ing to the rotational degrees of freedom at low temperatures, to explain 
which we must assume a smaller moment of inertia than that possessed by 
the model; finally, the magnitude of the ionisation voltage and the heat of 
dissociation, that is, the amounts of work respectively that are necessary to 
detach an electron and to separate the two nuclei from one another com © 
out somewhat differently when calculated for the model from what has 
been observed. These objections, as we see, coincide partly with thos© 
which, in paragraph 3 of the previous section, we were obliged to rais© 
against Bohr s He-model. Thus the true model of the H^-molecule is still 
unknown. It will hardly be as symmetrically built as the model exhibited 
in Pig. 22. On account of the magnetic properties the two electrons 
cannot rotate in the same sense but must do so in opposite directions. 

For the oxygen and the nitrogen molecule the author has proposed 
models that were formed along the lines of Bohr's model of the hydrogen 
molecule. These, too, seemed at first to be satisfactory as far as the pheno - 
mena of the refraction of light are concerned, but on closer examination 

* Miincheaer Akademie, 1915, p. 1. 
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they withstand criticism even less than the hydrogen model, especially 
because, in this case, the number of enter electrons rotating in the same 
direction (four in the case of O 2 , six in that of Ng) are greater than in the 
former case. For a particular reason we add in § 6, Fig. 23, a picture of 
this model of oxygen (which is rejected later). In the last section of this 
chapter we shall return to the suggestions of cube models that have 
come from another quarter. 

(e) The positive Hg-ion. The problem is here simpler than in the case 
of the Hg-molecule, because the orbit of only one electron requires to be 
determined: without involving an undue error we may disregard the 
counter motion of the nuclei. A dynamically possible t 5 rpe of orbit for 
the electron suggests itself at once : a circular orbit in the plane at right 
angles to and bisecting the line connecting the nuclei. The size of this 
circle will again be determined by the quantum theory; according to 
the particular quantum number n, there will be a first, second, . . . 

circle. We add details in note 14 at the end of the book. 

Again, however, the question arises whether this model gives a true 
picture of the hydrogen ion. Definite empirical criteria have so far not 
been available. We must therefore rest our decision on a theoretical 
consideration of the stability of the model. In this direction calculations 
by W, Pauli * show that the circular orbit of minimum radius is, indeed, 
more stable than any other form of motion, for example, than motion in 
those orbits that lie, not in the median plane, but in a meridian plane 
through both nuclei. For it may be proved that the transition from the 
smallest circular orbit to any other type of orbit requires a positive 
addition of energy ; thus the electron cannot spontaneously leave this orbit 
unless excited from without. The state of motion ascribed to the electron 
thus seems to represent the state in the natural configuration of the ion. 
The fact that we call this configuration only metastable and not stable is due 
to the circumstance that the dissociated state (H+, H) is still more stable 
from the energetic standpoint. Further details on this are to be found 
in note 14. 

All in all, the final result in the case of molecular models seems to be 
even more unfavourable than in that of atomic models. Here we can 
assert nothing even in the simplest case of the Hg-molecule. The Hg-ion 
was successfully constructed theoretically, it is true, but owing to a lack 
of empirical evidence, has not been confirmed. 

§ 6. The Laws of Radioactive Displacement and the Theory of Isotopes 

The characteristic properties of the a-particle (its double charge, its 
great penetrative power, and so forth) have already served us as a direct 
and obvious confirmation of our fundamental views, namely, those of 
Rutherford, Bohr, and van den Broek, on nuclei, nuclear charge, and atomic 
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number (of* §§ 3, 5). Badioactivity, however, can furnish us with still 
more information on this question. 

Let us consider the genealogical tree of the radium family in Table 1 
of p. 47, and discuss the position of Ea itself. Since it was first inserted 
into the table there has been no doubt that it belonged to the group of 
alkaline earths Ca, Sr, Ba. In particular, Ea is so closely related to Ba 
chemically that, originally, it was dificult to separate them from one 
another ; the similarity in the spectra of the two is also perfect. On the 
other hand, radium emanation, in virtue of its chemically inert behaviour, 
beyond doubt belongs to the group of inert gases. It occupies the space 
left for the last element of the sixth period (in our representation of the 
table), which was vacant before its discovery, just as Ea filled in a gap 
in the seventh period, occupying the second space of it after the gap of 
eka-caesium. 

Now, this mutual position of Ba and BaBm in the periodic system is 
just stick as is demanded by our nuclear theory. Ea disintegrates, pro- 
ducing EaEm and emitting <x-radiation. The doubly charged positive a- 
particles comes out of the nucleus of the Ba-atom and thus diminishes its 
positive charge by two units, 2e. Hence the atomic number of the 
resulting element must also be reduced by two, that is, the newly produced 
element must precede the Ea in the system of elements by two places. 
The nuclear mass becomes reduced simultaneously with the nuclear 
charge, namely, by four units corresponding to the atomic weight of He, 
According to Honigschmid the atomic weight of Ea is 226*0. Hence, in 
the scheme of p. 57 the atomic weight 226 - 4 = 222 has been ascribed 
to the emanation ; it has been surrounded by brackets because it is not 
a result of direct measurement. But as far as measurement was possible 
it did not conflict with this deduction for, from the determination of the 
density of the very small amount of emanation available and on the 
assumption that it is monatomic, the result obtained was 223 ± 4 (the 
roughness of the approximation is obvious under these circumstances). 

We generalise the remark just made about Ea and EaBm and 
enunciate first law of radioactive displacement thus. In every process 
of radioactive disintegration which is accompanied by the emission of 
a-rays {a4ransformation) a product results, the atomic number of which 
in the periodic system is reduced by two units ; the element moves two 
places to the left in the table. At the same time its atomic weight decreases 
by four units. 

Now what happens in the case of fi- transformations, that is, of those 
radioactive processes during which jS-mys are bmitted? Does the jS-my 
electron in this case come out of the electronic shell of the element or out 
of its nucleus ? In the former case, the character of the element and its 
position in the periodic system would remain unaltered. We should have 
before us a process to which the term ionisation would have to be applied. 
The element would become positively charged to the extent of one unit, 
but would retain its chemical properties. But we knQV^r that yS-trans- 
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formations also cause new elements to be formed. Hence the ^-emission, 
like the a-emission must come out of the nucleus. 

We must assume (this will be discussed in detail in the following 
section) that in a nucleus of atomic number Z there must be in addition 
to the Z positive unit charges that determine this atomic number, further 
positive and negative charges which are mutually bound and which 
neutralise one another (cf. also the note on p. 64). Now if a negative 
unit charge (an electron) is thrown out of this neutral stock of charges, a 
positive unit of charge is free, that is, unbalanced by a negative charge. 
But then the nuclear charge must increase by one unit. Hence we get 
the second law of radioactive displacement In the case of /S-transforma- 
tions, the atomic number of the element undergoing change increases by one 
unit, a7id moves to the next position on the onght in the periodic table. 
The diminution in the atomic weight in this process, however, is inappreci- 
able on account of the small mass of the electron. 

In fact, the atomic weight does not become reduced at all if we take 
into account the fact that the atom which, owing to the /^-transformation, 
has become positive, will soon neutralise itself by drawing to itself a free ■ 
electron from without. Such free electrons, so we may assume, are 
always available in the interior of a metal and in an atmosphere con- 
tinually subject to radioactive radiations and hence ionised. Of course, 
the external electron just mentioned does not enter into the nucleus but 
into the electronic shell. In this way it makes the number of electrons 
that is properly due to the new element derived by the ^^-transformation 
complete. Hence the charging process of the /3-transformation is followed 
by a process of neutralisation. The small < diminution of atomic weight 
that is initially catcsed by the loss of the ^-electro^i is thus rectified again. 

After the a-transformation, too, a process of neutralisation will also 
take place. For the atom which has arisen through the a-emission will 
at first have two electrons more than the number corresponding to its 
nuclear charge. It will therefore give up two of its electrons to its 
surroundings, not, of course, in the form of /3-radiation, but by way of 
balancing its charge without the generation of considerable kinetic 
energy. The decrease of atomic weight to the extent of four units, 
which corresponds to the a-emission, thus becomes slightly more marked 
owing to this additional loss. 

It is of historical interest to note that Fajaps* and Soddyt share 
about equally the honour of having discovered these laws of displace- 
ment4 Soddy first enunciated the law of displacement for a-transforma- 
tions. Fajans tested it on further material and added the law of dis- 
placement for ^^-transformations. He and, a little later, Soddy formulated 

* Habilitationssohrift Karlsruhe, 1912; Physik. Zeitschr., 14, 131 and 136 (1913). 

f Pie Ohemie der Eadioelemente, Leipzig, 1912 (English, 1911) ; Ohem. News, 
Yol. 107, p. 97 (1913). 

t The general law was being sought almost simultaneously by A. S. Bussell (of. 
Ohem. News, Yol. ,107, p. 62), but his formulation was not quite correct. 
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both laws of displacement in the form which is now generally accepted 
as valid. 

In onr account we have read the laws of displacement directly out 
of the theory of nuclear structure. Historically, the state of affairs was 
of course different. When these laws were first enunciated this nuclear 
theory did not exist nor was it possible at that time to arrange the radio- 
active products into the groups of the periodic system in all cases. It 
was rather the laws of displacement that have led to the present arrange- 
ment of the radioactive elements into the scheme, and at the same time 
they have given the theory of nuclear charges a sound foundation. 

Table 4 shows on the one hand the distribution of the radio- elements 
in the periodic system, on the other, in the vertical columns, their dis- 
tribution in the scale of atomic weights. The character of the radiation 
emitted is, as in the former table on p. 47, indicated by the letters a, yS 
prefixed to the symbol of the element under consideration. 

Let us, for example, follow out the radium family, beginning with Ea 
and proceeding with the zig-zag step prescribed by the laws of displace- 
ment. We get from Ea (Column II, At. Wgt. 226) to EaEm (Column 
YIII, At. Wgt. 222), to EaA (Column VI, At. Wgt. 218), to EaE (Column 
IV, At. Wgt. 214) by successive a-transformations. Next, from EaB we 
get by a ^-transformation to EaC (Column V, At. Wgt. 214). At EaC 
the interesting branching that was discussed earlier (on p. 48) takes 
place : by an a-transformation we get to EaC" (Column III, At. Wgt. 210) 
and then by a yS-transformation to the long-lived EaD (Column IV, At. 
Wgt. 210) ; on the other hand, from EaC by a /?- transformation to Ea'C' 
(Column VI, At. Wgt. 214) ; to this transformation we owe the emission 
of intense yrays by EaC ; then by an a-transformation we likewise get to 
EaD. Erom EaD a two-fold yfi-transformation leads to EaE (Column V) 
and EaE (=* Polonium, Column VI) in which the atomic weight 210 is 
retained. The position of polonium in the periodic system may, accord- 
ing to Marokwald, be verified by chemical methods. It is more electro- 
negative than Di (in the sense elucidated in § 1, p. 56) and this con- 
forms with the position which has been assigned to it, namely that 
immediately succeeding Ei. A final a-transformation changes polonium 
into EaG, also called radium lead (Column IV, At. Wgt. 206), which is less 
than the atomic weight of ordinary lead, 207*2. Eadium lead is the final 
product of the radium series. As far as we know, the thorium and the 
actinium series also end at the same point of the periodic system, at 
thorium lead (ThD) and actinium lead (AcD). 

It may be left to the reader to go through the parallel transformations 
of thorium and actinium in the table, so that we need now consider only 
the beginnings of the radium series from uranium downwards, whereby 
the origin of the actinium series will become clear, as already exhibited in 
Table 1 of the radioactive tree of descent (Chap. I, § 7). 

The parent substance is Ui (Column VI, At. Wgt. 238) ; by an a- 
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transformation UX;^ (Column lY, At. Wgt. 234) is produced ; by a two-fol^ 
yS-radiation we get IJXg and the long-lived Un at the same position 
Ui (At. Wgt. 234). By an a-transformation there is produced from Uji 
long-lived lo (Column IV) and, by a further a-transformation, radixix^ 
(ColumnTI). Investigations (cf. p. 46) by Hahn and Meitner, howevox* » 
established with certainty that actinium, too, must ulimately come froixx 
uranium, and their researches make it seem probable that the branching 
of the actinium series takes place at Un, which, owing to an a-transfomxti*- 
tion, changes not only into the long-lived ionium but also into the shox’t-* 
lived UY ; both products are in Column IV (At, Wgt. 230). The occurrerx oca 
of two different a- transformations at the same element Du with a differoi^^ 
final result (lo and IJY), that is, a ‘"branching due to a-radiation alones,^** 
has never been observed in any other instance. It is assumed that fihca 
UY becomes transformed through a /5-transformation into the parcaxitj 
substance of actinium, known as protactinium (Column V, At. Wgt. 230)^ 
Since Ac is produced from the latter by- an emission of a-radiation, 
belongs to Column III, as has been long known : its atomic weight, 226, i» 
the same as that of radium. 

We must next refer to the interesting complex of facts, to which thm 
name isotopes is applied collectively. Isotope signifies “ occupying the saixio 
position ; ” isotopes are elements that occupy the same position in tiicf 
periodic system. The totality of isotope elements in one compartment of t lici 
system is called s^pleiad. The pleiads of lead and polonium include no les» 
than eight and seven members respectively. The individual members differ 
among themselves in atomic weight up to as many as eight units, but a^ro 
yet so similar ■ that, in some quarters, their character of being distixxo’fc 
elements is disallowed. For isotonic elements cdnnot he sepo/rotted from 
another hy chemical means at all and exhibit identical physical properP-i^M 
throughout. The only means of separating them chemically or physically 
is that offered by the difference in the atomic weights which may manifest 
itself in a difference in their gravitational and inertial action. 

The most convincing confirmation has been found for the theory of 
isotopes in the case of lead. When the atomic weights of lead isotopes of 
varying origin were compared with one another, it was shown that lem^dL 
from radium minerals (BaG) has the atomic weight 206’0 and lead frox» 
the thorium minerals has the atomic weight 207*9, whereas ordinary lemd 
has an atomic weight 207*2. 

On account of the interposition of isotopes the traditional frameworlc 
of the periodic system must be extended. Since there are now severti.1 
claimants to one space of the system, the scheme on one plane no lon|.;^€^x^ 
gives a non-ambiguous (uniform) allocation of the elements. It is bosfe 
to extend the scheme spatially. We imagine the isotopes to be placed 
behind one another in order of their longevity, say. The longest-lived 
element forms the chief representative of the pleiad in question and woia 1 d 
stand furthest back in our spatial scheme, in the same vertical plane 
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the permanent elements which are not suspected of being radioactive. 
From this longest-lived element the series of isotopes of varying longevity 
would then be successfully arrayed outwards and upwards perpendicular 
to the plane scheme. Thus in the two-dimensional table of elements, we 
should, to be more accurate, have to place in the lowest space below 
uranium Uj, whereas the isotope Un would have to be placed in front of 
it (out in space). In the last place but one, protactinium stands as the 
longest-lived element of its type (its stretch of life is at least 12,000 
years), whereas the element UXg (also called brevium) that has hitherto 
been installed there has a life of only 1T5 minutes and would thus have 
to be brought forward out of the table. Of the three emanations Ra-Em 
is the longest lived (3-85 days) and must therefore stand as the repre- 
sentative of the inert gases in the sixth period. In the former table the 
chief representatives of the corresponding type of elements was emphasised 
by being printed in dark type. We maintain rigorously that the remaining 
isotopes are also true elements. They are distinguished from one another 
by their origin, their later developments, and their radioactive manifesta- 
tions. Theoretically, we should be able to separate them from one another 
by diffusion in the gaseous state, by using centrifugal and similar methods 
in which the mass of the element is involved, provided that sufficient 
quantities were available and that the mode of measurement was suffi- 
ciently accurate. But for the ordinary methods of analytical chemistry, a 
mixture of isotopes would behave as a uniform element. 

Through the discovery of isotopes atomic weight has been displaced from 
its position of sovereignity by the nuclear charge. We are acquainted with 
elements, for example, EaG and RaB, or Po and EaA, which differ in 
atomic weight by eight units and yet (as isotopes) they behave identically 
alike in chemical reactions. On the other hand, we know elements, for 
example, EaD and Po that behave chemically as differently as 0 and 0, 
which belong, namely, to the fourth and sixth column of the periodic 
system, and yet they have the same atomic weight. Pairs of elements of 
the latter type are to be found in Table 4 in a horizontal line ; pairs of 
elements of the former type occur vertically. Thus atomic weight is, 
within certain limits, of no account so far as the chemical character of 
the element is concerned. On the other hand, the nuclear charge 
determines uniquely the chemical character in that from within out- 
wards it regulates the arrangement of the electrons in our models up to 
the outer boundary of the electronic atmosphere, the region of chemical 
valency. 

Not only among decaying elements but also among permanent ele- 
ments there are isotopes. Nor do they occur as exceptions ; indeed, 
they are the rule. Of the elements that have hitherto been investigated 
for signs of isotopy just about as many have shown themselves to be 
multiform as uniform. Those that have been proved to be uniform, that 
is of a single ikind, are 
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We see that the atomic weights that have been printed below tli® 
symbols for the elements are in the case of the simple (uniform) elemexate* 
in particular, of the lighter ones — almost exactly whole numbers ; on 
other hand, they diverge considerably from integers in the case of 
ments that have been recognised as multiform. Turther, the elemenhatry 
constituents into which the latter may be resolved, are here, as we slnetH 
see, exactly whole numbers, within the limits of error. 

We are indebted for this important knowledge to the work * of P. WV. 
Aston, who, for his part, added a new link to the analysis of canal 
(“ positive rays ”) carried out by J. J. Thomson (cf. p. 14). In the cana^l- 
ray tube there are manifold fragments of matter, simply and multiply 
charged, atom-ions and mol-ions. In an electrical field they are deflected 
by a force proportional to their charge and inversely proportional to tbt^ix 
mass. Hence in the case of two isotopes of the same charge and differ € 5 Tit 
mass the heavier constituent will be less deflected than the lighter. Fxir- 
thermore, the amount of the deflection depends on the velocity that 
been acquired by particle in question. The advantage of Aston's metlnod 
over Thomson's was gained by connecting up behind the electrical field a 
magnetic field, the intensity and direction of which was so chosen that 
particles of the same mass are concentrated at one and the same spot^ : 
The photographs so obtained are called ‘‘mass-spectrograms.'* 

The first result of Aston states : Neon consists of two isotopes of 
atomic weight 20' 00 and 22*00, “neon '* and “meta-neon.” The atorxiio 
weight obtained by chemical means, 2 , 0 * 2 , results from a mixture of bofeli 
in a constant proportion. 

The resolution of chlorine into two isotopes of atomic weight 35*0 
37*0 (in addition to which there are also indications of one of at. wgt. 3SI) 
is particularly impressive. The chemical atomic weight of chlorine, 36* *4:13, 
which among the lighter elements is the first serious contradiction to *fclTa 
integral (whole number) character of the atomic weight, comes about 
owing to the fact that, as is shown from the photographic plate, the Glj^ 
is present in greater quantity than the OI 37 ; the proportion is 3 : 1 . Xii 
addition to the spots of 35 and 37 we see in the mass- spectrogram of the Gl- 
photographs, also the spots 36 and 38 present in about equal proportiorTi!i : 
these are to bo interpreted as HCI 35 and HCI 37 . Then, again, there 
spots 17*5 and 18*5 that represent doubly charged CI 35 and Clg^. (In. m 
spectrogram double the charge acts like half the mass.) 
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In the case of the neutral gases krypton and xenon, not less than six 
and five isotopes, respectively, have been disclosed, of which the atomic 
weights differ up to 8 in the case of Kr, and 7 in that of X. Thus we 
have here pleiads as manifold as those occurring among the radio-ele- 
ments (cf. Table 4). The same is true of the not yet fully resolved pleiad 
of mercury. Further details are given in the following scheme, in which 
the bracketed numbers denote suggested or uncertain cases : 
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We restrict ourselves to these few data here and must refrain from 
reproducing Aston’s spectrograms (which can be seen in his book Isotopes) 
or describing them in detail. On the other hand, an optical spectrogram 
(band-spectra of HCl) will later serve us as a striking document of the 
double nature of chlorine (cf. Chap. VII). 

At present only atoms in the gaseous state may be treated by Aston’s 
method ; this explains the comparatively small number of elements that 
have hitherto been examined for signs of isotopic character. Mg has been 
investigated by A. J, Dempster* by a canal-ray method differing from 
that of Aston ; in this case the three isotopes are present in the approxi- 
mate proportion 6:1:1. 

In view of all these discoveries the traditional term “ atomic weight ” 
is no longer properly appi'opriate to express the quantity with which the 
chemist is familiar. The true atomic weights of the simple constituents 
are whole or nearly whole numbers. The usual atomic weights which in 
many instances vary from integral values should rather be called “ mix- 
ture-weights.” The constant values of the latter must be interpreted as 
showing that the isotopes of the mixture came into existence before the 
earth’s crust had solidified, in epochs in which their uniform commingling 
was possible and inevitable. This alone would explain why the chemist 
everywhere and at all times finds them occurring in the same proportions. 

The striking characteristic of elementary atomic weights, that of being 
integral, restores Trout's hypothesis to its position of honour : according to 
this hypothesis, all atoms are supposed to be built up of hydrogen — of 
hydrogen nuclei and electrons, as we may nowadays say, or else (cf. 
p. 22) of “positive and negative electrons.” The fact that hydrogen 
itself is simple — in spite of the slight departure of its atomic weight, 1*008 
from unity — has been proved not only by Aston but also by Stern and 
Volmert by another method (fractionated diffusion of hydrogen and 
oxygen). 

^ Phys. Bev., 11 , 816 (1918), and 17 , 427 (1921). f Ann. d. Phys., 59 , 225 (1919). 
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If, in accordance with the sense of Prout’s hypothesis, H-nuclei are 
the real elementary “ bricks ” of which all gravitational matter is built np, 
it mnst cause surprise that in the radioactive transformations H-rays 
have never been observed. "Why does not the hydrogen nucleus occur aB 
a decay product of the higher elements just as well as the less simplo 
He-nucleus? According to what law of displacement would such ari 
BE- transformation ” take place ? Since the H-nucleus is endowed with 
a simple positive charge and since it has the atomic weight 1, the lav/ 
must clearly be : Displacement in the periodic system hy one ^mit to thB 
left and simnltaneoiisly a decrease of the atomic weight hy one unit* 
Actually, such H-transformations have never been observed among the% 
spontaneous radioactive processes, however much they may have been 
sought. We might, with Fajans, see a vague indication of it in th© 
circumstance that hydrogen so often occurs locked up in the rare earths* 
There is a type of artificial radioactive decay which is familiar as pro- 
ducing H-rays, namely Eutherford’s disintegration of nitrogen. We 
shall speak of this in the next paragraph. 

Finally, let us consider the regularity in the succession of the atomic 
weights from the point of view of the displacement laws. We saw in the 
first paragraph of this chapter that, corresponding to the even atomic 
numbers Z = 2n, there occur particularly frequently atomic weights of 
the form 4n; corresponding to the odd atomic numbers Z » + 1, 

there are those of the form •+■ 3. This occurs in a particularly striking 
manner in the region between C and Ca. Here we get, if we sep)arate 
the natural order into an even and an odd series of atomic numbers 
and atomic weights : 


Table 5 


n = 

3 

4 

5 

6 

7 

8 

9 1 

10 

. fZ =: 2% , 

Even S6H6s|^^_ ^ _ 

Odd series + s! 

6 

12 

7 

14* 

8 

16 

9 

19 

10 

20 

11 

23 

12 

24 

13 

27 

14 

28 

15 

81 

16 i 

S2 1 

17 

85 

18 

SB 

19 

89 

20 

40 


In writing down this table we have made use of Aston’s results ; that 
IS, whenever various isotopes existed, we chose the atomic weight that fits 
^to our scheme ; for example, in the case of A we chose 36 (not 40). In 
)king at these series it is difldcult to avoid the impression that we are 
'0 dealing with two series of a-transformations^ each of which indepen- 
tly obeys the displacement law for a-transformations (regular decrease 
he atomic number by 2, and of the atomic weight by 4, in passing 
a right to left). The only exception is to be found at the point Z « 7, 
eh has been marked by an asterisk, namely the case of nitrogen where 
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*we should expect an atomic weight of 15 in place of 14. This exception 
is of particular interest in connexion with the artificial disintegration of 
nitrogen just mentioned. But another observation occurs to us as we 
look at Table 5. Our two series may possibly be connected together by 
SjXx H-tran$formation of such a kind that the two series branch out from 
a parent substance, the series of atomic weight 4n arising by a succession 
of a-transformations, the series 4n - 1 by a single H-transformation and 
then a succession of a-transformations. 

It is hardly necessary to emphasise that in this speculation we are, at 
present at any rate, leaving the firm ground of fact, and that in the case 
of the elements here under discussion, no trace can be shown of either an 
H-transformation or even any spontaneous decay at all. Nevertheless 
such reflections are at the present time inevitable. The proof of the fact 
that there are isotopes among non-radioactive substances is a direct 
challenge to us to seek out genetic relationships in the periodic system, 
and to extend the laws of displacement to the whole system.* This fact 
makes it seem highly probable that the nuclei, too, are of a composite 
nature and may be synthesised. This opens up a new chapter in the 
annals of research, about which we must now say a few words, namely 
mcclear physics. 

§ 6. Observations on Nuclear Physics 

There is no doubt that the radioactive nuclei contain helium nuclei 
and electrons, which they emit as a- and /5-rays. Front’s hypothesis 
and its confirmation in Aston’s experiments requires beyond this that 
all nuclei of atoms be ultimately composed of H-nuclei and electrons 
(^‘positive and negative electrons”). In the case of He-nuclei this 
necessarily leads to the assumption that they are composed of H-nuclei 
that are connected by two electrons. (We shall illustrate in a figure 
below how this is to be pictured.) 

In general we may assert that a nucleus of atomic weight A and 
atomic number Z will contain altogether 

K = A- Z (1) 

electrons. For A (which, with Aston, we assume to be a whole number) 
denotes the number of hydrogen nuclei and, at the same time, the total 
number of positive charges ; Z gives as the nuclear charge the uncom- 
pensated positive charge that acts outwards. The difference of these two 
must be compensated by nuclear electrons. 

Of these nuclear electrons a large proportion is in the form of He- 
nuclei. For atoms of weight A — 4w, Z ~ (cf. p. 88) we have, 
according to the experiments of Eutherford discussed below, to assume 
that they consist of n He-nuclei. In this case, we get, by (1), K = 2n, 
which is not greater than is necessary to bind the n He-nuclei together. 

* Of. van den Broek, Physik, Zeitschr., 22, 164 ( 1921 ). 
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At the same time, ^ = Z in this case* 


The excess A of the semi-atomic 


weight over the atomic number, •which we recorded and studied in Fig. 15, 
shows in each case the presence of nuclear electrons that are not con- 
tained as He-nuclei, 

We proceed to prove this generally, not only for atomic weights of the 
form 4n, but also for those of the form in + a{ci « 1, 2, or 3). Let so be 
the number of He-nuclei, y and z the number of electrons and H-nuclei 
respectively that are not combined together into He-nuclei. We then 
clearly have 

A ix + z 
Z = 2x z - y 

thus 


i.e. 


y 



The number of electrons y that are not included in the He-nuclei is thus 
at hast equal to the excess A, which is illustrated in Fig. 15. According 
to this figure the number y increases systematically with the atomic 
number. 

We shall now follow L. Meitner * and assume that nuclear electrons 
that are not included in helium nuclei, may in part be attached to them. 
Thus, in addition to doubly charged helium nuclei, there will also be 
helium nuclei that are neutralised by association with two electrons. We 
shall call the first, as usual, a-particles, and the neutralising electrons, on 
account of their presently-to-be-shown connexion with ^-rays, /3-particles ; 
finally, we shall call the helium nuclei, to which these /3-particles attach 
themselves, a'-particles, so that a neutralised helium configuration of this 
type receives the name (a + 2jd)-particle.” In addition to isolated 
H-nuclei and further electrons, we thus also reckon as nuclear con- 
stituents 

a-particles and [a -h 2^8) -particles. 

The radioactive branches of descent (p. 47) teach us that these ideas are 
no mere fictions. 

For, at the very beginning of the uranium series there is the succes- 
sion a - /3 - We shall assume that this a-radiation in the case of 
TJ I is an a'-radiation, that is, that it is derived from a neutralised helium 
configuration. When this configuration is deprived of an a' -particle, the 
two y3-particles also become free ; this is why two yS-transforinations 
follow the emission of the a'-partiole. The same phenomenon occurs at 
the beginning of the thorium series. 

Eut how will the configuration (a + 2y3) behave when its decay 
begins with, not an a-radiation but a /3-radiation ? Two ways are then 

^ Zeitsohr. f. Phys., 4, 146 (1921). 
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open. Either the second electron of the group follows with a /S-radiation, 
and then the a'-particle ; or else the a'-particle is emitted first and fol- 
lowed by the second ^-particle. The typical branching of the radioactive 
trees of descent at the points occupied by C-products show that both ways 
are followed, although not equally often (measured by the percentage 
ratio of branching). That both ways must lead to the same final result is 
theoretically clear, even if it has not been proved experimentally : for the 
result finally is that the whole group (a' 4- 2/?) is detached. Whereas, in 
the thorium and actinium series the final result of branching represents 
simultaneously the end of the whole tree of descent, in the case of the 
radium series the decay- sequence /? - - a still follows. In this case, 

too, we have the characteristic phenomenon of two /5-radiations occurring 
conjointly with an a-radiation (a'-radiation) . We should be inclined to 
expect a branching at this point, too, that is, in addition to 13 — /S- a , also 
j3 - a — 13. There is nothing to stop us from assuming that the ratio of 
branching is vanishingly small for the second of these ways, and so has 
escaped notice up till now. 

Einally, the repeated succession of a-radiations that occur, for example, 
between UII and BaB can easily be accounted for. Such radiations are, 
of course, not a' -radiations, but are to be regarded as a-radiations in the 
narrower sense used above. The number of the a-particles in the 
nucleus is much greater than that of the a -particles ; as a matter of fact, 
the comparatively small value of A shows that most nuclear electrons are 
built into a-particles, and that, relatively, only a few are used in the 
formation of a'-particles. It is thus more probable that an a-radiation 
should be succeeded by further such radiations, in view of the pre- 
dominating number of a-particles, than that an a'-particle or one of the 
/5-particles interlocked with it should become loosened. 

Concerning further consequences, e.g. the branching of the actinium 
series at BY, we must refer to the work of L. Meitner quoted above. Our 
object here was only to show that speculations on the structure of nuclei 
are already suggested by the well-known facts of the radioactive tree of* 
descent. 

These speculations have now entered on an entirely new stage, since 
Eutherford ^ succeeded in 1919 in splitting up by artificial means nuclei 
of lighter elements, as exemplified at present, in the nucleus of nitrogen. 
This was the first occasion on which H-nuclei were proved to be elemen- 
tary constituents of the nucleus, and became accessible to measurement. 

Rutherford worked with a-rays of BaO. Their velocity is 2 . 10^ cms. 
per sec. ; their range is 7 cms., that is, in air at atmospheric pressure they 
excite scintillations in a fluorescent screen (of ZnS) at distances up to 
7 cms., but not at greater distances. Such a-rays represent the most 
powerful concentration of energy at our disposal. When they strike 
hydrogen molecules or bodies containing hydrogen, they set free H-nuclei 
*PM1. Mag., 37, 537, 562, 671, 581 (1919). 
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as high-speed ‘^H-rays.” This happens, certainly, only when the He- 
nucleus exactly hits the H-nucleus or passes in very close proximity to it. 
The range of these secondary H-rays is, corresponding to their smaller 
mass, greater than that of primary a-rays ; namely, it is 28 cins. in air. 
They can thus be easily distinguished from the former by means of a 
fluorescent screen. 

But H-rays can he proved to he present not only in gases .containing 
hydrogen but also in air free from water vapour. In pure nitrogen con- 
siderably more scintillations occur than in a mixture of nitrogen and 
oxygen. Prom this it was inferred that the H-mys arise from the 
nitrogen nuclem. Magnetic deflection also led to the correct value of 

In this way the artificial transformation of an atom was achieved 

for the first time and a dream of the alchemists attained realisation. 

Rutherford succeeded in shattering, besides nitrogen, the following 
atoms by means of a-rays of EaO : 

B, ¥, Na, Al, P. 

Here, too, the scintillation method was used as a proof. In the case of 
the following elements, the result remained uncertain : 

Li, Be, Mg, Si, 01, K. 

Bays of long range were found to he missing with certainty in the case of : 

0 0 S Ca Ti Mn On Sn 

12 16' 32 40 48 56 63‘6 118*7. 

The figures below the last row of elements show that we are here dealing 
with atomic weights of the form in essentially. As at the beginning of 
this section we may assume that such elements are composed only of 
He-nuclei and that they contain no free H-nuclei. Rutherford therefore 
comes to the conclusion that only elements of atomic weight 

in + a where a- = 1, 2, 3 

may become disintegrated by losing H-rays. The emission of whole Ple- 
nuclei would be demonstrated by our present means only if they possessed 
a greater range than that of the primary rays : in fact, all mass-rays of 
less range would be beyond observation. We shall give reasons below in 
support of the view that the He-nuclei in their turn are not shattered — 
neither the impinging He-nuclei nor those built into the atom that is 
strueh. 

In the case of Al and P the observations of the scintillations disclosed 
surprisingly great ranges : for Al the range was at least 80 cms. ! If, as 
is to be presumed, we are here dealing with H-rays, their initial energy 
in this case would be 28 per cent greater than the energy of the exciting 
a-rays. (If the carrier were of greater mass, this energy would obviously 
be still greater.) 



98 


6. Observations on Nuclear Physics 


In view of these facts we cannot regard the shattering of the atom 
other than as radioactivity that has been set going by forcible means. In 
spite of the great energy of the impinging a-rays, it does not suffice to 
account for the energy of the secondary mass-ray. At least a fraction of 
this energy comes from the shattered nucleus itself. The action of the 
impinging energy is essentially to loosen and to excite the constituents of 
the nucleus. 

What becomes of the shattered atom in each case cannot yet be de- 
termined with certainty. It is surmised that N gives off two H-nuclei 
and becomes transformed into 0. 

In addition to H-rays, Eutherford believed that he would have to 
assume the presence of He-rays in the case of scintillations that corres- 
ponded to a distance of 9 cms. Their behaviour in a magnetic field' led 
him to conclude that they were He-nuclei with a charge 2 and a mass 3, 
that is, an isotope of helium. Eecently, however, Eutherford has come 
to the conclusion that this inference is not inevitable. 

It is easy to understand why only rather light nuclei can be artifically 
disintegrated. In the case of greater nuclear charges the approaching 
a-particles lose too much speed to be effective. They run themselves to 
a standstill in the field of the nuclear charge. Let us work this out for 
the case of Pb, in which Z == 82. The work done by the electric re- 
pulsion which the charge 82c exerts on the charge 2c of the a-particle 
when the latter approaches from infinity to within a distance (X, is : 

^ (3) 

• a 

(c is measured in B.S. units). The initial energy of the a-particle is for 
-y =: 2 . 10® cms. per sec. = : 

^m„y = 2 wh . . . • ( 4 ;) 


The velocity will have been reduced to zero when 
' 2 \2 „ 2 . 82c2 


2m- 


82 . 


/ 2 \2 „ 2 . 82c^ . . 

h(3o)<== a 


Here 


( 5 ) 


1-59 . 10--20 and = 9649 (cf p. 5). Hence 
a = 2-9 . 10-^^ cms. 


If the radius of the Pb-nucleus is smaller than this value, the a-partiole 
will reverse its direction before getting to the periphery of the nucleus. 
If the radius is greater than this, the a-particle will be able to penetrate 
into the Pb-nueleus, but only with considerably reduced velocity. Hence 
it is unlikely that a-rays will be able to shatter heavy atomic nuclei. 
Even in the case of the lighter elements this reduction of the initial 
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velocity of the a-rays is to he taken into account. Our inference, earlier, 
that the energy of the mass-rays observed by Eutherford do not arise from 
the impinging projectile but from the struck nucleus, holds a fortiori in 
view of this reduction of velocity. 

The above calculation at the same time gives us a lower limit for the 
nuclear radius of the substance emitting the a-rays. EaC is an isotope of 
Bismuth, for which Z = 83. If the a-particle leaves the periphery of its 
parent nucleus with zero velocity and if it owes its velocity only to the 
repulsion of this nucleus, the process by which its velocity increases from 
the value zero up to the value which it attains at infinitely great 
distances, will be described exactly by equation (5), in which a now signifies 
the radius of the parent substance (the difference between 82 and 83 is 
clearly of no account for the accuracy of the calculation). Hence we 
conclude that the nuclear radius of EaC is at least equal to 2*9 . cms. 
If it were less the velocity of the a-rays of EaC would have to be greater 
than 2 . 10^ cms. per sec. If it is greater, we need only assume that the 
a-particle of the periphery of the nucleus starts out with a certain initial 
velocity. It is worth noticing that the lower limit thus obtained for the 
size of the nucleus agrees fairly well with that mentioned on page 56, which 
was derived empirically. 

There is a further possibility that we must not lose sight of, namely, 
that in heavy atoms there may be, in addition to He-nuclei, still other 
groups of positive and negative electrons that are more closely inter- 
related among themselves than with the other constituents of the nucleus. 
As yet, there is no empirical evidence in support of this. Only the He- 
group of four H+ and two electrons has been shown with certainty by the 
general laws of radioactive decay to be a generally present element of 
nuclear structure. We have now to deal with the latter in greater detail. 

That the He-nuclei cannot be pure point-charges but must contain 
negative charges, too, seems clear when we consider how often atomic 
weights of the form occur, in so far as we imagine these built up of 
n He-nuelei and held together by electrical forces. If they were pure 
positive charges, they would have to repel one another throughout. Only 
the presence of negative charges inside the He-nuclei renders it possible 
for several He-nuclei to be so interlocked that the attractive action between 
the positive and the negative parts preponderates and keeps the whole 
together. 

The atomic weight of He appears to contradict the view that it is 
composed of four H-nuclei. According to the most accurate measure- 
ments, the atomic weight of H is 1-0077 ; that of He is 4*00 (the data 
fluctuate between 3*99 and 4-002). Hence when these four H-nuclei 
combine to form He, they must suffer a loss in mass, which, calculated 
for the gramme-atom, is given by 


Am « 4 . 1-0077 - 4-00 = 0*03 . 


(6) 
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We have neglected the mass of the two electrons that should really be 
added to that of the four H-nuclei, since they affect only higher deciinal 
places of Am. 

This defect of mass is, however, only a seeming contradiction to the 
statement that He is built up of four H’s, In reality, it accounts in a 
very satisfactory way for the great stability of the He-nucleus. 

As early as 1900, Lorentz concluded from the electromagnetic point 
of view of inertia that the mass of a system of very close positive and 
negative charges must be smaller than the sum of the individual masses 
of these charges. The theory of relativity has intensified and generalised 
this result. According to Einstein (cf. Chap. YIII, g 1) every form of 
energy (not only electromagnetic energy) possesses inertia. Bach amount 
of energy B corresponds to a mass m that is given by the equation 



Hence if any system looses energy (e.g. by radiation), it suffers a loss in 
mass. Conversely, we may infer that a loss of mass Am is due to a loss 
of energy of the magnitude 

Ae =5 c^Am (7) 

Accordingly we shall assume that when the four H-nuclei combine to 
form the He-nucleus, they emit the energy determined by (7). We are 
familiar with such a loss of energy in the case of atomic chemical com- 
pounds. In this case we call it, expressed in heat-units, “ heat of com- 
bination,” and, moreover, we call a process of combination exothermic if 
it is accompanied by loss of energy. This way of regarding things and 
this terminology is to be applied to our nuclear reaction. The loss of 
energy, according to (6) and (7), amounts to 

AB = c^Am = 0‘03c^ . . . . (8) 

when calculated for the gramme-atom of He. 

At the same time this quantity expresses the work* that has to be done 
to separate each He-nucleus of the gramme-atom into its four H-nuclei ; 
and hence it furnishes us with a measure of the stability of the He-nucleus. 
This amount of work is so great that no means of physics at our disposal 
can yield it. Let us compare it, for example, with the energy that is 
available in the motion of a-particles of EaO. According to equation (4) 
this is, per gramme-atom, == 0’009c^. It is thus three times smaller 
than the energy (8), calculated in the same terms, that is, per gramme- 
atom. 

By dividing AB by the mechanical equivalent of heat we express AE 
in terms of major calories (1 major calorie = 4T9 . 10^*^ ergs) and we then 
speak, as in the case of chemical compounds of atoms, of the heat of 
formation or combination Q of our nuclear compound, thus : 
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As a means of comparison we mention the datum thait the heat of 
bination in usual chemical processes is of the order lOO major 
the proportion of these two figures our He-nuclear compouria i 
stable than ordinary chemical compounds. Whereas the case ^ 

latter, thermal motion in many instances leads to a sjolittmg "'^g 

compoimds, in the case of our nuclear compound not e-v^en the enet 
the most rapid a-rays suffices to achieve this. ^ ^ ^ ’i >i%r - 

From these noteworthy general considerations whicH require mo I 
ticular form for the constitution of the nucleus but only the U 

'' Principle of the Inertia of Energy,” we see that the stahility ot 4 Jiii# 

nucleus is firmly established and that it seems impossible to ^ 
nucleus into four H-nuclei by the means at present a'vajilablc. PP 
to Eutherford’s experiments these reflections mean tlia>t not only ^ 
bombarded He-units but also the impinging a-particles are very 
Of course, our conclusion of stability is restricted to thes assumptioit ^ ^ 

the He-nneleus dissooiti^t^s^ 

directly into four 
In the event of only a 
disintegration , e . g. splitt in ^ o ft 
of one H-nncleus, iiothix^iC 
g can be assex^ted about 
energy of the resultant 
maining pro<3.xxct, and 
fore no staterxient about stab 1 1 - 
ity can be ma><3.e. 

If, as Aston’s experimat it» 
seem to indicate, all higHcir 
atomic weights will ultirrfately come out as whole numbers, this would 
lead us to conclude that in the further construction of He- nuclei, « 

etc., no nuclear reactions occur that could compai’e with the He-nuci€m« 
in closeness of union. Otherwise departures from the rule of 
numbers would have to become perceptible in the case of higher atomio 
weights also. In this connexion we may regard it as a particaltl»r ly 
fortunate circumstance that in chemistry the atomic weights are referr«3d 
not to H = 1 but to 0 = 16. With H ~ 1 the rule of whole nun ibcsi*» 
would be entirely obscured. 

Finally, we wish, without committing ourselves, to try to form a mocicil 
of the possible construction of the He-nucleus from H-nuclei. In doingf 
we follow a suggestion of W. Lenz,^ which we illustrate in IFig. 23. Am m 
development from Bohr’s model of the H 2 -molecule, this represents in tl i«t 
first place a model of the 02 -molecule that was formerly suggested by tlifs 

*Miiuch.ener iUcademie, 1918, p. 355. In this paper the above relfittivistic-6iiftrg«ti«'! 
leasoning for the stability of the He-nuoleus is developed; it appIieB independent^ cjf 
the special model. Similar views were put forward earlier by Haxkrias and 
Zeitschr. f. auorgau Ohem., 95) 1 (1916). 
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author : four electrons — e are to move uniformly in a circle around the 
line connecting the two remnants of the oxygen atom (not atomic nuclei). 
Since each oxygen atom has lost two electron-s from the equatorial electron- 
ring of the model, it acts outwards in both cases with the charge + as 
indicated in the figure. It was pointed out earlier (p. 79) that this model 
does not, according to our modern view, correctly represent the constitu- 
tion of the O^-molecule. 

Lenz calls his model of the He-nucleus an “ inverted oxygen mole- 
cule.” This has the following sense. When, in Fig. 23, the four negative 
electrons are replaced by four positive H-nuclei, and the two positive 
atomic remnants are replaced by two negative electrons, a configuration 
results, which has the mass 4^% and the nuclear charge (4 - 2)e == + 2e, 
as is to be demanded of a model for an He-nucleus. Just as little as in 
the case of the 02 -model do we know, a priori, whether this conforms with 
reality and can only prove it by experimental tests. In the case of the 
He-nucleus the following data, admittedly rather unconvincing, present 
themselves : — 

1. The distribution of H-rays that are generated in hydrogen gas by 
a-particles is very different from that which we should expect if the 
a-particles acted as point- charges. Indeed, Eutherford says : The observed 
effects are of such a kind as would arise if, for example, the helium nucleus, 
consisted of a charged disc of approximately the radius 3 . 10“^^ cms., which 
in the a-rays sets itself perpendicular to the direction of motion. Now, our 
model with the four H-nuclei circulating in one plane actually bears a 
certain resemblance to a charged disc. 

2. If we apply the same laws of the quantum theory, which served to 
fix numerically the size of the atomic models, to our He-nuclear model, 
we get for the radius of the H-nuclei an order of magnitude which is 

smaller in the ratio ^ (that is, to the extent 1 ; 2000) than the radius 

of the H-atom. Thus, in this way, we arrive at sub-atomic dimensions 
for the He-nucleus ; certainly these are still considerably greater, according 
to Eutherford, than is estimated from the observations. 

3. In addition to this insufficient agreement in size there is, as Lenz 
has remarked, an insufficient stability of the model. Even hard X-rays 
should suffice to disintegrate the model. To escape both these objections 
Lenz suggests that we should no longer regard Coulomb s law as 
valid in such concentrated fields of force as must exist in the interior 
of nuclei. 

In Chapter IV we shall develop the laws of the quantum theory and 
shall apply it in particular to the model of the hydrogen atom. There 
we shall refer once again briefly to the model of the He-nucleus and the 
determination of its size. We feel impelled to express the conviction 
here that the construction of nuclei out of elementary constituents very 
probably takes place according to the same principles as underlie the 
7 
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construction of atoms out of nuclei and electrons, namely, aocordi** "" ‘ 

the rules of the quantum theory. 


§ 7. Peripheral and Central Properties of the Atom. Visible 
X-ray Spectra. Configurations of the Inert Gases 

In the representation of the periodic system given in the first 
graph we followed the example of Mendeleef essentially, both in the 
out of the table as in giving valency the predominant position as thtJ r"***^**'' 
lative principle for the various groups of elements. The great p«’’ " ' * 
of eighteen to thirty-two elements were thereby inserted som**''’ ^ ' 



forcibly into the rows of eight given by the smaller periods. It rent i«*i t* •- 
now to develop the representation that Lothar Meyer gave the peri#--l»#- 
system at the same time as Mendeleef. Its crowning feat is the claw-w 
curve of atomic volumes, which, since the date when it was made *s,^ 

1870, has excited the astonishment and interest of chemists and phystcslwta* 

ofXlKC* 

As we know, atomic volume denotes the ratio 


atomic weight 
density 

This ratio has the dimensions of a volume (om.^); it denotes, 
ever, not the volume of one atom, but of so many atoms as are conta.i 
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in the number of grammes given by the atomic weight. Instead of atomic 
volume we might say more correctly gramme-atom volume. We shall, 
however, retain the term that has been sanctioned by usage. 

The atomic volume is, of course, defined only for the solid and liquid 
state. The gaseous state admits of no proper volume that is characteristic 
of a substance (unless we calculate such a volume from van der WaaFs 
gas equation). In the case of the so-called permanent gases we must, 
therefore, in defining the atomic volume, derive the density from the 
liquefied state. In the case of solids that occur in various allotropic 
modifications (diamond, graphite), we get several values. We exhibit 
Table 6 set up by Stefan Meyer * for the atomic volumes (“At. Yol.”). 
We plot the values of this table as ordinates in Pig. 24. 

As abscissae v/e naturally use nowadays in place of the atomic weights 
the atomic numbers, which smooth out several irregularities of the curve 
(for example, at Se and Te). 

We call attention to the following prominent features of the curve : 
the steep maxima at the points occupied by the alkalies, the immediately 
following descending branches of the curve, the flat minimum in the 
middle of the period, the ascending branches before the next successive 
alkali, the likewise high ordinates of the points occupied by the inert 
gases, and particularly the similarity of appearance between the great 
periods of 18, 18, and 32 elements with the small periods of 8 and again 


Table 6 


Z= 1 

H 

13*2 

Z = 11 

Ka 

23*7 

Z = 21 

So 

— 

2 

He 

27-4 

12 

Mg 

13*4 

22 

Ti 

10*7 

3 

Li 

13-0 

13 

A1 

10*0 

23 

V 

9*27 

4 

Be 

4-72 

14 

Si 

12*1 

24 

Or 

7*76 

5 

B 

4*4 



/17-0 

25 

Mn 

7*43 



f 6*4 

lo 

Jtr 

\13*5 

26 

Pe 

7*10 

6 

0 

{ 3*42 

16 

s 

15*5 

27 

Oo 

6*86 

7 

N 

13-6 

17 

01 

20*6 

28 

Ni 

6*67 

8 

0 

11*22 

18 

Ar 

28*0 

29 

Cu 

7*12 

9 

F 

16-7 

19 

K 

45*5 

30 

Zn 

9*21 

10 

Ne 

— 

20 

Oa 

25*9 




Z = 31 

Ga 

11*8 

Z = 41 

m 

rii*i 

\ 7*36 

Z = 51 

Sb 

18*1 

32 

Ge 

13*3 

42 

Mo 

10*7 

52 

Te 

20*4 

33 

As 

12*1 

43 

? 

— 

53 

J 

25*7 

34 

Se 

16*5 

44 

Bu 

8*29 

54 

Xe 

37 

36 

Br 

25*4 

45 

Kh 

8*50 

55 

Os 

70*6 

36 

Kr 

38*4 

46 

Pd 

9*28 

56 

Ba 

36*2 

37 

Kb 

56*25 

47 

Ag 

10*3 

57 

La 

22*6 

38 

Sr 

34*5 

48 

Od 

13-6 

58 

Oe 

20*6 

39 

Y 

23*4 

49 

In 

16*9 

59 

Pr 

21*7 

40 

Zr 

14*2 

60 

Sn 

16*3 

60 

m 

20*7 

Z = 62 

Sa 

19*3 

Z = 78 

Pt 

9*12 

Z = 83 

Bi 

21*2 

73 

Ta 

10*93 

79 

An 

10*2 

86 

Em 

39 

74 

Wo 

9*63 

80 

Hg 

13*95 

88 

Ba 

38 

76 

Os 

8*49 

81 

T1 

17*2 

90 

Tb 

21*1 

77 

Ir 

8*62 

82 

Pb 

18*3 

92 

u 

12*74 


* Elster and Geitel-Festsohrift, Braunsckweig, 1915, p. 152. 
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8 members ; this similarity is such that in this representation of the pari 
system there is no sign of a subdivision of the great periods into 
small periods. 

Later, a series of other properties were discovered which exhibit ecd 
analogous behaviour in their mode of dependence on the atomic 
(or atomic number, respectively). In Pig. 25 we exhibit as exampl^^ 
such properties : the compressibility /c, the coefficient of expansion 

reciprocal of the melting-point ~ (as an inverse measure of the tendot J 


of the element in question to be a solid); these are properties that eOt** 
cern not the filling of space itself as in the case of the atomic volura©^ l^iit 
the alteration of the volume occupied owing to pressure and tempexeit^ i»*«^ 



changes. In a broad sense, these curves run parallel to those of tJi» 
atomic volumes, but they seem a little less regular. In the curve of 
reciprocal melting-points, the maxima are not at the alkalies but, i%m m 
easy to understand, at the inert gases, which show the least inclirrn,t-i< iti 
towards becoming solids. 

All these things concern a pronounced external property of tha 
lely its claim on space. Its connexion with valency conditions 
tructure of the periodic system in Lothar Meyer's curve shows 
''M actions, too, defend on external properties of the atom. In Sbofetiiil 
ley regulate the external relations of atoms to one another* 
on the number and arrangement of the external electrons 
ne the valency. Also the elastic and cohesive properties of 
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their thermal behaviour as shown by Dulong and Petit’s law of specific 
heats, the electrical conductivity, and the magnetic permeability give a 
picture analogous to that given by atomic volumes, and thereby prove that 
they too are external properties of the atom. 

But also the phenomena that give rise to the emission of visible spectra 
oiKMT at the periphery of the atom. The spectra of the alkalies exhibit an • 
essentially similar structure in spite of their greatly different atomic num- 
bers, 7j «= 3, 11, 19, 37, 55, and the consequent increase in complexity of 
the interior atomic structure. Only the peripheral arrangement of 
electrons in the series of alkalies is similar; but this suffices to bring 
about an essential similarity in their visible spectra. The same corres- 
pondence exists between the spectra of the alkaline earths Mg, Ca, Sr, Ba, 
as well as between Zn, Gd, Hg. Almost in every case the position of the 
element in its period and not its position in the system as a whole, its 
atomic number, is the decisive factor. The latter (atomic number) gives 
only a slight sign of itself, in that the spectral lines are in general not 
simple lines but consist of two or three lines that belong together and are 
more or less close together in the spectrum. The differences between the 
frequencies of this '‘doublet” and "triplet” increase regularly with the 
atomic weight, as used to be stated, or, as we now say, with the atomic 
number or nuclear charge. But the part played by the nuclear charge in 
the optical spectra is but a minor one. 

This is different in the case of X-ray spectra. Por this, the atomic 
number is the chief factor, in that from the atomic number of the element 
the corresponding X-ray line and, conversely, from the X-ray spectrum the 
atomic number could be determined uniquely. The frequency of a 
definite X-ray line, for example, the principle line of the K-series (cf. the 
next chapter, 4), increases uniformly and continuously with the atomic 
number throughout the whole system of elements without showing a trace 
of periodicity. In this case it is not the position of the element within 
the period of the system but its position in the- system as a whole that is 
the all-important factor. 

Now, what does it signify that in X-ray spectra the atomic number of 
the element, its nuclear charge, exhibits itself so strikingly, whereas in the 
spectra of the visible region it hides itself? This signifies that the region 
in which the X-ray spectrum takes its origin is the innermost part of the 
atoMf the immediate vicinity of the micleusy and ihat^ on the other hand, at 
the periphery of the atom, where the optical spectra are produced, the 
nuclear charge is screened off by the cloud of inner electrons or gust shines 
faintly through them. It is owing to the fact that the X-ray spectra take 
their origin from the central region near the nucleus, where the forces are 
strongest and least weakened, that their penetrative power and hardness 
is so great. In contrast with this, the visible spectra require for their 
excitation only small amounts of energy, compared with the extraordinary 
amounts that are available in the interior of the atom and that are 
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necessary to excite X-rays. At the surface of the atom the events 
on a moderate scale but in the interior of the atom they becom^ 
aggerated to an extreme degree. 

The nucleus and the innermost regions of the atom around it air«3 
built up periodically hut, in view of the intensity of the fields of 
their structure is a continuous growth in conformity with the contir^i 
increase of the atomic number. The X-ray spectra reflect this 
increase of growth and thereby loose all connexion with the 
structure of the natural system. Periodicity is an external^ and not^ 
internal^ yro^erty oj atomic structure, 

A general inference about the arrangement of the electrons aboni'h tl i« 
nucleus may be drawn from observations concerning isotopes. ^ 
isotopes oJ an element cannot he separated hy chemical means (e.g. ra^cli^** ** 
and mesothorium, thorium and radiothorium, neon and metaiieoxi» 

Clgg and Clg^) ; that is, the peripheral parts of their atoms are bull b U |> 
similarly, since it is these parts that are of account in chemical reacfiio***^* 
Moreover, two isotopic elements ham similar spectra"*" in the visible Ob'rb^dL 
ultra-violet regions (for example, thorium and ionium or mixtures oi: ^ 

two) : this similarity also leads us to conclude with great certainty ‘t liiifcfc 
the arrangement of the external elements is the same. But two isot>oj>i ci 
elements have also the same X-ray spectra (e.g. in the case of lead and KfiuC * 1% 
according to Siegbahn and Stenstrom: hence they are also alike in 
arrangement of the internal electrons. Hence the whole atomic stmot’i^ii*® 
is determined uniquely hy the nuclear charge ; given the same nncslcmr 
charge we get the same atomic structure, in spite of varying atorriio 
weights; this applies, in particular, to the radioactive elements. A.& 
decay continues and the nuclear charge alters, the new arrangemerxt of 
the electrons that corresponds to the new nuclear charge is effected mxt to- 
matically. Although we do not 'know the atomic structure in deta^i^» 
hmw the law hy which it is governed, the law that is dictated by the T 

charge through the agency of electrical attractions and repulsions, 
atomic structure is uniformly regulated by electrical agency from zO'£-^hi'm 
outwards as far as the periphery of the atom hy the magnitude of* SMs 
nuclear charge. 

The question as to how the electrons are distributed numerically amo i i |4 
the individual shells of the atom is more difiicult to answer. The 
spectra do, indeed, furnish us with the evidence in which the defiiiill* 
answer will he found, but we are not yet in a position to interpret 
data completely. The next chapter will give us further clues. ' Hero w*i 
^hall just speak of the information that we get from the periodic syistoiii 
' elements for the outermost shell of the atom. 


leal Inl ordinarX 
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We picture to ourselves the progressive synthesis of the atoms in the 
order of the periodic system. At each step a new electron is added. In 
general the new electron attaches itself to the outside, as we may assume 
that in the interior of the atom there is no room for the immigration of 
additional electrons. As the number of external electrons increases, step 
by step, a limit is reached which, for reasons of stability, cannot be ex- 
ceeded. Irom that point onwards a new outer shell begins to form, the 
piovious outGrmost sh©!! contraicting inwards. To picture this, we need 
only remember the rings of a tree In its yearly growth. 

The alkalies are decidedly univalent and electropositive. There can 
be no doubt that we must assign to them in each period one outer electron 
in the outermost shell. The alkaline earths are divalent, the earths are 
trivalent; to these must be ascribed, respectively, one, two, and three 
outer electrons (valency- electrons). In general we ascribe to the electro- 
positive atoms at the beginning of each period just as many outer electrons 
as is expressed by their valency with respect to oxygen (cf. p. 56). 
Eleetropositive character denotes readiness to part with electrons. Electro- 
negative character denotes readiness to take up electrons (“ electron- 
hunger”). The electronegative atoms lack just as many electrons as 
they have hydrogen-valency; fluorine wants one, oxygen two, nitrogen 
three. These electrons are not wanting in them for electrical neutralisa- 
tion but for electro-mechanical stabilisation. 

Between the electropositive elements following the end of a period 
and the electronegative elements preceding it there is situated in each 
case an inert gas. When the electropositive elements give up their 
valency-electrons, they reduce their configuration to that of inert gases; 
whereas when the electronegative elements satisfy their valencies by 
taking up electrons, they complete themselves as configurations of the inert 
gases. Thus both parties strive towards this goal. Hence we must 
assume that the configuration of inert gases possesses a special degree of 
stability, and we see why in the progressive synthesis of the atoms in the 
natural system each x^oi'iod ends with an inert gas and that then a new 
shell begins. To avoid misunderstanding, we must, however, emphasise 
that we only assert the stability of the configuration of the inert gases as 
a chemical fact but cannot yet give reasons for it. 

The two small periods each contain eight elements. The inert gases 
neon and argon that stand at the end of these periods are thus entitled to 
eight electrons in the outer shell. Bohr gives good reasons (cf. the end 
of this section) for thinking that the other inert gases, also, as far as the 
emanation are to be credited with eight outer electrons. Instead of 
configuration of inert gases we might just as well say “ 8-shelL” Helium 
with its two outer electrons is, of course, an exception. 

The union of electropositive and electronegative elements denotes in 
the simplest cases the creation of one or more 8-shells. We call to mind 
HyO, NH.J. Fluorine, by taking from H the electron that it lacks, 
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completes itself as an 8-shell; in the same way, oxygen and nitrogan do 
likewise by depriving two or three hydrogen atoms of their electrons* Iti 
all cases the result is the neon configuration with attached h.ydrog©ii 
nuclei. How these nuclei lie with respect to the neon shell, whettier, for 
example, in the case of water they are arranged diarnetrally and sym- 
metrically, whether they have definite positions at all, is still op on 
discussion. Further, in the formation of NaOl two ixill 8-shellB conitt 
about : the outer electron of ISTa emigrates to 01 ; 01 becomes rmiBecl to 
the argon type, and Na becomes lowered to the neon type. Tlie ion» 
Na'^' and Cl“, on the formation and electrical attraction of wliicli the 
compound NaCl doubtless depends, both have in their extern^d con™ 
figuration the character of inert gases. They are distinguished from Ne 
and A only by a ± 1 difference in the nuclear charge. The saixiea holds 
for all alkali halogen salts and for univalent polar compounds. 
case of divalent polar compounds two electrons emigrate from the eslc^efcro* 
positive to the electronegative component. In this way there resrilt, for 
example, in the case of CaO two 8-shells, the one, Ga+'J", being of the 
argon type, the other, 0“", being of the neon type. 

W. Kossel,* by reviving Berzelius’ theory, has worked out frilly this 
view of chemical action and has tested it in Werner’s complex compounds 
in addition to the typical simple polar compounds. He arrives a»t the 
result that in all compounds that are given as forming ions or thtr.t are 
built up analogously to ion-forming compounds, the atoms are present# mm 
ions in the undissociated state also. Consequently the single foroe* 
represented in the old chemical scheme by hyphens with their nriystio 
directions become replaced by the physically more intelligible oleoirio 
forces of the ions. Of course, on this view we cannot occount for hoiiKJOO- 
polart combinations, that is, combinations in which, ions carmot 
assumed, as, for example, those of di-atomic gases : the difficiiltry cif 
understanding the latter presented itself to us sufficiently clearly in ^ i« 
the case of the simplest homoeopolar problem, that of the 
But apart from this the successes achieved by the electrical scliomt^ lim 
astonishing. It would take us much too far from our true objecti bo 
even only a sketch of it. 

Almost at the same time as Hossel, G. N. Lewis J recognised tlici 
played by the configuration type of inert gases as the goal of oliertiicstd 
reactions, and pictured them in the special form of a cube, in filler 
comers of which the electrons of the 8-shell are stationed. Tiro wii-iiif! 
picture was sketched out a second time by Born and Land6,§ bcnn^ 


■DU paper: tlber Molekillbildung als Fra>ge des Atomhattes, Ann* cl« 

49, 229 (1916). Of. also: TJher die physikalisclie Natur der 
Naturwiss., 7, 339 and 360 (1919), or the monograph: ’Valen^lcrUfte %cnd J 
(Springer, 1921). 

t Phis term is due to E. Ikegg, wbo prepared the way for Kossel’s theory. 

^ Journ. Aner. Ohem. Soc., 38, 762 (1916); cf. also, as an extension of theB-o vi« *w^ 
J. Langmuir, lUd., 41, 868 (1919). ^ 

(19ll)^°^^ Land^, Yerh. d*. D. Phys. Ges., 20, 210 (1918); Born, ibid., 20, 2rlCI 
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d, indeed, on exact calculations of the density and compressibility 
rystals of the type NaCl. Land6* then set himself the difficult task 
Lvestigating the dynamical possibility of the cubic arrangement, which 
, originally, only a postulate. He proceeded, not by supposing the 
brons fixed in the corners of the cube (statical cubic model), but by 
liring after orbits in which they can keep themselves dynamically in 
librium, whilst preserving their cubical symmetry. It is indeed 
cing to bring the sacred number 8 of the periodic system into re- 
)nship with the number of corners of a cube and to picture the 
mical ideal of the 8- shell in the form of the cube. At any rate this is 
rst step towards solving the problem, proposed at the end of § 3, of 
ing tangible ideas of the shell arrangement of the electrons in the 
n. But, apart from the fact that a more detailed discussion of this 
stion would again take us too far, we must not omit to mention that 
mtly Bohr (in the letter to ‘‘Nature” quoted on pp. 59 and 69) has 
ed objections of a general character against this perhaps already too 
cialised picture. Presumably the symmetry of arrangement that was 
landed by Born to explain in particular the compressibility of regular 
stals, remains unaffected by these objections. 

It has been held up as a reproach to Kossel’s line of reasoning, that, 
the effort to trace chemical actions back to electrostatic forces alone, 
las neglected the quintessence of the modern physics of the atom, 
nely, the quantum theory. The author is of the opinion that in 
sseFs theory the quantum ingredient is represented by the fact that, 
ng beyond Berzelius, Kossel takes the atomic volumes (better, the 
ic values) into account whereby, for example, the decrease in the 
ensity of the polar union with increase of atomic size is explained 
iording to Coulomb’s law. In fact, the size of atoms is given, according 
our modern view, merely by the extent of their peripheral electronic 
dts, and these, in turn, are determined essentially by quantum relations 
i quantum numbers (cf. what was said about hydrogen in 3 and 4). 
that as Kossel works with impenetrable atomic shells, latent quantum 
3cts are involved in his calculations. 

This brings us for a moment back once again to the curve of atomic 
iumes, with which we started this section. The downward course of 
5 curve at the beginning of each period may be made clear quite simply, 
superficially, by the following consideration. In the case of a neutral 
)m of an alkali metal, an external electron is situated in the field of an 
)mic residue carrying a single positive charge. In the case of a metal 
the alkaline earths, or of the following group, if they are ele(£,Vically 
utral we have two or three outer electrons in the field of a doubly or 
sbly charged positive atomic residue. If we assume that these two or 
ree electrons move in a circle diametrally, or at equal distances from 

* Berliner Sitzungsber., 1919, p. 101 ; Verb. d. D. Phys. Ges., 21, 2, 644, 663 (1919) ; 
itsohr. f. Phys., 2, 83, 380 (1920). 
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one another, respectively (which need not be accepted, of course) , and if 
we extend this idea to the following column of the vertical system (for 
which the arrangement in a circle obviously seems very doubtful, in view of 
the tetrahedral valencies of carbon), we may make use of equation (5), of 
page 7 4, to determine the orbital radius of the outer electrons. In every 
period this radius, then, comes out as inversely proportional to = 
Z ~ j? - Here g is, for all columns from the first to the fourth, equal 
to 1, 2, 3, 4, and according to Table 3, of page 76, is equal to 0*00, 0'25, 
0‘677, 0*957. Further, Z - p, that is, the nuclear charge miwm the 
number of electrons of the atomic residue that screens it off, is likewise, 
on account of the neutrality of the whole atom, equal to 1, 2, 3, 4. We 
may, therefore, write down the following table : — 


Table 7 


a 

1 

2 

3 

4 

Zeff 

1 

2-0*26 

3-0‘577 

4-0-987 

1 

1 

0*57 

0*41 

0-33 

Zeff 






The bottom line gives, according to equation (5) of page 74, a measure 
for the radius of the peripheral shell (imagined circular) of the atom, and 
it shows how it diminishes step by step under the influence of the 
gradually increasing charge of the atomic residue. We have thus a 
qualitative * counterpart to the descending branches of the curve of 
atomic volumes. Our argument clearly furnishes us with no analogy for 
the ascending branches at the ends of the periods, particularly if we 
retain the idea of a circular ring (which is in this case certainly inad- 
missible). 

Of greater practical importance for chemical purposes, we find the 
ionic volume, inasmuch as it asserts itself directly in the polar com- 
pounds of the solid crystalline state. From the point of view of theory, 
too, the ionic volume is better defined and more easily accessible than the 
atomic volume, in the interpretation of which the difficulties of the 
homoeopolar union, and in the case of metals, in particular, our ignorance 

* It is very surprising that if we form the “ relative atomic volumes ” from Lothar 
Meyer’s curve in each case, that is, the atomic volume in the second, third, and 
fourth column divided by that of the preceding alkali in the first column, we get 
almost the same figures, and, indeed, the same for each period. This might tempt 
us, for example, to calculate the not yet experimentally determined atomic volume of 
scandium from that of potassium, which is the alkali that precedes : we would get 

. 46*5 = 18*6- In the previous editions of this book, the remarkable parallelism 
between the real course of the atomic volumes and the calculation of atomic radii, 
sketched out above, was discussed further. In its quantitative aspect, it is an 
unsolved mystery,' for atomic volume is the third power of a length, whereas our 
atomic radius is the first power of a length. Consequently we have restricted our- 
selves to the brief indications of the text. 
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of the disposition of the conduction of electrons, makes itself felt. Thanks 
to the courtesy of Mr. H. Grimm ^ the author is in a position to exhibit a 
curve (Fig. 26) of ionic sizes, as a counterpart to the Lothar Meyer curve. 
There are still gaps in it, and its absolute values are a little uncertain, but 
its course is characteristic and full of meaning. 

The atomic numbers are marked off along the abscissa, and the ionic 
sizes E (defined as the radii of the sphere circumscribed about the 8-con- 
figuration in question) are marked off along the ordinate axis. Branch I 
of the curve represents all those ions that tend to the neon type from the 
one side or the other ; the curves II, III, and IV relate to those ions 
that, similarly, belong to A, Kr, and X respectively. For example, on the 
branch I we find, besides Ne itself, if we start from Ne and pass succes- 
sively downwards, that is, 
to smaller ionic sizes and 
greater atomic numbers, I-e* 

Na+, Mg"*"^, and, on the 
other side, that is, to i.i 

greater ionic radii and i^o 

smaller atomic numbers, 

F”-, O"” . Corresponding 
to this, we find for the 
Argon branch, on the one 0,7 

side, the group K+, Ca++, 0,6 

and on the other Cl"”, S . ^ ^ 

The steep slope of all the 
branches is explicable from 
the same point of view as 0,3 
receives expression in the 0^2 
descending branches of the 
curve of atomic volumes 
of Table 7, namely, the 
same outer shell of elec- 
trons as occurs in the 
neutral inert gas is contracted by electrostatic attraction when the nuclear 
charge increases, and becomes distended by electrostatic repulsion as the 
nuclear charge decreases. For example, we get the rule that the negative 
ions are greater than the 'positive ions. The unique position of the alkalies 
that was so prominent at the maxima of the curve of atomic volumes, 
has vanished entirely in our ionic curves. This is easy to understand, 
since the single valency electron that was responsible for this unique 
position of the alkalies is no longer present in the ions. 

In Fig. 26 we have drawn in addition to the curves that run from 
above to below and that belong to the same period, two connecting lines, 
from left to right, that link up the ions in the same group of the periodic 
* Of. ZIeitschr. f. Physikal. Ohem,, 1921. 
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system, namely, the alkali and the halogen ions. Ooncernin^^ dit' 

fmm consecutive steps of these connecting linoH. w»imI 
trom the figure the following rule : 

I II > III IV > II III. 

And, indeed, this rule holds not only for ionic sizes but also for iiM ttttMtmu 
properties, and not only for the alkalies and the hs» 1« W.|»*. 

hlinf.r f^®" W partictil.»»-. the 

® i^OHiorphic crystals, tlui 11, 

Ill^andlVcan be represented by one another isomorphically *»«* »«« 

sufiEr+wT-^f empirical origin of the ionic radii, the hint tt«u«l 
widtrn?,!lit 'f measurement and calculation c.f the 

HetzMd * i y ‘'T ^ (h-iin **». h.i.I 

conception, have s^t up and U^nU.l 

saZii h r./ *^® molecular volumes of cryMt»lh«^« 

comDonenf lattice constant with the ionic €>f tlif# 

("here atomi^ ^ ease of the inert gases, of course, tins ion nwlii 

been inserted ns !k determined in this way, but tln^y Imw 

check for thti! ”f ^0 “eans of the alkali and halogen io««. A 
IS netetar^M spectroscopically. ihi.t 

Chap. VI § 3) ^ ^ starting from an initial netural Htn.t4» (of. 

periodi^STOtem^telf ®’Cd ions. Now, what doc,*** th^ 

by electrons? As shells and how they aro oucsiipkici 

Sw oeSrlrt ‘‘bove, we may assuina that .L,h 

collet d brom s ^S ®^®b’ Icreby the on.. j.,«t 

2, 8, 8, 18, 18, 32 

«r.w -r -c 

r“‘” 

and indeed more favourable than if ‘‘’'® dif!<n-«»nl. 

sxtiv.\rn of:,“ iT rf‘ 

u. 

.h.. ii ss,‘t : s.T.ns'a . « »•» ..■..e. . . , 

^eifcsohr. f. PJays., 2, 299 and 309 (1920). 
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the triads, FeCoNi, EnBhPd, OsIrPt, and the whole group of rare earths. 
These elements are closely related chemically and hence we surmise that 
the mamher and arrangement of their external electrons is the same. 

These considerations which were undertaken some time ago,*^ haye 
received a much firmer foundation through the later views of Bohr, which 
were accompanied by calculations, and which he communicated to us at 
the conclusion of his letter to “Nature” (cf. p. 69). According to these 
views, the successive shells in the case of the inert gases are occupied by 
the following number of electrons : — 


Ta-ble 8 


He 

. 2 


Kr . 

. 2 

8 

18 

8 

He 

. 2 

8 

X . 

. 2 

8 

18 

18 8 

A . 

. 2 

8 8 

Em . 

. 2 

8 

18 

32 18 8 


As we see, these numbers at first increase and then decrease to 8 again. 
AUinert gases are surroiinded hy an outer S-sTielL The n'umbers of elements 
in the periods of the natural system do, indeed, furnish us with the 
correct strengths {Besetzungszahlen) of the shells, but, in general, not in the 
right order of sequence. 

How are we to represent to ourselves the difference between the period 
numbers of the system and the strengths of the shells in individual eases ? 
Between A and Kr a first rearrangement of the electronic configuration 
occurs. The completed 8-shell of A is not preserved in the case of Kr, 
but is re-formed into an 18-shell. The point of the periodic system, at 
which this occurs, is occupied by the triad FeCoNi. The same arrange- 
ment occurs a second time between Kr and X, namely, at the point 
occupied hy the triad EuEhPd. The third revolution is very radical and 
leads to the formation of an inner shell of thirty-two electrons ; it has a 
connexion with the occurrence of the rare earths in the periodic system. 

From these remarks we see how the problems of atomic structure are 
transfused with questions relating to the periodic system, and we recognise 
that advances in problems of the former kind also entail the unravelling 
of those latter types. 

*Physikal. Zeitschr., 19 , 229 (1918). Of. also L. Ladenturg, Haturwiss., 1920, 
Heft 1, in which he oonjeotuxesthat a rearrangement of the external shell of electrons 
takes place before the middle of the great periods, and in which he comes to the 
conclusion that not only the inert gases He and A., hut also Kr and X must have an 
8-shell on the outside. 
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X-RAY SPECTRA 

§ 1. Laue’s Discovery * 

I N our introdnetory note on Eontgen or X-rays (Chap. I, §5), we saw 
Ihat ESntgen radiation is a radiation of transverse waves. We 
spoke of the wcu'oe-length and of the spectrum of X-ray radiation^ 
lioth in the case of the characteristic radiation^ which is the part that is 
chi^naoleristio of th© material composing the anti-cathode, corresponding to 
th© fra© vibrationB of th© electrons of the anti- cathode, and in that of the 
radiation^ which is the part that is characteristic of the voltage of 
Ihs K-ray tube, corresponding to forced radiation of the electrons of the 
cathoda mys. Assuming the results of experiment, we described the 
upectrum of the characteristic radiation as a line-spectrum^ that is, as a 
dlsorot© series of individual wave-lengths, and the spectrum of impulsi 
fwdmiiofp as a con^tinuous spectrum which stretches from long wave- 
lengths over a region of naaximnm intensity to a sharply defined edge oi 
uliort wave-length. In both cases the wave-length (the dominant wave- 
length, the region of greatest intensity) is an inverse measure of the hard 
m direct xneasur© of the softness, of X-rays. 

How are th© wave-lengths of X-rays measured ? The general properties 
of X-rays, compared with those of visible light, show that their wave- 
leaglhs must b© very mnch smaller than optical wave-lengths. In optics 
tte host method of measuring wave-lengths, and the only method thai 
to absolute determination of them, is that founded on diffraction 
By measuring th© positions of th© maxima and minima of diffraction, w( 
■i»idri;para th© wave-length with the dimensions of the diffracting apertun 
aad IB this way reduce it to absolute measure. The greater the wave- 
IsBl^h of the light used, the less will be. the distances between the dif 
.fiuoticn fringes and the more will the path of the ray deviate from tha 
m( 4 % straight line. E©d will be diffracted more than blue, the diffracting 
»|»rlttre ■ being of the sam© size for both. Conversely, the smaller the dif 
fraoting aperture, th© greater will be the angle of diffraction for a constan 
Wftve-lsBgth of light, From this it is clear that the, dimensions of th 

Ims given a comprehensive account of his discovery in Jahrbuch fu 
tmd BlsMronik, 11 , 308 (1914:). Its application to crystal analysis i 
In th® book, X-Itays and Crystal Structure,” by W. H. Bragg. Loader 

mm {.Btii)* 
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§ 1. Lane’s Discovery 

<3.iffraction apparatus must be chosen much finer in the case of Rontgen 
than in that of ordinary light. 

As early as 1895 Eontgen himself had made tentative diffraction ex- 
periments with his X-rays, bnt the result was negative. Results by other 
experimenters, which were claimed to he positive, were later proved to be 
diae to optical illusions, half-shadow effects arising from the scattering of 
■the secondary radiation. Accurate diffraction photographs were first 
obtained in 1900 by Haga and Wind, who used a slit that was placed 
perpendicular to the course of the ray ; the jaws of the slit were not, as is 
visual, parallel to one another, hut met at the lower end, so that its opening, 
which had a width of several fJL at the upper end, became reduced to 
several fip, at the lower end. The diffraction effect was to manifest itself 
in a broadening of the dart band of the negative at the lower end of the 
slit. These photographs were repeated with greater refinement by Walter 
and Pohl, The plates were worked 
out by the author, after P. P. Koch 
(of Hamburg) had measured them 
out photometrically with great care 
by his own method. Prom a photo- 
graph taken with hard Rontgen radia- 
tion the dominant wave-length 
width of impulse,” as it was called 
at that time) was found by calculation 
to be JV ^ 4 . 10“^ cms. Contrast with 
this the wave-length of yellow light, 
which is 6 . 10”® cms. 

The fact that the wave-length de- 
termines qualitatively the hardness of 
the X-ray tube becomes clear when 
we compare the two diffraction nega- 
tives which have been worked out photometrically by Koch in Fig. 27 (a) 
and (b). The negatives were produced by Haga and Wind ; in the case (a) 
they used a very soft tube, in the case (b) a very hard one. They both 
present the left half of the picture of the wedge-shaped slit, of which the 
geometrical shadow is indicated by the dotted line (the right half is to be 
imagined added symmetrically about the middle line MM). The con- 
tinuous lines are lines of equal darkness on the photographic plate, and we 
see that the intensity of darkness decreases from the middle to the side. 
In the absence of diffraction (wave-length X. = 0) darkness would occur 
only within the geometrical shadow of the slit and a neighbouring region 
of penumbra. Now, a characteristic feature is exhibited in that, in Pig. 
27 (b) (hard tube), the curves of equal darkness are closer to the geo- 
metrical projection of the slit than in Fig. 27 (a) (soft tube). Thus, the 
diffraction, that is, the deviation of the path of the ray from that demanded 

P. Koch, Ann. d. Piiys., 38, 507 (1912). 
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by geometrical optics, is thus less in the case of greater hardness ; greater 
hardness corresponds to shorter wave-length. 

Only a year after these results were made known, this determination 
of wave-lengths was to be surpassed in accuracy and certainty in an un- 
dreamt-of manner by Lane’s discovery. 

In optics, the diffraction grating is more effective than the diffraction 
slit, both as regards the intensity of its light and its resolving powen 
The action of the diffraction grating depends on the regular succession of 
the lines of the grating, the distance between which we shall call the 
grating constant” a. The width of the form of these lines have no in- 
fluence on the angle of diffraction and are only of secondary importance 
even for the distribution of intensity among the spectra of various orders. 

The theory of the diffraction grating is one of the most familiar 
branches of the optics of the wave theory. Nevertheless, to lay bare the 
root of Laue’s discovery, we must here set out some of its essentials. 

In Fig, 28 we exhibit a section of the grating; 1, 2, 3, . . . are the 
traces of the lines of the grating ; the distances (1, 2) = (2, 3) = . . . 

are equal to the grating constant a. Let 
the angle between the incident beam of 
rays and the trace of the grating 1, 2, 3, 
... have ^the direction cosine a^, the 
direction cosine of the emergent beam and 
the same line 1, 2, 3, . . . being a. (aQ and 
a are simultaneously the sines of the angles 
of incidence and emergence.) Using 
Huyghen’s Principle, let us imagine rays 
starting out from each grating line in all 
directions. Thus, for the present, we may regard a as any arbitrary 
angle whatsoever. In the figure the case of transmitted light is pictured. 
By folding the diffracted rays in the figure about the axis 1, 2, 3, . . 
we get the case of light reflected by diffraction. 

The theory of the diffraction grating is contained in the equation : 

a{a — a^) — h\ . . . . (1) 

In (1) the left-hand side denotes the difference in length of path 
between the ray, for example, that goes through aperture 1 and that which 
goes through aperture 2 (and, generally, the difference of path between 
any such ray and its neighbours). For aa = IP is the difference of path 
between the diffracted rays through 1 and 2, and likewise aa^ is the 
difference between the lengths of path of the incident rays through 2 and 
1. Thus our equation demands that the path-difference in the whole 
course of the rays be equal to a wave-length, or a multiple of the wave- 
length (that is, h must be an integer). In this case we get an amplifica- 
tion of inte'nsity through interference, that is, a diffractipA maximum. 
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We get diffraction minima, that is, a neutralisation of intensity by 
choosing = -J-, or = an integer + 

In the first place, equation (1) shows that the diffraction grating is a 
spectral apparatus, inasmuch as it gives for each wave-length X a definite 
angle of diffraction. Hence incident white light is analysed into its 
spectral components. Again, red is more strongly diffracted than blue. 
Jorh = 1, we get a spectrum of the first order ; for h = 2, we get one of 
the second order ^ and so forth. Corresponding to the case /z. = 0 is direct 
light, which is not resolved spectrally. On the other side of the direct 
ray spectra of the first, second, . . . order also occur, namely, for ~ - 1, 
= - 2, and so forth. The separation of the colours (the dispersion) is 
double as great for a spectrum of the second order as for one of the first 
order, and so forth. Further, equation (1) tells us that the grating 
constant a must be greater than A, but not too much greater. For if 

a C'X, we should have Ti ~ > 1, and hence h ^ could not be equal to 

a a 

a - aQ, as is demanded by (1) (since a - a^, being the difference between 
two cosines, is 1). If, on the other hand, a ^X, then a - will 
become very small for moderate values of h, and the spectra of first, 
second, . '. . order, if caught on a screen, would lie very close to the 
direct light ; the dispersion would be insufficient and the grating would 
fail to be of use as a spectral apparatus. In the case of Bowland gratings, 

which are of perfect construction ~ amounts to less than 10 units. 

A 

Besides the grating constant a, a decisive feature for the excellence of 
a grating is the number of lines N of the grating. It conditions not only 
the brightness of the diffraction spectra, as is immediately apparent, but 
also the resolving power of the grating, that is, the power to separate 
and make measurable spectral lines whose wave-lengths differ only 
slightly from 'one another. The resolving power is given directly by the 
number of lines N. 

From the simple line-grating we pass on to the crossed grating, or 
lattice. Every one knows the beautiful diffraction spectra that are pre- 
sented to the eye when we look at a distant source of light through 
gauze. We shall confine our attention in particular to a quadratic 
system of fine apertures, that is, we suppose the threads of the web or 
network to run at right angles to one another and suppose them to be 
comparatively thick, so that the intermediate spaces that let through the 
light may be regarded as mere points. The distance between each two 
neighbouring apertures is to be called the “lattice constant” a. In 
Fig. 29 we take two rows of such apertures as our x- and y-axis ; we 
draw a 2 ?-axis perpendicular to both. We cannot picture the course of 
the beam for the incident and diffracted rays since their paths lie in space. 
Nevertheless we may say exactly as in Fig. 28 let jBq be the direction 
cosines of the incident ray with respect to the x- and ^y-axis, respectively ; 

- 8 
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let a, /3 he those of the diffracted ray. In the diffracted ray the con- 
tributions of all apertures are to strengthen one another additively as a 
result of the inference. IFor example, let us consider the contributions of 
1 and 2. If they strengthen one another then 


a(a ~ ao) = \X .... (2) 

where \ = an integer. The projection of the distance a of the lattice-^" 
points 1 and 2 on the incident and the diffracted ray gives us precisely 
Pig. 28 (only that, where necessary, the upper and lower half-planes in 
Pig, 28 must now be considered inclined to one another) and thus proves 
the truth of (2). In the same way the contributions of 1 and 2' are to 
act additively through interference. To assure this, we must have 


Cl{fi - ^o) “ ^2^ 


( 2 ') 


> 


3 4 

Fig. 29. 


where Tig = integer. This equation, too, may be read off from Fig. 28, if 

we project the distance between 1 and 2' on the incident and the diffracted 
ray. But if 1 acts together with 2 and 2' to produce increase of bright- 
ness as a result of the interference, then every 
opening acts in the same sense, since, then,' the 
difference of path between each two openings is 
equal to a whole number of wave-lengths. 

Likewise the lattice (crossed grating) resolves 
the incident light into its spectral components. 
For, from equations (2) and (2'), if \ and are 
given, there is defined for each A a different direc- 
tion of the diffracted rays. We construct the path 
of this ray as follows. We describe about the 
£r-axis of Pig. 29 a cone such that the cosine of its angle of aperture is 
equal to the direction cosine a, as obtained from equation (2). In the 
same way we describe about the 2 /-axis a cone which is similarly de- 
termined by the direction cosine given by (2'). These cones intersect 
in the ray whose position we require (as well as in the ray that is sym- 
metrical to the latter with respect to the a? 2 /-plane, the lattice acting, so to 
speak, as a reflecting plane). Our construction holds for a definite wave- 
length A. For a new A the apertures of the cones must be altered to accord 
with (2) and (2^), and thus we get a new direction for the diffracted ray, 
Hence, for given values of and we obtain a s^peotnm, which cor- 
responds to the two order numbers and by varying we get a 

twQ-Jold manifold of spectra, Bach of these spectra repeats the complete 
series of spectral colours from red (on the outside) to violet (on the inside), 
with the exception of the spectrum (0*0), the continuation of the incident 
ray, which is not analysed in this special case. The spectra (1*0), (2*0), 
(3-0) . . . lie in the plane through the incident ray and the OJ-axis; the 
spectra (O'l), (0*2), (0*8) . . . lie in the plane through the incident ray 
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and the ^-axis. The spectra (IT), (2*2), (3*3) . . further, are situated 
in the plane through the incident ray and the bisectors of the angle between 
the oJ-axis and the y-Sbxis, and so forth for the other spectra. Besides the 
spectra (+ there are, alloted to the other quadrants of the xy- 

plane, spectra (+ h^, - ^ 2 ), (- (“ ^ 2 )* 

case of the line-grating we must have a'^X but we cannot allow a ^ A.. 
The equations (2) and (2') comprise the whole theory of the crossed grating 
or lattice, just as equation (1) comprised the theory of the line-grating. 
Concerning the resolving power of the lattice, the numbers N 2 of the 
lattice aperture in the one or the other direction serve as indices. 

From the crossed grating or plane-lattice we pass on to consider the 
case of a space-lattice, for example, a cubical space-lattice. We may 
imagine that there is added to the quadratic system of openings of Fig. 
29 a whole system of similar systems placed one behind another at equal 
distances a. For this purpose we prefer to talk, not of apertures,’’ but 
of ‘‘ lattice-points,” which act as “ diffraction centres ” or as ‘‘ scattering 
points.” Thus we have a cubical system of lattice-points, of which each 
two neighbours are separated by a distance equal to the lattice constant a 
along the direction of each axis, x, z. We allow light to fall into the 
system of lattice-points in the direction (these being the direction 

cosines with respect to the three axes, respectively). At each of our 
lattice-points a fraction of the incident light will be diffracted or scattered 
in all directions, for example, in the direction a/3y. At a great distance 
from our space-lattice the waves that emerge in the direction a/3y from 
each lattice-point form a homogeneous ray, namely, the ray a^y diffracted 
by our space-lattice. (In order that this ray might form without obstruc- ‘ 
tion in all directions, it was necessary to replace the idea of “ diffraction 
apertures ” by that of “ diffraction centres,” otherwise the formation of 
the diffracted ray would be impeded by the diffracting screens that we 
should have to assume between the diffraction apertures.) 

The diffracted ray a/3y, however, is appreciably bright only when the 
contributions of all the lattice-points act together in the same phase in 
producing it. For this it is necessary that the path- difference of the rays 
from neighbouring lattice-points be a whole number of wave-lengths. 
Thus we arrive at three conditions j one for the direction of x (that is, for 
two neighbours that are at a distance a from one another in the direction 
of x)j one for the ^-direction, and one for the ;g-direction : 


Clj{a — tto) ~ h^X 

• • (3) 

- /3o) = 

• ■ (3') 

“(7 - 7o) = ^ 3 ^ • 

• • (3") 


When these conditions are fulfilled, the effect of interference is to 
amplify the intensity, and indeed, not only of that due to two neighbours 
but generally, to that due to any two of our lattice-points, since for them 
the path-difference is a whole multiple of the difference of path for two 
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neighbours. These rays that are thus intensified as a result of 
ference from all the lattice-points are, furthermore, the only ones tha^'h 
appreciably bright. Tor, in the case of a sufficiently great ixuioob^^* 
lattice-points (N^, Xg, Ng in the three co-ordinate directions) , rays thait> 
intensified through the combined action of only a fraction of these 
points (for example, only the lattice-points, N;^ ^2) 

infinitely faint compared with those discussed above. 

Equation (B) comprises the essential features of the theory of the 
lattice. We read out of it that : ever'i/ interfering ray is characterise^ 
three whole oiumbers {hi, hf) the order numbers of the interference 
menon in question. We cannot, however, as before speak of a s^ectr'ii/yf^ 
the order (hi, hf). The light that is diffracted by the space-lattico 
longer contains all the wave-lengths in juxtaposition, as happens ixi 
case of the crossed grating or plane-lattice; it is, on the contrary, 
chromatic light. 

From equation ( 3 ) it follows that 

a ^ hi ^ “ ^0 “b ^3 — , 7 “ 7o d- 

a a a 


Moreover, we have the Pythagorean relation between the direction cosixi€»« : 

+• 7^ = 1, and likewise aj + ^5 -h 75 = 1 . C^) 

By squaring each member of ( 4 ) and then summing, using ( 5 ), we get* 


h — 1 -f- ^QlfiCLQ -1- haf^Q -h j^37o) “■ d* {h\ d* h^ -{- 

a 

and hence, 

A = - 2/x d" h^^Q 

hi + -h h% ' ■ 



Thus, the wave-length that can be diffracted in the interference of 

order (hi, h^, h^) is fully determined for a given direction of incideiioif* 
We may express this in some such terms as these: The third conoLition 
that becomes added to those of the plane-lattice, when we deal 'witli 
space-lattices, singles out one wave-length from all those of the 
lattice, and excludes the others. We illustrate this by a conical csori* 
struction analagous to that which we have already used in the case of t itti 
plane-lattice. About the a-, y-, .g-axis in turn we describe cones "wiiOHCi 
angular apertures have cosines such as are demanded by equation 
Two of these will intersect, whereas the third will not, in general , 
through a line of intersection of the other two. But the latter coniditiori 
is absolutely necessary if the amplification produced by interference i h ^ci 
reach full stren^h. Hence, for an arbitrarily chosen X, there will^ iii 
general, be no diffracted ray. By altering k we also alter, according' u% 
( 4 ), the conical apertures continuously. We may carry out the chan^^i of 
k in such a way that the sheet of our third cone gradually approaclios fclits 
intersection of our first two cones. If we proceed in this way we shall 
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succeed, at a certain value of A, in making all three cones have a common 
line of intersection. This is the interference ray (a^y^ j the corresponding 
wave-length is that which was calculated in (6). 

Trom equation (3) we shall straightway make a further deduction. 
For this purpose w© introduce the following symbols (cf. Fig, 30) : W is to 
denote the angle between the incident and the diffracted ray, that is, $ is 
the angle which the incident or the diffracted makes with the middle 
plane MM between both. We then have 

cos W = aa() 4* ^^0 “h 770 • • - • (7) 

By squaring each member of (3), then summing and using (6) and (7), 
we get 

(a - (y _ = 2 ~ 2 cos 2(9 = 4 sin^ 0 

= (8) 

Cu 

Taking the square root, we get 

sin 0 + V + V ■ • • (9) 

We shall find that this equation will be of funda- 
mental importance in § 3. 

In the region of optics our space-lattice is 
only a fiction, a model which we have conceived 
so as to generalise the scheme of diffraction as « 
presented by ordinary diffraction gratings. The 
art of the mechanic and of the weaver are of no 
avail for producing such space-lattices. In the 
realm of Edntgen radiation, the position is differ- 
ent. The brilliance of Laue’s idea consisted in 
his recognising that the space-structure of 
crystals is just as happily adapted to the wave- 
length of Eontgen radiation, as the structure of 
a Eowland grating was adapted to the wave-length of ordinary light, 
that is, that we can take directly out of the hands of Kature the diffraction 
apparatus necessary for Rontgen rays, in the form of one of her master- 
pieces, a crystal of regular gijowth. 

It was a favourite idea of mineralogists and mathematicians (Hauy, 
Bravais, Sohnke, Fedorow, Schonflies) to account for the regular shape 
and structure of crystals by the regular arrangement of their elements of 
structure, of their molecules or atoms. According to this, a lattice of the 
cubical type would have to be ascribed to a crystal of the regular or 
cubical system. If we determine the lattice constant a of such a crystal 
from the density of the crystal and the mass of the atoms composing it 
(as we shall do at the end of § 3 of this chapter for the case of rock- 
salt), we find that cb is of the order of magnitude 10 (for example, 
a » 5*6 ,10“® in the case of NaOl). This is the same order as that 
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which has been found for the sphere of action of molecules, according to 
various methods of determination founded on the kinetic theory of gases. 
On the other hand, we saw at the beginning of this section that the wave- 
length of Eontgen rays is to be placed between the orders of magnitude 
10-8 and 10-8 cms. (4 . 10-® for a hard tube, according to a rough calcula- 
tion based on the diffraction). 'We assert then that th& loitticB constccnt cb 
of the orystcbl is great&f than the wave-length X of the Rontgen rays, hut noi 
too great in comparison with them. Thus a and X are related to one 
another in just the way that we found above is necessary if a diffraction 
apparatus is to be effective. We can read the same condition out of 

equation (9) ; if - is a proper fraction that is not too small, we get for the 

angle of diffraction 2^, a possible and not too small value. The atom£ 
that compose our space-lattice are directly effective as lattice-points. W € 

encountered in Chapter I, g 6 
their property of forming diffrac- 
tion (or scattering) centres foi 
Eontgen rays ; there we Saw tha* 
their scattering is proportional t< 
the number of electrons Z con 
tained in them. 

Figs. 31, 32, 33 are reproduc 
tions of the famous photograph, 
taken by Laue, Friedrich, am 
Snipping early in 1912. Th 
experiment was arranged ver 
simply. By means of lead guide 
(screens with holes), a fine beai 
was separated out of the ligl 
from an X-ray bulb. This beai 
falls on a crystal plate — in the plates reproduced these were of zix 
blende, ZnS — about 0-5 mm. thick, 5 mm. wide and long, which W3 
'mounted on a spectrometer table, and capable of being accurate 
adjusted with it. When the incident “primary” ray traverses bl 
crystal plate, Secondary “ interference rays are deflected out of it owi] 
to diffraction by the atomic lattices of the crystal. These interferon 
rays emerge from the crystal as a widely divergent beam of many mm 
bers. Several centimetres behind the crystal is the photographic pla 
On it there is traced besides the primary ray (greatly magnified owing 
irradiation) the track of the beam of interference rays. In the fi 
photographs the time of exposure was many hours ; the tube was run w 
about 3 milliamps. and 60 kilovolts. The plate and the crystal w< 
protected by being surrounded by lead. 

In Figs. 31 and 32 the crystal plate was cut parallel to the edge of i 
cube and placed at right angles to the incident ray, with the differei 
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that m Kg 31, the photographic plate was 3-5 cms. from the 

..a i. .ue, I. :J‘S . 

t avelled in the direction of the four-fold axis of symmetry (edge' 2 the 
cube). Correspondingly, the respective diffraction pictures are of foi 
' _ symmetry. They have four planes of symmetry, two parallel to the 
edges, two parallel to the diagonals of the cube surface. Every spot that 
hes on one of these planes of symmetry in the picture oceursfoi times 
whereas every other spot occurs eight times. Each such group of con- 
nected spots that again arises from itself by rotation and reflection 
shows the same intensity and is marked on the plate by the same wme- 
length. If the photographic plate and our retina were sensitive to the 
imaginary colour of Eontgen rays, we should see each such group of 
points shining forth in one pure colour aud each two different groups of 



Fxa. 32. 



Fia. 33. 


poiats in general emitting different colours. For example, there belong 
to the two particularly strongly pronounced 8-groups of spots in Figs. 31 
and 32, the fractional numhers 

and ^respectively. 


Since the lattice constant for zinc blende is found to be 

a = 5-4:3 . 10-^ cms. 

we get the corresponding wave-lengths as 

k = 4:*02 . cms. and \ = 3'11 . 10“^ ems. 

In Fig. 33, the crystal plate was cut parallel to a space diagonal of 
the cube, which represents a triply symmetrical axis for the substance of 
the crystal. The primary Eontgen radiation again fell perpendicularly on 
the plate, and thus traversed the crystal in the direction of one of its three- 
jold axes. Corresponding to this, Fig. 33 is of three-fold symmetry : it 
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possesses three planes of symmetry inclined to one another at an angle of 
120°. In general, each spot occurs six times, but in a particular position 
on one of these planes of symmetry it occurs three-fold. Each 3- or 6- 
group of spots, respectively, is produced by the same wave-length. For 
example, in the case of the very prominent 6-group of spots we have 


X _ 2 

a ” 19^5’ 


X = 3*30 . cms. 


The wave-lengths that are singled out in this way by the crystal 
structure and are diffracted to definite points of the photographic plate are 
all contained in the primary bundle of rays, just as the colours of the rain- 
bow are contained in the white light of the sun. In Lane’s method the 
contimious spectrum is used to produce the interference picture. This 
continuous spectrum, however, is not, as in the case of the line-grating or 
plane lattice (crossed grating), mapped out completely, but certain in- 
dividual wave-lengths (more accurately, several narrow regions of wave- 
lengths) that are appropriate for the crystal structure are selected from 
the continuous manifold of the spectrum and made prominent. The 
prominence of certain wave-lengths in the interference picture is partly 
due to the fact that they are particularly strongly represented in the 
primary spectrum (the region of maximum intensity of the continuous 
spectrum) , and partly due to the fact that the photographic plate reacts 
particularly strongly to them (selective sensitivity of the silver bromide). 
Lane’s method tells us nothing of the Une'-spectmm, of which the discrete 
wave-lengths are not in general adapted to the crystal structure. Since 
the line-spectrum, as the characteristic radiation of the atoms of the anti- 
cathode, is particularly important for the study of atomic structure, we 
shall not require to draw further from Laue’s original method. Of course, 
the spectrometric methods that we shall discuss in the sequel will differ" 
from Lane’s method only in the mode of arrangement, not in the root 
idea. This idea, of using the crystal as an analyser for Eontgen rays, is 
as essential in them as in the original method. 

So far we have given Laue’s theory for the case of the regular system 
with the lattice constant a. How this is to he extended to the other 
systems of crystals suggests itself to us immediately. In the case of the 
rhombic system, which is built upon three mutually perpendicular axes, it 
is only necessary to replace the quantity a in equation (8) by the lattice 
constants, ci, h, c, in the directions of the three axes respectively. We 
then get in place of equation (6) 
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In the same way, equation (9) now becomes 
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The case of the tetragonal system is given by setting b a. In the 
remaining crystal systems, in which the axes of the lattice are in general 
inclined against one another (oblique), the direction angles of the crystal 
axes appear in the corresponding formulae, besides the lengths of the edges. 

The roads of research opened up by Laue’s discovery branch off in two 
directions. In one case we measure out the Rontgen spectrum of a given 
tube and of an anti-cathode of given material in terms of the lattice con- 
stants of a suitably chosen crystal. On the other hand, we measure out 
the structure of a given crystal in terms of a suitably chosen wave-length of 
a Bontgen ray. The results of the former type of research form the 
proper content of the present chapter. The following section gives a few 
indications of the second type of research, which does not belong to our 
real theme. 


§ 2. Results of Crystal Analysis 

In our description of Laue’s discovery we have tacitly assumed the 
space-lattice to be formed exclusively of similar lattice-points, for example, 
as a simple cubical lattice. In reality, this is not the actual case. In 
dealing with non-elementary substances we are always concerned with 
lattices of different types of atoms fixed within each other. The structural 
elements of the crystal lattice are not crystal molecules but crystal atoms. 
The conception of molecules finds a place only in the gaseous and liquid 
state (in the latter, on account of varying polymerisation, it is already 
somewhat indeterminate), whereas in the solid, that is, the crystalline 
state, it is essentially resolved into the notion of atoms in juxtaposition. 
We do not deny that, in the structure of crystals, groups of atoms occur 
that are more closely related among themselves than with the remaining 
atoms of the crystal (for example, the group 00^ in the structure of fel- 
spar CaCOg). Nevertheless we have a certain right to say that the whole 
crystal forms a single giant molecule. It would be arbitrary and would 
set an artificial restriction on many of the crystal models known at pre- 
sent to isolate from the totality of systematically arranged atoms, in- 
dividual crystal molecules, corresponding to the chemical formula. 

Accordingly, the object of crystal analysis is not only to determine the 
lattice constants of the system (linear and angular dimensions), but also 
to determine the mutual position of all atoms that participate in the 
crystal structure. The possibility of differentiating the various atoms 
from one another depends on the fact that their power 'of diffracting or 
scattering Bontgen rays varies. As we know (cf. Chap. I, § 5, p. 30, and 
Note 2), this scattering power is proportional to the number of scattering 
electrons contained in the atom, that is proportional to the atomic 
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nuraber Z. Therefore the heavier atoms contribute more to the inter- 
ference of X-rays than the lighter atoms. More precisely expressed, in 
the case of polar salts it is not, as we already know, the atoms themselves 
but their positive or negative ions that form the elements of structure of 
the crystal.* Hence we must regard as the naeasure of the scattering 
power, not the electronic number Z of the neutral atoms, but the number 
of ions, which differs from the former by one or, in the case of multi- 
valent ions, by several units. For example, in the case of rock-salt, 
XaCl, Z = 11 for Na and Z = 17 for Cl. But since the electropositive ’ 
Na gives one of its electrons to the electronegative 01, the scattering 
power of the ions actually present in NaOl is 10 in the case of Na*, and 
18 in that of 01“. In sylvine, KOI, the two ions K* and 01- have an 
eq[ually great scattering power, since the electronic numbers, Z = 19 for 
K, and Z =» 17 for 01, equalise themselves in the corresponding ions to 
the electronic number 18 which is that of the argon configuration (of. the 
final section of the preceding chapter, p. 103). 

For a more detailed investigation into the structure of crystals, the 
use of the line-spectrum, proves to be more productive than that of the 
continuous spectrum. "Whereas in Laue’s method the wave-length varies 
from spot to spot and has to be carried along as an unknown in the 
interpretation of the interference picture, we avoid this unknown if we 
use the line-spectrum, and thus the problem is simplified. We shall see y" 
in the next paragraph how the experimental arrangements have to be 
altered for this process. .The successes which Sir William Bragg and his 
son, Professor W. L. Bragg, fiave obtained in investigating crystal 
structure is widely ascribed to the fact that they used the ‘^reflection 
method'’ as contrasted with Lane’s “transmission method.” But this 
view is erroneous. The advantage and the simplicity of their method is 
due essentially to the fact that they used discontinuous line-spectra, 
Thus the antithesis is not : reflection method and trammismn method^ but 
discontinuous spectrum and continuous spectrum. 

A few examples will serve to illustrate the present state of crystal 
analysis. NaCl consists of a cubical lattice whose points are formed by 
alternate Na*- and 01 "-ions, in such a way that each Cl-ion is surrounded 
by six Na neighbours (cf. Fig. 34, in which the two kinds of ions are re- 
presented by white and black beads respectively). 

The Na-ions, taken alone, form a c/ubical lattice^likM^ 

wise the Cl-ions taken alone. The lattices, both of which are congruent 
in themselves are placed within one another so that the points of ona 
space-lattice occupy the centres of the edges of the other space-lattice. 
KOI, KBr, KI, LiCl, RbOl, and PbS (galena) have the same structure, the 
magnitude of a changing gradually. 

On the other hand, in OsOl, the Os- ions, for their own part, form 8u 

* This beautiful and obvious result has been proved experimentally for the case of 
Lir by Debye and Sob error (Phys. Zeitsohr., 19 , 1918, p. 474). 
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simple cubical latticcj and the points of each lattice are situated in the 
middle points of the elementary cubes of the other lattice. Since it is 
known that OsCl becomes a modification of another form at the tempera- 
ture 479° C., we may assume that this other modification will be of the 
same face-centred type as the other alkaline halides. Further, we may 
assume that NaCl, efec., may also occur in two modifications hut that the 
point at which the transformation into the simple cubical type takes place 
lie considerably below the room temperature. This assumption is sup- 
ported by the fact that in the case of NH^Cl both modifications are 
known and have been measured by means of Rontgen rays : at 20° C. the 
simple cubical form was found, whereas at 250° 0. the face-centred type 
was found to be present. The point of tranformation is at 184° C. 
'NH^Er and NH4I gave similar results, the transformation points being 
137° C. and - 18° 0. respectively. ^ 

Most of the regular elements, for example, Cu, Ag, Au, Al, Ni, Pb, 
and Th, crystallise in the form of simple face-centred lattices^ as is 
shown in Fig. 34, if we imagine one type of ions removed from it. As, 
at present, we can make no certain statements about the state of ionisa- 
tion of their structural elements, we speak, in 
this case, of atoms rather than of ions, without 
wishing to indicate, however, that they are 
necessarily uncharged. 

It is characteristic of the stability of the 
face- centred arrangement that the lattice struc- 
ture and the lattice distance remain quite un- 
altered even when the metals are produced by 
“ spotting” or in sizes extending to the colloidal state. The individual 
particles in this state appear to consist only of a few hundred atoms. 

Tungsten forms a space-centred lattice; its atoms are situated in the 
corners and in the centres of the space of the cube ; the centres of the 
surfaces remain unoccupied. The same type of lattice has been found 
in the case of Li, Na, Fe, Or, Mo, and Ta. A peculiar combination of ^ 
space-centred and face-centred lattice occurs in cuprite, CuOg. In it the 
Cu-atoms form a space-centred lattice, whereas the 0-atoms form a face- 
centred lattice. Their relative position may be described thus : connect 
the centre of a cube that is occupied by a Gu-atom with its eight corners ; 
place in the middle of each alternate semi- diagonal an 0-atom, leaving 
the intermediate diagonals unoccupied. In this way each Cu-atom is 
surrounded by a tetrahedron of 0-atoms : all 0-atoms together form a 
face-centred lattice, which is interlocked with the space-centred lattice 
of Cu-atoms. 

A series of metals that crystallise hexagonally, namely. Mg, Zn 
(probably also Od), and Be have a lattice form that is built up as follows : 
Fill up a plane in the form of a regular triangle with spheres that touch 
one another ; place a second layer of spheres over these according to the 
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same scheme, so that they sink into the gaps of the first layer ; tbo 'fclaird 
layer then lies vertically above the first and sinks into the gaps of 
second; the fourth layer lies vertically over the second, and so forth* 
The middle point of the spherical pile then corresponds “essentially *** 
the mid-points of the atoms in the hexagonal metals quoted (this 
to be taken as meaning that the surfaces of the atoms touch in ’the 

same way as the spheres in our picture). “Essentially” signifieB that 
the arrangement in the form of regular triangles is exactly realiBecl tiOt 
only in the horizontal plane but that in the vertical direction, too, thti 
distance between the layers hears almost the same ratio to the sido of the 
triangle as in the case of the spherical pile, with slight deviations botwecsii 
the individual elements. 

Erom the point of view of crystallography this arrangement cooltl Ije 
resolved into two interlocked hexagonal lattices of the simple 
type, the one consisting of the layers 1, 3, 5, . . ., the other of the 
2, 4, 6, . . . The circumstance, however, that just in the otnBo of 
elementary substances always two such hexagonal crystals ap;potxr in 
conjunction, and that the ratio of their axes approximates to that of our 
spherical pile shows clearly that, not the resolution into two Bixiiplo'" 
hexagonal lattices, but our description by means of the spherical 
from the physical point of view, the description appropriate to* the xin»turo 
of the case. 

The relationship that«we get between this view and that given I>y then 
face-centred lattice, the other form in which simple elements ij^roHant 
themselves, is also remarkable. For instance, if, starting from oiax* iimt 
and our second layers, we build in the next layer not so that it liim 
perpendicularly over the first layer, but over the gaps left by the Becoiicl 
layer, that is, so that the fourth, fifth, and sixth layers will be tlx €3* firnt 
repetitions of the first, second, and third layei:s, we get exactly tlxo faci^- 
centred lattices of the regular type built up on the octahedral surfsxaa tin 
base. Thus the hexagonal and the face-centred regular lattice fojrxxx |jixhh 
into one another by means of a system of regular slidings aloxx|^ ihi! 
octahedral surface, or, as we may say, by a sort of twin-formation » Thii 
face-centred regular lattice, like the double hexagonal lattice, xt\ihy Iw 
regarded as a special form of spherical pile. 

Continuing from NaCl we may describe the structure of Ca^OOji in 
the following way: Let usdmagine the NaOl-lattice placed with iti» 
diagonal upright and let us replace Na everywhere by Ca, and G1 by CJ. 
Let us then surround each 0-atom (cf. Fig, 35) by a wreath of thriti* 
0-atoms, whose plane is perpendicular to the vertically placed d.ia#|^onaL 
As a result of this arrangement of the three 0-atoms about the 'V‘€3nticufcl 
'iXis, more space, so to speak, is used up in the horizontal plane fitxan iti 
le vertical axis. The original cube, therefore, becomes extended iiori- 
)ntally and becomes a rhombohedron, as is well known from tilaLe Biir- 
:jes of cleavage of fluor-spar. Carbonates and nitrates tlisut t%ru 
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iMmioii.hic with flnoi-Kpar have the same structure with slightly changed 

rlitiitilMihiHlml iHlgtm, ^ 

11t»* of mic-hlmuh may be described as a cubical face- 

rrutfvii cf Zm ^ -ions and a similar lattice of S" - -ions, which is 

with tc the former by a quarter of a space diagonal. 

} II liar niiture <if ihin axis that shows itself in the crystal form of 
/Jiir-lilimdf* Itfirahedral hetnihedrism of the regular system*) and in its 
prci|ierties (pym- and pie/*o-electricity), exhibits itself strikingly 
li> tlm imeviii iiccutpaiion of the space-diagonals by Zn- and S-ions. 
lii «irt|i*r not to cmifumi Fig. HB, we have lilled in only the Zn- and S-ions 
till ii diagiHiii! (placed vertically) and have only sketched lightly the edges 
of the cube id the corresponding Zn- and S-lattices. 

h roin the lattice of s^inc-hlande we get that of fluor-spar, CaF 2 , by sub- 
wtiliilitig Zn ^ ^ by (la'* *, and S”""” by P~ and then adding a second 
ioii* 1* ", symmetrically on the other side, which is diametral to the first 




F . Ah a conHCipiencB of this symmetrical arrangement E ““ Ca'* + F - 
of tlm thref‘-fold axis, its polar character is destroyed, 

hViMn xincdylendfi Wii ^Jass on to the diamond by replacing both the 
Zit - and tln^ Hdiins l)y C-atoinH. The polar nature of the three-fold axes 
m %hm again <bwtroye<l ; the symmetry becomes holohedric, which is as it 
Hbonkl be for diamond. Bui further : each 0-atom lies at the centre of a 
regular ifiriduHlron whos(i corners are occupied by C-atoms. Of. Fig. 37 
which rcprcHfuds a h^trahedron of this type that has been cut out of the 
iU’yHtai strui’Jatrt*. ’‘.IHie old chemical idea of the tetrahedron valencies 
of carhoii (van ’t Hoff and Le Bel) is thus beautifully confirmed by the 
c.ryHlid model t of diamotuL Of course we have had the same relative 

^ Cl. W. H. limg^^and W, L. Bragg, ** X-Baysand Crystal Structure,” Bell & Sons, 
I*. MU, Utiuk rotitaitm a detailtid discuasion of the points enumerated in this 

H. l.i# B. 

■f Proved hy W» H. Bragg and W* L. Bragg, 191S; it was surmised by A. Hold 
■thM'iii, Ztg., 29t iT4 (BH)5)1 and A. ScshCndios {Vortrage Uber die kinetische Theorie der 
Ibiirriii, (kiUsngen, liMH, Toub. S. 06 der 1. Aufl,). 
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position of the atoms already in the case of zinc-blende, as its constrimtj^ 
space-model (in contradistinction to our schematic sketch of ^ ' I 

immediately shows : in this case, too, each 2n-atom lies at the - 

a tetrahedron of S-atoms and vice versa. The same lattice as ^V*fn ifc 
diamond is possessed by the element Si, which is chemically relate* t 
If the diamond model is uniformly stretched in the direction of 
fold axis, which was placed upright in Tig. 36, we get from the 
crystal form one that is of rhombohedral syxn 
£ This form belongs to Bi, Sb, As, the stretch 

creasing gradually. Since in the new fon^^ o 
y \ symmetry the two face-centred lattices 

/ C \ interlocked in diamond are no longer deter* 

along the three-fold axis, thc^ir ciin* 
tance from one another need no longer, aB 
cubical case, amount to a quarter of the priricil^ 
diagonal; indeed, in the case of Sb, for which it hftS 
been determined, it appears to be considerably ’greater. 

The structure of the other modification of carbon, graphite, hfi#s 
been ascertainable by means of Eontgen rays. Its horizontal plario« (buys© 
planes, planes of cleavage of graphite) are hexagons that join up with on© 
another as in the case of honeycombs (cf. Big. 38). The crystal mym^m 
is rhombohedral (trigonal). In this case, too, the carbon is i® 


action. But only the three horizontal 
valency bonds that connect one of the 
hexagonal points with three neighbours are 
equal to one another; the fourth valency 
bond, directed upwards, which links up the 
point of the one horizontal plane with a 
point above or below it on the neighbouring 
horizontal plane, is much longer and 
hence much weaker. The exceptional 
tendency of graphite to cleave along the 
basal plane is connected with this fact. 

We get this graphite lattice from the 
two face-centred regular component lattices 3?ia. B8. 

of diamond if we displace these relatively, 

not as in Fig. 36 by a quarter of the greatest diagonal, but by a I II 

this reciprocal position the middle 0-atom in Fig. 37 moves into filler liiiMiil 
plane of the tetrahedron shown, and at the same time the sysibetii of 
tetrahedral diagonals darkened in Fig. 37 passes over into the 
system of axes shown in dark type in Fig. 38. Finally we hav €5 yet lo 
stretch the whole lattice uniformly in the direction of the vertiotitl 
without altering the horizontal projections, which are exactly eqna^l if* tl» 
case of diamond and graphite. 

Moreover, so-called amorphous carbon derived from the most variirf 
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sources has shown itself to be micro-crystalline graphite on examination 
by Ebntgen rays. Hence there are only two chemical forms of carbon : 
the diamond lattice, tetrahedral in structure, being the type of aliphatic 
combinations of carbon, and the hexagonally constructed graphite lattice, 
the archetype of all aromatic compounds of carbon (Debye). 

By the same process of sliding as that by which we passed from the 
face-centred lattice of the regular elements to the hexagonal lattices of 
Zn, Mg, etc., we clearly also get from the two interpenetrating face- centred 
lattices of diamond to a new lattice of hexagonal structure. The tetra- 
hedral arrangement of atoms is not hereby destroyed ; that is, we get a 
lattice in which, as in diamond, each atom is connected by four valency 
links with its neighbour atoms. It was natural that, originally, we were 
inclined to attribute this lattice — we call it "^pseudo-graphite lattice'' — 
to graphite. But, although later experimental investigations of graphite 
disclosed a different lattice system, our pseudo-graphite lattice seems very 
probably to belong to a second modification of ZnS, namely, wurtzite ; it 
has been shown with certainty to exist in the case of ZnO, red zincite. 

Of the other dimorphic crystals TiOj^ has been examined in the form 
of anatas'and rutil : both are tetragonal but their axial ratios differ and 
likewise their lattice structures. 

The knowledge of a great number of other crystals is so far incom- 
plete, that is, Only the position of individual atomic groups and the 
lattice distance of their crystallographic basal form is known. Among 
these are ice, quartz, sulphur, and the crystals of the aluminium group. 

Figures and references about the lattices above described are added 
in note 3 at the end of the book.* 

§ 3. Methods of Measuring Wave-lengths t 

Whereas in the first paragraph we have discussed the diffraction by 
lattices exclusively from Laue’s point of view, we shall now pass on to 
that of W. H. and W. L. Bragg. For this purpose, we prove the follow- 
iug theorems : — 

1. The median plane MM between the incident ray (aojSoyo) ^^<3. the 
diffracted ray (a^y) is Oi net ^Icbne of the crystal, that is, a plane that cuts 
an infinite net of points out of the crystal lattice, and may therefore be 
regarded as a possible crystallographic boundary surface. 

2, The diffracted rays may be regarded as being generated by a reflec- 
tion at this net plane. 

In proving 1, we restrict ourselves, as in the first section, to the 
regular system. 

* Of. also, besides the book by W. H. and W.' L. Bragg, the consecutive account 
in the Zeitschrift fur Kris tallograp hie, edited by P. Niggli, particularly the concluding 
■ sections of each issue since 1921. 

t The experimental methods of Rontgen ray spectroscopy have been enumerated 
in detail by E. Waguer, Physikal. Zeitsohr., 18 lahrg., 1917, p. d05, and M. Siegbahn, 
Jahrb. d. Eadioaktivitat u. Elektronik, 13, 296 (1916). 
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In Rig. 30, above, let the distances 

OP - OQ = 1. 

If we choose 0 as the origin of a rectangular system of co-ordinates, 
which coincides with the crystal axes, then the co-ordinates 

of P are and of Q are ajSy. 

Let the co-ordinates of any point M in the median plane be w, y, z. Tie 
median plane is the geometrical locus of equal distances, PM = QK. 
Thus its equation is : 

{x - a„)2 - 1 - (y - j8o)2 + (2 - 7o) 2 = (a; - a)a + (^ - + {z - yY 

or, after reduction, 

(a - aa)x +{fi - /So)?/ + (y - Jo)^ = 0. 

If we insert into this the interference conditions (3) of g 1, we get 

h^x H- h^y = Q . . . . ( 1 ) 

Let n be some common division of the order numbers that is 

JtjL \ = nh^, = nh^ . . * (2) 

whereby hf, h^, h% have no common factor. Equation (1) then states 
that a plane that is parallel to MM has intercepts on the crystallographic 
axes that are inversely proportional to the integers ht, h% which are 
prince to one another. The numbers 1%% are called the indices of 

the sxbrface MM. The fundamental law of crystallography, the “law 
of rational indices ” states that every surface that has integral indices is 
a possible surface of a crystal. (As in the case of all physical laws in 
which rational ratios occur, rational indices denote such as are repre- 
sentable by the ratios of small integers.) Prom the point of view of the 
lattice idea, this law is self-evident. It states nothing else than that 
every boundary surface of a crystal is occupied by a full net of lattice- 
points. 

We have thus seen that the median ^lane MM between the incident 
and the diffracted ray is a net ylane of the C7ystal : the order numbers 
/^J^, h^of the interferenee phemmenon determine simultaneonsly the in- 
dices , hf^ of this net pla 7 %e. 

The incident and the diffracted ray make equal angles with this plane, 
namely, the angle 6 in Pig. 30. Thus there is nothing to prevent us 
from interpreting the phenomenon of dffiaction as a reflection at this 
net plane. This is, however, not surface reflection, but space reflection. 
On the one hand, it is not necessary that the reflecting net plane of the 
crystal he a bounding plane of it : the reflection takes place just as well 
at the inner virtual crystal planes as at the external real ones. On the 
other hand, the whole system of parallel net planes reflects concurrently 
with the individual plane MM. As we saw in the first section, all lattice- 
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points on which the primary ray impinges contribute to the interference 
phenomenon. The lattice-points contained in the individual net planes 
would furnish only a vanishing fraction of the whole intensity. Even in 
the particular case in which MM is a bounding surface of the crystal, the 
intensity does not depend on the quality of the surface, as is the case in 
optical surface reflection ; we may roughen the boundary surface without 
thereby making the reflection weaker or more diffuse. Thus the reflected 
intensity is derived from the interior of the erystdl. 

But, further, we are here dealing not with co general reflection of all 
wave-lengths, but with a selective reflectim of certain favoured wave-lengths. 

"White light’’ is not reflected back as white light, as occurs in optics, 
but reappears coloured’’ (we are applying the language of optics here, 
as on p. 119, to Rontgen light). Whereas all other wave-lengths remain 
appreciably united in the primary ray, and traverse the crystal in a 
straight, line, certain wave-lengths, of appropriate length for the lattice 
structure, are selected by the reflection. This selective colour of inter- 
ference rays has already been met with in the first section. 

Let OA> OQ be the incident and reflected rays at the lattice-point A, 
and let PC, OR he the incident and reflected rays at the lattice-point 0, 
which is situated in the plane parallel and adjacent to MM. The 
difference between the lengths of path of both sets of rays is found by 
dropping from A the perpendiculars AB and AD on to PC and OR. The 
difference of path is, if d denotes the distance AC between the net planes, 

BC -h .CD == 2d sin <9. 

This must be a whole multiple of A. if the two reflected rays AQ and CB 
are to be in phase and are to strengthen one another by interference. 
This gives us the fundamental relation 

2^ sin 0 = nX,' . . . . • (^) 

But in deriving this relation we have made an unnecessary specialisa- 
tion. It is not necessary that the two lattice-points A and G, in Big. 39, 
which are being compared, lie directly behind one another, that is, on 
the same normal to MM as we found it convenient to assume for the 
sake of simplicity in the figure. Rather, we may displace the point C 
arbitrarily in its net plane to O'. The course of the rays P'O'E' (dotted 
in Pigt 39) clearly has the same optical length as the course PGR, pro- 
vided that the two points PP' and RR' are assumed, in particular, to lie 
on a wave plane through the incident and reflected ray, respectively. 
This is shown clearly in Eig. dO, in which the points ER' are placed still 
more specially, namely, symmetrically to PP' with respect to the plane 
of symmetry SS there drawn ; this has no effect on the phase-difference 
at R and R'. We see that the optical paths PGR and B'C'P' are images 
of one another. If the two rays incident at P and P' are in phase, then 
also the two reflected rays at E and R' will be in phase. But then it 

9 
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follows from Kg. 39 that in it, too, there is the same difference of pibth 
between the reflected rays G'E' and AQ as between CE and AQ, namely, 
the difference nX ; the former strengthen one another by interference 
just as much as the latter. 

In fact, generally, any two lattice-points of the crystal, no matter 
whether they lie on tv/o neighbouring net planes or on two net planes 
that are distant from one another by various multiples of d, no matter 
whether they lie in the plane of incidence (that of the page) or not, 
will strengthen one another by interference, provided only that the wave" 
length and the angle of incidence are related to one another by the 
condition postulated in (3). It is not even necessary for the pointi 
00' , . . to be arranged in lattice form, that is, equidistantly, within 
their net plane. What is important for reflection at the system of planes 
MM is merely the regular sequence of these planes, not the regular 
sequence of points within a plane of the system. The latter factor 
comes into account only when we wish to change the reflection plane, 
that is, when the crystal, besides reflecting from the system of planes 
MM, is also to reflect from other net planes running through the crystal 



Fig. 39. Fig. 40. 


For this, that is, for the existence of further net planes and for their 
action by interference, the necessary condition is that the lattice-po-ints 
be regularly arranged in the first system of net planes. 

In optics we are familiar with the process of 0. Wiener, in which, by 
means of stationary waves, silver particles are precipitated in parallel 
equidistant planes in a layer of silver chloride. The silver particles 
succeed each other irregularly within each plane, but the pianos succeed 
each other regularly at a distance equal to half that between two crests of 
the stationary light, that is, equal to half the wave-length of the mono- 
chromatic light used. These strata of Wiener have been used, as we 
know, in Lippmann’s process of photography in natural colours. * Here 
we have the case assumed above of a regularly stratified system of 
planes, which, for their part, are irregularly occupied by silver granules, 
In interpreting such phenomena our equation (3) played a part,* long 
before its importance in the realm of Eontgen rays could be surmised in 
any way. 

Of course this equation must be identical with the formulae (9) and 

* In the theory of W. Zenker. Of. his Lehrbii,ch der Fhotochromief Berlin, 1868. 
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(11) for the wave-length. In fact, on the view that the quantities 
h*j hi, hi are surface indices we see by a simple geometrical argument 
that the distance d between two successive planes of the group parallel 
to MM is given in the cubic and the rhombic system, respectively, by 




~ ^ 
cl 'N 1^ 


( 4 ) 


If, taking account of (2), we introduce these values into (9) and (11) of 
the first section, both these equations resolve into our present equation (3). 
We see from the method by which it has now been derived, that it is not 
confined to the case of the regular system but is generally valid. The 
meaning, too, of the integral number n in- 
troduced in equation (2) (it is the greatest 
common factor of the order numbers hi, h.^, 

1%^ of the interference effect) is now also 
intelligible physically : n denotes the order 
number of the reflection phenomenon, that is, 
the number of wave-lengths by which each 
reflected ray differs from its neighbouring 
rays that are reflected from the next or the 
preceding net plane. 

For a given angle of reflection 0 and 
given distance d between the net planes, 
equation (3) determines one and only one 
quite definite wave-length, Xi of the first 
order (for n = 1) that is capable of reflec- 
tion, and likewise one of the second, third, 

. . . order, Xg X3 ==^, . . . (for 7i = 2, 

3 , . .). Hence if we wish to reflect the 
whole spectrum from one and the same 
crystal surface, for example, in the first Fig. 41. 

order, then 0 must be made variable. For 

the short-wave side of the spectrum, 0 is to be chosen small, for the long- 
wave side it must be chosen correspondingly great. This consideration 
leads us on directly to the method of revolving crystals, which in the 
hands of W. H. and W. L. Bragg* has led to brilliant results, and, 
indeed, in the two directions characterised on page 121, the analysis of 
Bontgen rays by means of crystals, and the analysis of crystal structure 
by Bontgen rays. 

Fig. 41 gives a schematic horizontal section of the arrangement of 
apparatus in the method of revolving crystals. At the top the Bontgen 
tube is indicated by its cathode K and its anti-cathode A. The slit in a 



* They used the ionisation method (see below). Be Broglie first used the revolv- 
ing crystal method for taking photographs. 
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lead plate singles out from the rays emitted from the focns of the 
' cathode a narrow beam of rays. Sg is a second small slit of lead, wriiali 
serves to limit the pencil of rays still further. This beam then f all« 
the crystal Kr, which is set up on a table T, carrying vernier diviBi^^^^t 
in such a way that the front reflecting net plane of the crystal (for 
ample, a cleavage plane of rock-salt) passes through the vertical 
rotation 0 of the vernier table. The latter is slowly turned abonb tm 
axis 0 within a certain range of angles. All wave-lengths of a certW 
range of wave-lengths then impinge on the table successively Ihft 

necessary angle of incidence 0 (or glancing angle '*) and are 
spectrally by the reflection. They delineate themselves sharply on ^ few 
photographic film TF, which is best fixed (see below) along the o'irolt 
S^PPi that passes through S^; for a small range of angles, it may 
be replaced by the plane photographic plate P'P'. Now, is ttie lootti 
of the film, at which is marked the primary radiation of the 
tube that has traversed the crystal without reflection ; there follow ooa*- , 
secutively on the film the shortest wave-lengths contained in the pirimftiy ' 
beam of X-rays, and then the longer ones. The longest wave-1© 
which, according to equation (3), may be reflected by a crystal with li 
given distance d between the net planes is X = 2d ; the corresponcliiag ! 

angle ^ = g* locus or track of the wave-length on the film wOili4 

coincide with S^. It is obvious that this maximum wave-length, h# 

reflected only in the first order (n — T). 

The scale of the. X’s appears distorted in a certain way not only on Ih# , 
plane plate PT' but also on the film that is fixed circularly. If 3? i» ite , 
spot at which a certain wave-length A leaves its mark, then the ^ ' 

P^^P that is measured on the unrolled film is proportional to 2^, ; 

X itself, according to (3), is proportional to sin 0. Plence the X-ray ! 

trum so obtained is drawn according to scale and in its nattirfi^l , 

portions only for small values of 9 (hard wave-lengths). As 0 j 

the dispersion of this spectral picture increases mote and more rapidly 1 

and finally becomes infinitely great for ^ For, by equation (3), W*. , 

get that, for two wave-lengths X and X + dX that differ by very little, ittid 
their corresponding angles 20 and 2{0 -h dO)j 
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Hence if we wish to resolve a part of the spectrum very sharply (fac ' 
example, the region of a line-doublet), we must look for a crystal*! 
reflects the region of wave-lengths in question at the greatest 

angle $. By equation (3), this is a crystal with d = for the 

of the order. Only for comparatively great A’s (A> 10-® oms.) will il 
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be possible to realise this condition in the first order; for smaller A-'s we 
should have to carry out the measurements in an appropriate high^^ 
order. 

At the same time, equation (5) shows that the revolution of tieigh- 
bouring wave-lengths in the photographic picture increases witli th© 
magnitude of the order number n, as has already been pointed out in the 
first section for the case of the optical diffraction grating, and as will be- 
come manifest in the specimens of spectral photographs of Fig. 4:4. As 
an actual fact narrow doublets are often measured in the second order 
and occasionally even in the fourth or fifth order The advantage of 
greater resolution is, however, counterbalanced by the disadvantage of 
diminished intensity. Fig. 44 gives a clear picture of this, too. 

We have yet to mention several refinements of the method of the 
revolving crystal. Among these is the elimination of the faults of the 
crystal. Even a naturally grown crystal 
surface, or one that is carefully prepared 
by cleavage is not free from faults and 
local irregularities. If we use a crystal 
that is fixed in position, then every ray 

• and every wave-length of the incident 
pencil of rays will be reflected at only 
one point of the crystal, and the faults 
of the crystal at this spot will have 

* their full effect and will betray them- 

selves by fogging the continuous spec- 
trum or by distorting the rectilinear 
course of the line-spectrum, as actually 
took place in the older photographs, in 
which the crystal was kept fixed. On Pi 

I the other hand, in the case of the re- 
wiving crystal, in which the ray glides 

I along over the crystal surface and finds in each position of the crystal thcj 
I appropriate angle of reflection 0 for each wave-length in question, the 
^ faults neutralise one another (cf. Fig. 42). 

Let the position AA of the crystal be chosen so that the central ray of 
the pencil escaping through the lead slit S falls on to the middle O of the 
I crystal at the correct angle 0 for the wave-length X under consideration. 
We describe the circle SiOBP through which touches the line A A. 
Every point B of this circle is the apex of an angle at the circumference, 
standing on the arc S^O, and all these angles S^BO = 6. Draw B033 ; by 
I doing this, we obtain a new orientation of the crystal, in which the same 
wave-length X of the ray S^B is reflected at the spot B of the crystal sur- 
face. By continuously turning the crystal from the position A A to the 
position BB, the point of reflection glides continuously from 0 to IB along 

* Of., for example, Duane and Stenstrom, Phys. Kev., 15, 329 1920). 
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the crystal. This gliding motion ceases only at the boundary of the 
crystal surface or at the boundary of the incident pencil of rays. 

Our Fig. 42 exhibits a further advantage of the method, namely, its 
power to foGUS the reflected rays of the same ivave-length at one point. Let 
P be the point at which the ray reflected at O meets the circle S^j^OB. 
Then S^OP = tt - 20 is the angle subtended by the arc SiP at the cir- 
cumference. Thus the angle S^BP = tt ~ 20, too, since it stands on the 
same arc. From this it follows, if we suppose the reflecting crystal plate 
in the position BE at which the ray S^^B is incident at the angle 0, that 
BP is likewise inclined at an angle 0 to BB, and thus represents the re- 
flected ray. Hence, while the ray glides along the revolving crystal plate 
in the process of reflection, it always passes thi'ough P : all rays with the 
same X are focussed at P. If we pass on to consider a different X, the 
position AA of the crystal plate, for which this X is reflected at 0, will 
indeed change, as also the circle S;^OP and the position of P. But the 
distance OP = will remain fixed. Hence each successive focus P 
will lie on the fixed circle with its centre at 0 and with the radius OS^. 
We thus get a sharply deflned photographic picture of the whole extent of 
the spectrum if loe bend the film, as was depicted in Fig. 41, so that it lies 
along the circle described about 0 as centre ivith the radius OS^, that is along 
the circle S^PPi of Figs. 41 and 42. . 

The sharp definition of the photograph is, on the other hand, reduced 
by the circumstance that the revolving crystal averages over the crystal 
faults of the region of surface used in the reflection. To counteract this, 
the sharpness of the lines is increased by allowing the radiation to fall on 
a minimum portion of the surface. This is secured if a carefully selected 
good part of the crystal is narrowed off by a slit that is fixed close to the 
surface of the crystal. Thus the ideal arrangement (which is, however, 
as we shall see below, possible only in the case of comparatively soft 
rays) would be a revolving crystal, of which only a very small part, free 
from imperfections, was used. The consequent loss of intensity may be 
balanced by lengthening the time of exposure. Whether the crystal is 
turned continuously by clockwork or, in stages, by hand, is of no con- 
sequence : nor does it matter whether the crystal is turned with respect 
to the X-ray bulb or vice versa. Seemann and Friedrich^ produce the 
sliii that is to be fixed just in front of the crystal surface by bringing a 
metal edge close up to the latter ; the other side of the slit is furnished 
by the crystal itself. 

In the case of hard rays the revolving crystal must be rejected, and 
we use, instead of the rays reflected at the surface, transmitted rays. 
For, on account of the depth of penetration of hard rays, the resulting 
deep position of the system of reflecting layers would bring about a 
broadening of the lines that would make impossible an accurate measure- 


Physika]. Zeitschr., 20, 65 (1919). 
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ment of the angle of incidence. In the case of transmitted Eontgen 
light, the reflecting layers are inner net planes which, at least in the case 
of regular crystals, lie perpendicularly to the surface. The slit must then 
be fixed hehindiho^ crystal plate. It marks off the emergent pepcil and 
sharply defines the angle of reflection. A similar method has been used 
by Eutherford and Andrade* for analysing y-rays (see § 6 of this chapter). 
It has been converted into a precision method by Siegbahn.t The dif- 
ferent angles of incidence that are requisite for the reflection of different 
wave-lengths must be furnished by adjusting the aperture of the incident 
pencil of rays. In spite of the absence of rotation, extremely sharp lines 
are obtained, provided that the slit is sufficiently narrow. The correct 
position of the lines cannot be checked from an individual photograph, 
but is secured in the precision measurements of Siegbahn (see § 5 of this 
chapter) by the simple artifice of comparing with one another two photo- 
graphs taken in two positions of the crystal that are symmetrical with 
respect to the direction of the ray. 

If very soft rays, which are strongly absorbed in several centimetres 
of air at atmospheric pressure, are to be photographed, the whole course 
of the rays must lie in vacuo. This requirement leads to the construc- 
tion of vacuum spectrographs, which have been developed by Siegbahn 
along the lines of Moseley. The whole apparatus (see Tig. 41) from the 
circle S^PPi up to and including the plate P'P' has for this reason been 
enclosed in a brass case connected with an air-pump. The X-ray tube is 
also to be considered in this figure as connected with this brass case by a 
tube Si that may be evacuated. 

We now proceed to discuss two other methods of X-ray spectroscopy, 
the first being the ionisation method of W. H. Bragg. In it the photo- 
graphic plate or film is replaced by an ionisation chamber, that is, by a 
vessel that is filled with a (preferably heavy) gas, which receives the 
reflected radiation at P (Fig. 41). The gaseous content becomes con- 
ducting (ionised) in proportion to the radiation absorbed ; the conductivity 
is measured by electrometers. The ionisation chamber must be turned, 
step by step, along the circle P^PS of Fig. 41 to the same extent as the 
crystal is turned forward, step by step, when we pass from one wave- 
length of the spectrum to another that is neighbouring to it. Thus, in 
this case, the spectrum is represented not by a continuous distribution of 
darkened spots, but by a discontinuous succession of electrometer de- 
flections. The method has its advantage in measuring the intensities in 
the X-ray spectrum, and, through the use of electrometers, it is specially 
sensitive and allows quantitative comparisons (on account of the approxi- 
mate proportionality between X-ray intensity and ionisation). The 
method has been so far perfected, particularly by L. Webster and W. 

^ Rutherford and Andrade, Phil. Mag., 28, 263 (1914). 

t Siegbahn and Jonsson, Physikal. Zeitschr., 20, 261 (1919). 
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Daane, that it can compete with the photographic method of 
wave-lengths. 

Secondly, in the method of crystal powders, devised by Delbyc^ and 
Scherrer, the various angles of incidence that are req[uisite for the 
wave-lengths of the spectrum are furnished by the natural lack o£ ord«r 
in the crystal powder. The same method has been developed in A 
by A. W. Hull. It is a typical example of the inevitableness of 
development that, in spite of the blockade due to the war, the sa<i:xie.9 idem 
sprang up almost simultaneously in Germany and America. A 
pencil of Rdntgen rays falls into a little tube which is filled with ith imioro* 
crystalline powder, and strikes one and the same crystal surfaces in aU 
possible orientations. Tor each wave-length there are crystal suarlacei 
inclined at the correct angles, and indeed in all positions arouixicl tlift 
direction of the incident ray. Hence, the reflected radiation for- 1 ns for 
each wave-length a cone about the incident ray. A circularly cyliuitlrioftl 

film placed in position, will to 
darkened by the roflBOtod , 
radiation at its curve of itater^ 
section with this cone. df tli® 
primary ray travels alot i^ hori- 
zontally, the mantle (Bheofc) of 
the cylindrical film in 
vertically. The 

is particularly simple mid hai» 
already been of greait B«rvio© 
to crystal analysis, sirtoo iiioiit 
minerals occur mor3 often ill 
the powder form, bo - anil eel 
amorphous form, than in that of well-grown crystals ; if necess€i,i‘y, lh« 
fineness of the granules may be increased artificially. Tor the jpiirpiCMM 
of true X-ray analysis, however, this method hardly comes into <3[TLmesfcioti* 
We now give an indication of the power of X-ray spectroa eoj;iy by 
reproducing some typical photographs. Fig. 43 is the spectrum of m 
with a platinum anti-cathode, photographed from a revolving or^yHtiid cif 
rock-salt : the picture is magnified four times in the reproduction* Tli# 

wave-lengths increase from left to right. On the less exposed siclii 

of the figure the characteristic lines of platinum (so-called L-series, dlerioli^ 
by a^Y^) stand out very conspicuously as straight lines, accompti^ri iad by 
several weaker lines of iridium, that is related to platinum, and. Mcwiirid 
mercury lines. On the left side of the figure, which was exposecl to 
reflected rays more often owing to the manner of adjustment* of thti 
crystal, and was therefore darkened relatively more than the bajol<|^roiJiml 
of the right side of the picture, we see the contirmous spectrum 
as a fairly uniformly darkened field. The intensity of the darkness dm* 
creases at the point marked d (“bromine band,’* cf. § 7 of thiB chaiptarl 


d o& 



d 

I’m. 43. 
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m a striljingly mdim way towards the right, owing to the selective sen- 
sitivity of the photographic layer of silver for X-rays. Hence we here get 
a document which gives the two components of X-rays, often mentioned 
above, namely the continnous spectrum and the line-spectrum (impulse 
radiation). 

The next picture is one of a series of systematic photographs by means 
of which W. H. and W. L. Bragg have unravelled the structure of rock- 
salt (Pig. 44). The source of radiation was a tube with a rhodium anti- 
cathode. This gives, in addition to a weak continuous spectrum, two 
lines in particular, one, the more intense but softer a-line, and the other, the 
weaker but harder ^-line of the so-called K-series. The cube surface of 
rock-salt served as the reflecting crystal surface. The intensity of reflec- 
tion was measured by the ionisation method. The ordinates of the figure 
are thus electrometer deflections giving the intensity of the ionisation 
current ; the ahscissse denote the angles 20 (cf . Fig- 41) , through which 
the ionisation chamber must be turned so as to be able to receive the 
reflected intensity under consideration in turn. The figure shows the 
two lines a and /S in three different positions. The difference between 


1 
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Tig. 44. 


the lines, which gives a measure of the spectroscopic resolution, increases 
vrith the order-number of the reflection ; at the same time, however, the 
intensity of the lines rapidly decreases (the amount of this decrease de- 
pends not only oh the general conditions of the diffraction, but also on 
the particular structure of the crystal used). Both facts, increase of re- 
solution and decrease of intensity, have already been emphasised above. 
In addition to the line- spectrum, the continnous background appears 
faintly. The sharpness of the lines, compared, with the preceding photo- 
graph, is by no means great in this ionisation picture. 

We give as our third picture a photograph,* taken by Debye and 
Scherrer, of very finely powdered LiP. The source of radiation, a tube 
with a Ou-anti-cathode, again emits, in particular, two characteristic 
wave-lengths, the a- and the /3-line of the K-series, the former being a 
little more intense than the latter. The dark lines of the photograph are 
produced by these two wave-lengths, whereas the continuous spectrum 
of the Ou-tube has produced no appreciable darkening. These dark lines 
are, as we remarked above, the intersections of the film with the circular 


Taken from the G-ottinger Naoliriohteii of the year 1916. 
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cones that start out from the crystal powder, and are described about thi 
direction axis of the incident X-ray pencil. In the middle of the picture 
the lines of darkness are straight, because the circular cone that is de- 
scribed about the primary ray becomes a plane when its angle of aperture is 
90°, and it therefore intersects the films in a straight line. Towards the 
right and the left ends of the picture (emergent and incident directions 
of the primary ray) the curvature of the lines of intersection increases. 
The very dark lines correspond throughout to the a-line of Cu, likewise 
the moderately dark ones ; the weak lines correspond to the /3-lme, in 
the main. The a-radiation and likewise the ^-radiation gives us not only 
one, but several dark images, because it is reflected appreciably at several 
surfaces of the micro- crystals (octahedral, dodecahedral, cubic surface, 

' and, indeed, not only in the first order, but also in the second, third, and 
fourth orders), whereby these surfaces must in each case have the ap- 
propriate orientation towards the incident Eontgen light. This photo- 
graph, like all obtained by this method, serves the purpose of discovering 
the crystal form and crystal structure of the crystal powder which is 
traversed by rays, and which cannot be measured out in any other way. 

But as it also allows us to 
recognise the composition of 
the Eontgen radiation used, 
it is related to the proper 
methods of X-ray spectro- 
scopy above described. 

But we must now follow 
the purpose stated in the title 
of this section — the measim’^ 
ment of the wave-length of 
Eontgen rays. This depends, 
as is clear from equation (3) and from Laue’s own fundamental idea, on 
a comparison of the wave-length sought with the dimensions of the 
crystal lattice, in particular, with the distance d between the net planes* 
Let us return to the method of the revolving crystal and assume that a 
number of lines are photographed very distinctly and sharply on the jfilm 
BE of Big. 4:1. The distance of an individual line from the primary ray 
gives us the angle 20 directly (cf. Big. 41). Brom this we calculate & and 
sin 0- Thus, so long as d is known, X can also be given directly from (S). 
We find X to be of the order of magnitude 10"^ cms. 

It only remains for us to decribe how d is found.* To do this, we 
must refer to the remarks in the preceding paragraph about the construc- 
tion of crystals from their atoms. Very careful measurements are made 
of the cube-surfaces by using a piece of rock-salt that has been obtained 

by cleavage. Bor such a piece (cf. Big. 34) d = ? that is, equals hall 

A 

* 01 the detailed discussion by E. Wagner, Ann. d. Phys., 49, 625 (1916). 
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the edge of the cube, in which Na-ions, on the one hand, and Cl-ions on 
the other, are arranged. In each cube plane we have a quadratic net, the 

distance between the meshes of which is ?, and which is formed alter- 


nately by Na- and Cl-ions. The neighbouring net plane is at a distance 

d = ^ from this one, and is occupied by the same net, whereby, however, 

a Cl-ion is situated directly above an Na-ion and vice versa. If we 
imagine a cube described about each Na- and Cl-ion as centre; then 
these cubes completely fill the crystal. Hence, in the space 2d^ there 
will be a mass + ^ci- This mass amounts to 


(23-00 + 35-46)wh 


58-46 _ 58-46 
L ' 6-06 * ’ 


that is, the sum of the atomic weights of Na and Cl multiplied by the 
mass of the hydrogen atom, or, more accurately,^ with the reciprocal 
of L, Loschmidt’s number per mol, the value of which we get from 
Pig. 1 b on page 7. 

We get in this way, for the density of mass of rock-salt, 


P 


10-28 

6^06 7233 • 


This density of mass is, on the other hand, known from direct observa- 
tion, or can be determined experimentally for the crystal of rock-salt used 
in each particular case. A very exact measurement by Eontgen gives 

p = 2-164. 

By comparing the two values of p we find 


d = 


V 


^ 58-46 . 10 -^ 
2 . 2-16476-06 


2-814 . 10 cms. 


The most uncertain value of those used is Loschmidt’s number, the error 


* As we are here dealing with an experimentally precise determination of d, which 
will affect the accuracy of all later data about wave-lengths, the following circum- 
stance must be emphasised. Our atomic weights, as we hnow, are referred to 
0 == 16 ; the atomic weight of hydrogen then becomes not 1, but I’OOS. When we set 

e 

the electrochemical equivalent charge of the mol, 9649*4: in Chapter I, § 2, equal to — 

we intended mu to signify, not the mass of a real hydrogen atom, but the mass of an 
imaginary atom, which would be exactly units in our table of atomic weights. We 
shall distinguish the true hydrogen atom by the symbol w* from the imagined hydro- 
gen atom wh- The two are related by : m* = 1*008 . 9 '?z.h. Loschmidt’s number L, 

which refers to the mol of exactly 1 grm., is not equal to - but to -i-. In the text 

mu 

above, too, as well as throughout Chapter I, mn is to be taken as standing for the 
imagined hydrogen atom, and hot for the real Only when we get to Chapter lY, 
in which we deal with the spectrum of real hydrogen, will the real mass m* of the 
hydrogen atom first come into question. 
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in which is at most 1 per cent ; as a result, the limit of error which may j 

be imputed to the value of the lattice constant d is less than ^ per cent. | 

The value d — 2*814 was used in the first determinations of wave- j 
lengths by Moseley (1913), and has served for most of the later investiga- i 

tions, in particular for those of Siegbahn, as the standard value for ^ 
calculating the wave-lengths. A, from the measured angle 0. If we carry ^ 
out .our observations, not with rock-salt, but with another crystal of, say, ] 
even an unknown structure (gypsum, mica, Prussian blue), it is sufficient 
to compare a wave-length in both scales, so as to be able to refer the I 
lattice constant d of the new crystal to that of rock-salt, and hence to be ! 
able to calculate the wave-lengths from the measured angles 0 without | 
incurring new errors. 1 1 

. The use of a standard lattice constant is indispensable for absolute • 
measurements, as was pointed out in particular by E. Wagner.* Whether 
the lattice constant* is exactly known is only of secondary importance. 
The main thing is that all measurements must be referred to the same 
lattice constant. The conventional character of the “ d of rock-salt is 
clearly recognisable from the circumstance that, in the more recent work 
which has been done in 8iegbahn*s laboratory, d has been given the 
numerical value 2*81400, and this is the value used in calculations ; it is 
thus not a result of measurement, but an ideal value that has been fixed 
by convention. Of course, it may be found convenient to pass from rook- ; 
salt to calcspar, d = 3*029 (or d = 3*02900), which is more appropriate 
on account of its crystalline constitution. But this, too, could not be ' ; 
done for an individual case, but would have to be agreed upon generally * 
by convention. 

§ 4. Survey of the K-, L-, and M-series and the Corresponding 
Limits of Excitation 

We now enter into a region of physical research which was founded 
only in 1913 and which, in spite of the unfavourable conditions of the , 
intervening years, has already been developed so far that to-day its 
structure is exposed to our gaze with greater clearness and harmony of 
detail than the regions which have been explored much longer and from 
which the new researches have borrowed their aims and methods. It is 
in fact true that the s'pectroscofy of Bontgm rays shows in many ways 
simpler and more satisfactory results than the illimitable spectroscopy of 
the visihle region. 

The reason for this striking fact was touched on at the end of the 
preceding chapter: the X-rays came from the inner part of the atom 
where the electrons, owing to the influence of the unweakened nuclear 
charge, obey simple laws : visible spectra start out from the periphery of 
the atom, where the electrons accumulate and the nuclear charge loses 

■•’Ann. d. Phys., 49, 646 (1916). 
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its regulative power. A further reason must be added : right from the 
outset X-ray spectroscopy had the new atomic theory of Bohr (1913) to 
guide it and direct it, whereas optical spectroscopy was for decades without 
theoretical guidance and had first to generate from within, as it were, the 
facts on which the atomic theory could be founded. 

Let us next cast a glance at our knowledge of Eontgen radiation 
before Lane’s discovery, that is at the characteristic radiation of the 
elements, Barkla, whose works are almost the only ones that come 
into account for this question, showed that every element, on to which 
cathode rays or X-rays are allowed to fall, emits characteristic primary 
or secondary Edntgen rays of quite definite hardness. The hardness was 
measured by noting the coef5.cient of absorption of the radiation in the 
case of, say, aluminium. The simplicity of the law of absorption led 
to the conclusion that characteristic X-rays must to a great extent be 
homogeneous. Moreover, it was found that there is a simple relation 
between the hardness of radiation and the atomic weight of the element 
emitting it. The hardness increases (that is, the absorption decreases) as 
the atomic weight increases. In the case of compounds, the characteristic 
radiation emitted was found to be the sum of the characteristic radiations 
of the elements constituting the compound. This proved that the 
characteristic part of the Eontgen radiation was a fundamental property 
of the atom and that it was conditioned by the atomic weight. 

Barkla succeeded in showing the existence of two series of charac- 
teristic radiation which, he called the 'K-series and the Jj-series. He 
observed the K-series of rays in the case of the lighter metals (as far as 
Ag) and the L-series in that of heavy metals (e.g. Au, Pt). The extra- 
polation of the observed L-rays for the case of the light elements made it 
evident that they would be so soft that, with the means at that time 
available, their presence could not be detected. For it is a general law 
of the excitation of a characteristic radiation that the exciting radiation 
must he harder than that which is excited. (Hence, if the characteristic 
X-ray radiation is produced as a secondary radiation by means of a 
primary one, the latter must be harder than the former. If it is produced 
as primary Eontgen radiation by cathode rays, the latter must exceed a 
certain limit of hardness, that is, of velocity, here.) This law of excitation 
pointed to an analogy in the realm of optics, namely to Stohes* rule for 
light produced hy fluorescence. If a fluorescent substance is to be made 
to fluoresce, the incident light must in general be of shorter wave-length 
than that of the light emitted by fluorescence. In this case, too, then, 
the exciting light must be ‘"harder” than that which is excited. Plence 
Barkla also called characteristic X-rays fluorescent lights thus characteris- 
ing their origin fittingly. Just as the fluorescence light is determined by 
the nature of the fluorescent body and is different in nature from the 
exciting light, so the fluorescence X-ray light is determined by the 
structure of the emitting atom, independently of the constitution of the 
exciting radiation, provided that the latter is sufficiently hard. 



14 ^ 


Chapter III. X-ray Spectra 

' After Laue’s discorery all these relations became incomparably 
certain and definite. The qualitative measurement of hardness by 
of absorption was replaced by the quantitative measurement of 
length^ which was free from all arbitrariness. The JwmogeAmP]/ of Ik# 
characteristic radiation was on the one hand sharpened and on tbo oihtr 
narrowed down. The spectroscopic resolution of the characteristics 
tion disclosed a spectrum of sharp lines, of which each, takers 
represents Eon tgen light of very great homogeneity, but the tottiiHty of 
which signifies an emission of light of a certain degree of hetero^oxif^-ity. 
The general dependence of the hardness on the atomic weigh fs ciotiM 
now, after the arbitrary mode of measurement by absorption 
replaced by the natural method of measuring wave-lengths, and liftciti 
thanks to Bohr*s theory, the somewhat indefinite atomic wei^h^ 
been replaced by the simpler quantity, atomic number, be expreBBcsci ft 
simple numerical law between wave-length and atomic number. Ifc 
became possible to express the condition of excitation quantitauhivcily* 
When the exciting radiation was resolved spectroscopically, it W 3 *B 
by how much its short-wave end had to exceed the excited radiant ion te 
hardness, in the sense of Stokes’ rule. Finally, it became posBibl® ^ 
add to the two characteristic emissions of Barkla, the K- and I 
tions, still a third which was appropriately called M-radiation. 

We next give a general graphical survey of the wave-lengths of K*i 
L-, and M-radiation, which is derived from an account given by M* 
Siegbahn, the discoverer of M-rays (Pig. 46). We mark off the 
lengths horizontally, whereas vertically, starting from the top, wft 
measure off the increasing atomic numbers of the elements emittin^^ tibaiw 
wave-lengths. The horizontal line thus signifies in a certain seris-e tbe 
extent of the spectrum in question, and the vertical direction, in B feops of 
3 units at a time^ the series of the natural system of the elements. Th# 
K-radiation is the hardest of the three types of rays ; it has been obeerviii 
for cases ranging from the lightest elements (Na, Z - 11), for whioh. 
even the K-radiation is already somewhat soft, to cases for wbiob tli# 
rays are extremely hard (for example, this was carried out witb 
tieular accuracy for tungsten, K — 74). The L-radiation is, for on €3 ii^tidl 
the same element, considerably softer than the K-radiation ; it ban l:i€i€fiPi 
observed^ for Cu, Z = 29, for which it is still a little softer tha# ii fclis 
K-radiation of Na. The L-radiation has been drawn in th© ligur# 
as far as Bi, Z = 83. It has been measured beyond this fmt 

as the heaviest element U, K = 92. Still softer than the L-raciiix,ttoti 
there is the M-radiation, which has so far been observed only in fcha 
case of the heaviest elements, and even then special precautions (va»o^iiiixi 
spectrograph, cL p. 136)^ were rendered necessary. Bach of these 
tpes of radiation consists, as the figure indicates, of several lines : mm 
the atomic number increases, each type becomes harder. 

To this survey of the experimental results we shall immediately add 
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the theoretical picture to which the harmonious combination of experi- 
mental results has led. To develop it fully we should certainly require 
a rather lengthy introduction, which we shall give later. Consequently, 
we shall here restrict ourselves to the more pictorial features of the 
theory, and shall for the present omit the foundations and the numerical 
details. 

The theory of Eontgen spectra rests entirely on the atomic model 
which was developed in the preceding chapter. This model was com- 
posed of the positive nucleus as the central body and the planetary system 
of electrons surrounding it. Concerning the arrangement of this planetary 
system, the general facts of the periodicity of chemical properties gave 
us some provisional information. According to this, the electrons are 
apparently arranged 2 
in individual shells. 11 
When one shell is ,7 
completed, another is 20 
formed, corresponding 26 
to the beginning of a 
new period in the ;i 5 
system of elements. ^ 

The strengths {BeseU u 
zupgszahlen) of the in- 50 
dividual shell should 

56 

coincide with the u) 
period numbers of the 
natural system (if we 68 
leave out of account a 
certain alteration in 77 
the sequence of the 33 
series). 01 2 n 4 5 e 7 8 9 10 xi . lo-scm 

We shall call the 
shells in turn, count- 
ing from within outwards, the 1 \-, L-, M-, N-, . . . shell. In the 
schematic picture of Fig. 47 , we shall represent them by circles described 
about the nucleus as centre; in this sense, we often speak of a K-, 
L-, . . . rmgJ' 

We shall now describe (a) the phenomenon of excitation, (b) the pro- 
cess of emission for the K-, L-, M-radiation according to the plan of 
W. Kossel,^ whose views seem to be more and more confirmed by the 
facts. 

To excite K-radiation, an electron must be removed from the inner- 
most shell, the K-ring, and transferred to the periphery of the atom. If 
the excitation occurs through the agency of cathode rays, it is easy to 

* W. Kossel, Verb. d. Deutsohen Physikal. Gesellsch., 1914, pp. 899 and 953 ; 1916, 
p. S39. 
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imagme that the tearing-off of the K-electron ” is effected by the 
of a cathode-ray particle that has penetrated into the atom. To 
the K-electron, a certain energy, lifting power, is necessary. The 
of the impinging cathode ray must be at least as great as thi^^ littmg 
energy. This sets a definite limit to the excitation necessary to loroaa©# 
the K-radiation, that is, there is a lower limit to the necessary hsiirdn^s 
of the cathode rays. This agrees with the results of Barkla’s rese»rcti« 
as given above. If the excitation is effected not by cathode rayB^ hut 
primary Bontgen radiation, then we must demand for the correBX^oncilOg 
minimum of its hardness, that its hv (cf. Chap. I, § 6) is at least grm% 
as the lifting power required to do the work of transference. 

To excite the Ij-radicbtion, it is necessary to remove an electuori 
the L-shell to an outer position. The lifting work necessary is less ihAtt 
the corresponding work for the same atom in the case of a 
Hence, for the L-electron, the hardness of the exciting cathode rayK « 
Bontgen rays is less. To generate the M-radiation, whereby the a^ttaok l« 

made on the M-shell, the neoesstiiry 
of lifting and the hardness a.re ©or»* 
spondingly reduced. In Tig- ^7 A# 
process of excitation is repx'eiiari'ilfl. 
diagrammatically by the arrows Ihftt 
point from within outwards. 
the signs K-Gr. (K-Grenze == 

L-Gr. (L-limit), and so forth. 

Through the excitation the atom 
prepared for the following ^ 

Fig. 47. emission. When the K-atorn Has 

torn out, the K-shell strives "to oowa* 
plete itself again. The missing electron may be furnished Hy ailh«f 
the L-shell or the M-shell, or some other. Whereas the process of i««i- 
tation was accompanied by a gain of energy (work of lifting, absoarptioii ^ 
energy), the converse process takes place with the loss of energy 
of falling, emission). When, in our planetary system, an electron Juiflcip 
into an orbit nearer the nucleus, the potential energy of the 
system certainly becomes diminished. We shall show by a ctrloulutun 
later that the total energy (kinetic + potential) decreases. Heiioci 
is liberated. We assume that this appears in the form of energy of raclilt- 
tion, and that it is emitted as monochromatic radiation, tHfci^t m 
radiation of one wave-length, in each case. According as, tho 
electron, however, returns to the K-ring from the L-, M-, or iht 

energy set free will be different in amount : correspondingly thearo will bl 
various possible K-radiations, each of which is represented by a* cliifiiiit* 
wave-length. We talk of the Ka-line (transition from the Li- to thii K 
shell), of the Kyd-line (transition from the M- to the K-shell), of th« Ky 
line (transition from the N- to the K-shell). The lines Kct, K- 
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together constitute the K-smes. is harder than Ka, and Ky is harder 
than. K/? on account of the successive increase in the energy of falling 
that is available. On the other hand, Ka is more intense, K^, and 
K^ is more intense than Ky owing to the fact that thre probability of the 
occurrence of the transition becomes successively smaller. It seems very 
plausible to suppose that the replacement of the missing electron is effected 
more often by the neighbouring shell than by the next or some later shell. 
In Pig. 47 these electronic transitions are represented by the arrows that 
point inwards to the nucleus ; they are distinguished, in so far as they 
belong to the emission of K-lines, by the symbols Ka, KyS, Ky. 

Whereas all electronic jumps that end in the K-shell belong to the K- 
series, all these that end in the L-shell belong to the lines of the h-series. 
If a place in the L-shell has become vacant owing to a preceding excita- 
tion, the L-shell seeks to restore its full complement of electrons at the 
expense of the M- or the N-shell, and so forth. The energy that is hereby 
set free again appears as monochromatic radiation. We speak of the La- 
line (transition from the M- to the L-shell), of the Ly-line (jump from the 
N- to the L-shell), and so forth. Ly must be harder than La, because 
the energy-difference between the N- and the L-shell is greater than that 
between the M- and the L-shell. On the other hand La will be more 
intense than Ly, because the transition from the neighbouring M-shell 
seems ' more probable than from the more distant N-shell. In Fig. 47, 
the inwardly directed arrows La and Ly end in the L-shell. Concerning 
the naming of these arrows it must be remarked that there are also lines 
Lfi and L8 which, however, like a series of further lines of the L-series, 
have not yet been, successfully fitted into our provisional scheme. The 
following sections will deal further with this, circumstance. 

P^inally, electronic transitions that end in the M-shell, furnish dif-. 
ferences of energy that correspond to emissions of lines of the M-series. 

■ In our figure this series is represented by only one line, Ma, corresponding 
to tlie transition from the N- into the M-shell. Actually, it, too, consists 
of several lines. 

In several absorption experiments with light substances (water, alu- 
minium, paper) Barkla believed in 1917 that he had detected signs of a 
radiation still harder than K-radiation ; he called it J-radiation. Eepeated 
tests by other observers have, however, not been able to confirm the 
existence of this radiation.* Nor has the theory a place for such radia- 
tion, so that we must regard K-radiation as the hardest possible radiation ; 
this is expressed in our figure. 

In succession to Fig. 47 we 'give Fig. 48 as a still more schematic 
illustration of the process of emission of Eontgen rays. This diagram 
Has an advantage in that it takes more account of the quantitative aspect 
of th.e phenomenon. In it we visualise the various shells not by their 

* Cf. the summarised remarks of Bitchmeyer, Phys. Kev., 17, 433 (1921). 
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lelafcive positions in the atom but by their relative energy-differences. 
Thus we draw a succession of energy-steps such that the difference o£ 
height between two steps gives the energy that is liberated when an electron 
drops from the higher to the lower step (orbit). The lowest step beai^s 
the sign K, the next L, and so forth. The energy-level of the nucleus is 
to be considered at — go. The highest dotted limit of the steps corre- 
sponds to the periphery of the atom. The quantitative drawing of the 
pickire leads us to assign to the successive steps K, L, M, N, . . . the 
series of integral quantum numbers” 1, 2, 3, 4, . . . in such a way that 
the position of each step below the highest level is, at least to a certain 
degree of approximation, proportional to 

1 L 1 1 

1^' 2^’ 3^’ 42 • • ‘ 

Accordingly we make the height of the steps in the figure decrease, from 



the bottom upwards, in the manner indicated by the differences of height 
1, J , , . . written at the side (on the right). Moreover, we again draw 
the arrows Ka, , La . . . that correspond to the various pos- 

sibilities of energy-emission, and the arrows K-Gr, L-Gr, which corre- 
spond to the various kinds of energy-absorption. 

This theoretical diagram enables us to understand at once the general 
laws for the hardness of B-ontgen lines that came into evidence in Fig. 46 
We must thereby bear in mind the fundamental quantum principle that 
we deduced in Chapter I, § 6, eqn. 6 from the photo-electric effect, namely : 
the greater the available difference of energy ^ the greater the hardness of the 
consequent Bontgen radiation (and therefore^ the smaller its wave-lengthi). 
Or, in symbols, 

= W« - W, . . . . (1) 

Here h is Planck’s quantum of action (see p. 37); v is the oscillation 
frequency of the emitted Bontgen line under consideration (inversely pro- 
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portional to its wave-length). The right side of the equation denotes the 
energy-difference of the atom between its initial and its final configuration, 
and is, therefore, represented quantitatively in Fig. 48 by the length of the 
arrow that represents the Eontgen lines in question. That is, the arrows 
in QiLT figure show by their length the hardness of the corresponding Eontgen 
radiation. According to equation (5) of Chapter I, § 6, the same holds for 
the arrows of the excitation limits that signify the absorption of cor- 
puscular energy or wave-energy. In this case, we need merely reverse 
the sign of the right side of equation (1), for this corresponds to reversing 
the direction of the arrow in the figure. 

Hence it follows : for one and the same atom the 'K-series is harder than 
the Ii~smes which^ in turn, is harder than the M.-series. Within the K- 
series the hardness increases from Ka beyond Kyd to Ky, but in ever 
decreasing steps, and finally arrives approximately at the hardness of the 
K-limit. The same holds for the L-series, and the same for the others. 
But further, the available differences of energy depend essentially on the 
amount of the nuclear charge. The greater the nuclear charge (and hence 
the atomic number of the element), the more intense is the electric field 
around the nucleus. The energy-steps become greater as the Z increases 
(as a rough approximation, they increase proportionately to as we shall 
see later). But this means that the hardness of each series or line in- 
creases for each step forward in the natural system of elements. A glance 
at Pig. 46 shows how perfectly these theoretical deductions agree with the 
facts of observation. 

§ 5. The K-series. Its Bearing on the Periodic System of Elements 

Following in the footsteps of Barkla, Moseley * was the first to bring 
the emission of the Eontgen lines into relationship with the scheme of 
the natural system. 

His first photographs (1913) dealt with the K-series of the elements 
between Ca, Z = 20, and Cu, Z = 29, inclusive. The elements were 
successively fixed into the X-ray bulb as anti-cathodes. Thus the 
characteristic rays were excited directly by means of cathode rays ; this 
has the advantage that the excited rays are more intense than when 
produced by the method of secondary rays (excitation by primary X-rays). 
Moseley further increased the intensity by fixing the slit that limited the 
X-ray pencil very close to radiating cathode in the X-ray bulb. In this 
way he simultaneously obtained a wide angular aperture for the emergent 
pencil and also the possibility of establishing the region of wave-lengths 
of the K-series by means of the position of the crystal which was fixed 
for each element, but had to be appropriately altered in passing from one 
element to the next. 

Thus Moseley did not use the method of the revolving crystal (of. § 3). 

* H. G. J. Moseley, The High Freguency Spectra of the Elements, Phil- Mag., 
26, 1024 ( 1913 ) ; 27, 703 ( 1914 ). 
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Eeferring to Fig. 41, which depicts the latter method, we may deS'Csrib# 

his arrangement as follows. In place of the slits 8^, a slit S fixed 

very close to the anti-cathode A. * The crystal stands on the 

table T, which may be rotated, but which is kept fixed for eacli jihoto- 

graph. The position of the crystal towards the very divergent 

pencil is chosen so that reflection angles that are necessary for tlio 

lengths to be photographed lie within the limits of the incident 

The photographic plate is set up in accordance with the focal coricliti0ia 

discussed in § 2, that is, at the same distance from the crystal ih»l 

between the crystal and the slit S, and, further, the plate is turnacl ootw* 

spondingly when the crystal is turned as we pass from element to 

Let us next look at a now famous figure in Moseley's paper:'- *^1*11*1 
photographs have here been pasted above each other successively bo thtti 

^ positions vertically i>alcjw 

one another denote «3C|ii*l 
wave-lengths. Th.e wav#* 
lengths increase as we 
from the left to tliet 
We learn from Pig- 4:9 

1. As the atomic rixirrilMr 
increases, correBjrot'i cl m§ 
lines in the spectrci/ ii;iO¥6 
regularly and 8ucce»«i'V©ly 
towards the region of 
smaller wave-lengtliB* ®llt 
hardness of the tat* 

creases as Z increases - W« 
are familiar with thiti fiiot 
through Barkla’s invciati^^ 
tions (cf. the pr€50€3dli:iig 
paragraph), in whiclx it 
49 ^ sumed a less definite form, 

. This law is true not only 

of me K-series but also of the L- and M-series, as we learn from 4 6# 

2. In the case of each element, two lines occur : they are ’ 

intense but softer line Ka and the less intense hut harder line K/^, whiciti 
we have already met under the same names in the preceding paraug^riwiti. 
The faint line Ky that was also mentioned earlier is not distinguinlifajl® 

from the K^, and appears only when refined spectroscopic methocln iwiii 
applied. 

3. The X-ray spectra are a pure property of the atom, and, iiicloiid. 

brass, that is, an alloy of Cu and Zn, accordingly exhibits the sam«i lint* 
as the preceding element Cu and the following element Zn (not slio-wr, in 
our figure). Further, we observe in the case of Co, which it is aiffioutt 


''' ” /r*,,... 


Co, 
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to separate from Ni and Fe (first triad of the periodic system), besides 
the a- and /5-line of Co also less intense images of the a-lines of Fe and Ni. 

4. The order of Co and Ni in the periodic system is rectified by this 

result of X-ray analysis. Whereas, according to the values of the atomic 
weights, Ni should precede Co (at. wgts. being 58*68 and 58*97 respect- 
ively), we had to write Co before Ni in the chemical scheme of Table 2, 
page 57. The X-rays are not deceived by the atomic weight and so they, 
confirm the true order CoNi. Not the atomic weight, hut the atomic 
number governs the . 

Bontgen spectra. The ' ^ V V 

atomic number intro- 
duces order into the 
natural system, where- 
as the atomic weight 
introduces disorder. 

The same is true of 
the order of Te and J 
and this is likewise 
established properly by 
Bontgen analysis (cfi 
Fig. 51). The third 
space of the natural 
system with the un- 
natural order of the 
elements (according to 
atomic weight) was 
A, K (Z = 18 and 19). 

The Bontgen spectrum 
of argon is, indeed, still 
wanting, but there can 
be no doubt that it, 
too, will decide against 
the atomic weight and 
in favour of the atomic 
number. 

As Eutherford in- 
cidentally remarks, the original problem that Moseley was trying to solve 
when he set about his experiment was to determine whether it was not 
the nuclear charge, instead of the atomic weight, that decided the nature 
and the hardness of the characteristic Bontgen radiation. 

5. Since the discovery of the periodic system, particular interest was 
centred on the presence of gaps and the prediction of new elements in 
the system (cf. p. 72). In Moseley’s figure, the rare element scandium 
is missing between Oa and Ti. Its absence is betrayed by a greatjeap 
between the elements Ca and Ti that succeed one another in the figure. 
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The regular increase (that was emphasised in 1) in the hardness as Z 
increases reveals infallibly every gap in the system. Whereas, in the 
case quoted, we were dealing with the known element Sc, we shall see in 
Kgs. 50 and 61 a similar gap at Z = 13 (eka-manganese) that points to 
an element not yet discovered. Also the remaining gaps in the system 
(Z = 61, 75, 85, 87, cf. Table 2) have been confirmed by the method of 
Eontgen rays. In this way the Eontgen spectra have led to the definite 
conclusion that the mmiber of gaps rmist he five. ^ 

Partly to continue Moseley’s figure in the direction of increasing 
atomic numbers and partly to bring into evidence the advances that have 
been made in photographing Eontgen rays, we give as our next illustration 
Kg. 50, by Siegbahn : it represents the elements from As, Z = 33, to Eh, 
Z = 45. In this case tte spectra have been taken by the method of the 
revolving crystal; as a result, the lines are sharper than in Moseley’s 
case and more completely separated. Besides the second most intense line 
K/3, we see here also the faint line Ky (to the left, and hence harder than 
K/3), the origin of which we know from the preceding section. Purther, 
we see that the most intense line Ka of the doublet (a, a) has been re- 
solved (a is to the right of a, and hence is softer). Besides these lines, 
the zero mark (on the extreme left) has been photographed ; it is made by 
the undiffracted primary radiation. 

The same remarks apply to this figure as to the former ; the hardness 
increases for each line as the atomic number increases; the Sr-line 
adulterates to the Eb-spectrum ; gaps occur in the succession of the ele- 
ments, exhibited by irregularly great differences in the hardness, namely, 
between Br, Z = 35, and Eb, Z — 37, the inert gas Kr, Z = 36, is missing. 
As in the case of A above, it is difficult to get an X-ray spectrum of Kr. 
Between Sr, Z = 39, and Nb, Z = 41, there are missing Y and Zr, Z = 
39 and 40 respectively. Pinally, between Nb and Eh three elements, 
namely. Mo, Eu, and . the unknown element eka-manganese, are missing. 

Before giving the complete list of the wave-lengths of the principal 
lines of the K-series as far as they have been measured, we give in Table 
9 a little list of the notation of the various lines, and, partly to revive our 
earlier remarks, of the origin and intensity of the lines. 

Table 9 


Our notation. 

Siegbahn. 

' 

Origin. 

Intensities. 


“2 


8 




10 



ilf -> Z 

4 

7 

^2 

N 

1 


The lines are arranged in order of increasing hardness. In Siegbahn’s 
notation two groups of lines are distinguished, the soft a-lines and the 
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harder y8-lines ; he numbers the lines in both groups according to their 
intensity. A number of fainter lines that occur only in the case of the 
lowest atomic numbers, and that are to bear the names a^, 
according to Siegbahn, are not included in our list. All data about in- 
tensity are fairly rough estimates and merely denote relative numbers. 

The data concerning the origin of the lines agree with the account 
given in the preceding section. All transitions end in the K-shell ; to 
produce Ka, the electron jumps from the L-shell, to produce K/? it jumps 
from the M-shell, and to produce Ky from the N-shell. But now, to 
supplement the preceding section, we must subdivide the h- shell into 
two ‘parts, which we call the and the L^-shell. In the picture of Fig. 
48 the L^-shell would lie below the L^-shell (there called L-shell) ; in the 
picture of Fig. 47, the L^-ring would lie within the Lj^-ring (which is 
there the L-ring). 

In Table 9 the lines a, a are bracketed together to indicate that they 
form a related doublet (which is not the case with the (By lines). The 
exact definition of what we call “ doublet ” cannot be developed except in 
conjunction with the facts discussed in the next section. A necessary if 
not a sufficient condition for a doublet, is that either the initial level or 
the final level (as in the case of Ka and Ka ) of the transition must coin- 
cide for the lines of the doublet. 

Turning next to Table 10 we must first say a word or two about the 
choice of the wave-lengths. In optical regions we measure wave-lengths 
in Angstrom units (A), which are such that 

1 A = 10 ■“ ® cms. == 

In the case of Eontgen rays, too, the older measurements were ttsually 
expressed in terms of Angstroni units. But when Siegbahn,* in 1919, 
by means of an elaborate refinement of the apparatus and of the means 
of taking readings (from a double photograph of the same line for two 
different but exactly determinable positioiis of the crystal), succeeded in 
increasing the accuracy of measurement a hundred-fold, it was found to 
be expedient to introduce a more convenient unit of smaller value.* The 
new unit proposed by Siegbahn is 

1 X == 10 “ cms. 

The wave-lengths of X-rays are then described in X-units just as the 
wave-lengths in the visible are described in Angstrom units : for example, 
according to our table, for the 

Ka of Oa : X - 3351-86 X-units, 

and as a parallel to this we have in the visible spectrum the Fraunhofer 
line 

K of Ca : X = 3933*83 A-units. 

Rontgenspektroscopisohe Prazisionsmessungon, Ann. d. PhyB., 59, 66 (1919). 
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In our table the more recent precision measurements appear to two 
decimal places, the older measurements only in whole X-units. The 
abbreviations which follow the numbers signify the observers ; the key to 
these letters is : — 


M. = J. Maimer, Dissertation, Lund, 1915. 

S. Fr. = M. Siegbahn and E. Eriman, Ann. d. Phys., 49? 611 (1916). 

S. St. = M. Siegbahn and "W. Stenstrom, Physikal. Zeitsohr., 17, 48, and 318 
(1916). 

U. 0. = H. S. Uhler and E, D. Cooksey, Phys. Pev., 10, 645 (1917). 

D. Hu. = W. Duane and Kang-Euh-Hu, iUd„ 11, 489 (1918), and 14, 369 (1919). 
S. . = M. Siegbahn, Ann. d. Phys., 59, 56 (1919). 

H. = E. Hjalmar, Zeitsohr. f. Phys., 1, 439 (1920). 

Ste. = N. Stensson, ihid,^ 3, 60 (1920). 

D. St. = W. Duane and W. Stenstrom, Proc. Hat. Acad., 6, 477 (1920). 


The measurements first deal with the angle of incidence 0, From 
them we calculate the wave-lengths according to the method given at 
the end of § 3. At the top of the table the lines a, a! have not yet been 
separated. The fact that, of the metals of atomic number greater than 
60, it is just tungsten that is quoted, is due to the use of tungsten as the 
anti-cathode in the Coolidge tube. Whereas the other gaps are obvious^ly 
merely accidental (for example, the inert gases are as yet all missing), the 
y-line seems to reach its limit in the neighbourhood of Ca, Z = 20, and 
is absent in the case of lighter elements. The reason is clearly to be 
discerned in the incomplete development of the outer electronic shells as 
the atomic number becomes smaller. Whether and where the /3-line 
reaches a corresponding limit is not yet decided. 

In our table the values of X vary from 12 A to 0.2 A. At the limits 
(both of the hard and of the soft rays), technical difficulties arise in photo- 
graphing the lines, which at present prevent a further extension of the 
series of observations. 

The difficulty due to the strong absorption of very soft rays is over- 
come by constructing a vacuum spectograph (cf. p. 135). But the 
difficulty offered by the lattice constant remains. The fundamental 
equation (3) of page 129. 


sin $ “ 


n\ 

¥d 


( 1 ) 


requires also for ^ = 1 (observation in the first order of reflection, to 
which we may restrict ourselves in dealing with very soft rays) that 

Uyx (2) 

The lattice constant for the cube surface of rock-salt was, as we cal- 
culated at the end of § 3, <^ == 2*814 .10“® cms. According to this rock- 
salt may be used only as far as wave-lengths not exceeding X ss= 5 A. 
Fortunately gypsum and mica are available as two good crystals that 
have a considerably greater lattice constant. (This is in conformity with 
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Table 10 


Wave-lengths of the K-series 


z 

a' 

a 

iS 

7 

11 Sodium . 



11883-6 H. 


11591 

H 



12 Magnesium 



9867-76 „ 


9534*50 





13 Aluminium 



8319-40 „ 


7940-60 





14 Silicon . 



7109-17 „ 


6739*33 





15 Phosplionis 



6141-71 „ 


5785*13 





16 Sulphur . 



5360-66 „ 


5019-13 





17 Chlorine 


4721-86 

Ste. 

4718-70 

S. 

4394-50 





19 Potassium 


3737-25 

)5 

3733-86 


3446-38 





20 Calcium . 


3855-12 

n 

3351-86 


3082-97 


3067-40 

H. 

21 Scandium 


3028-63 


3025-26 


2773-66 


2755- (5) 

11 

22 Titanium 


2746 

s.st. 

2742 

s.’st. , 

2508*74 


2493*67 

11 

23 Vanadium 


2502 

>) 

2498 


2279*68 

55 

2265-37 


24 Chromium 


2289-28 

ste. 

2285-17 

s. 

2081-44 

S. 

2071 

[S.st.] 

25 Manganese 


2097 

s.st. 

2093 

S. St. 

1902 

s.st. 

1892 

55 

26 Iron 


1936-60 

Ste. 

1932-39 

s. 

1753-97 

s. 

1742 

55 

27 Cobalt . 


1789-52 

,, 

1785-24 


1617*15 

H. 

1606 

55 

28 Nickel . 

* 

1658-60 


1654-67 


1496-69 

11 

1488 

55 

29 Copper . 

* 

1541-22 

n 

1637*36 

s.’st. 

1388*87 

11 

1377 

55 

30 Zinc 

. 

1437 

S. St. 

1433 

1294 

s.st. 

1281 

55 

31 Gallium . 


1341-61 

u. c. 

1337*86 

u. c. 

1205*91 

u. c.- 

— 


82 Germanium 


1261 

S. St. 

1257 

S. St. 

1131 

S. St. 

1121 

55 

83 Arsenic . 


1174 

S, Fr. 

1170 

S. Fr. 

1052 

S.Fr. 

1038 

S.Fr. 

84 Selenium 


1109 


1104 

11 

993 

11 

— 


86 Bromine 


1040 


1036 

11 

929 

91 

914 

55 

87 Kubidium 


926 

1) 

922 

11 

825 


813 

55 

88 Strontium 


876 


871 


779 

11 

767 

55 

89 Yttrium 


840 

M. 

835 

M. 

746 

M. 

733 

M. 

40 Zirconium 


793 


788 

1 1 

705 

S.’Fr. 

— 

S. Fr. 

41 Niobium 


754 

S. Fr. 

749 

S. Fr. 

669 

657 

42 Molybdenum 


712-12 D.Hu. 

707*83 D.Hu. 

631-10 D.Hu. 

619*7 

D.Hu. 

44 Ruthenium 


— 


645 

M. 

574 

M. 

— 


46 Rhodium 


616-4 

11 

612-1 

D.Hu. 

545-3 

D.Hu. 

534-2 

55 

46 Palladium 


690 

M. 

586 

M. 

521 

M. 

— 

M. 

47 Silver 


667 

n 

562 

>5 

501 

55 

491 

48 Cadmium 


643 

51 

538 

55 

479 

55 

— 


49 Indium . 


515 

55 

510 

55 ■ 

453 

55 

440 

11 

60 Tin 


490 

55 

487 

* ” 

432 

55 

— 


61 Antimony 


472 

55 

468 

55 

416 

55 

408 

11 

62 Tellurium 


■ — 


456 

55 

404 

55 

— 


58 Iodine . 


— , 


437 

55 

388 

55 

— 


55 Caesium. 


402 

55 

398 

55 

352 

55 

— 


56 Barium . 


393 

55 

388 

55 

343 


— 


67 Lanthanium 


376 

55 

372 

55 

329 

55 

— 


68 Cerium . 


360 

55 

365 

55 

314 


— 


69 Praseodymium 

347 

„ 

342 

55 

301 

55 

— 


60 Neodymium 
74 Tungsten 


335 

213-41 D. St. 

330 

208-60 

55 

D. St. 

aya „ 

184-20 D. St. 

179-01 

, D.St. 


the immediately obvious rule that, usually, net planes of crystals that 
cleave very readily have a large lattice constant.) The lattice constant 
of gypsum is = 7-621 . 10 - ® cms. (according to a remark at the end of 
§ 3, it may be obtained from the lattice constant d of rock-salt by photo- 
■graphing one and the same line with itbe two crystals'.in turn). By 
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condition (2) then, gypsum suffices as far as wave-lengths not 

X = 15 A. As a matter of fact, the soft liaes of Table 14 were o > 5** ^ 

by means of an analyser of gypsum. If, later, we should wish to 

on to still greater wave-lengths, the crystal of gypsum would also 

too small meshes. We should then have to resort to organic 

complex molecular structure. 

On the other hand, the difficulties offered by very hard rays t 

the angle 0 in (1) becomes too small, thus depreciating the accuracy very 
much. When X/d is very small, we are dealing with a glancing 
incidence and of reflection between the Rontgen rays and the ^ 

plate. We may escape this, on the one hand, by making observation 
a higher order (cf. the factor n in e^n. (1)), on the other hand, by tiBiBg 
net planes whose distance apart, d, is as small as possible. Ohan|giopf t ^ ® 
crystal does not help us much in the latter respect. Whereas we lisw in 
the case of rock-salt a = 2d = 5’63 .10“^, we have in the ^ 

crystal of smallest known lattice constant, namely, diamond, a = 3*55 . 1 o 
Greater advantage is obtained by passing from one crystal surfacti (foi* 
ample, from the cube surface 100) to another with higher indicuB (foi 
example, the octahedral surface 111), whereby d becomes smaller (c3*K» *** 
the ratio n/S", cf. eqn. (4) in § 3). But both these advantages, gaincicl by 
using a higher order of reflection and surfaces with higher indices, a*™ 
obtained at the expense of intensity. 


From the wave-lengths X we pass on to the wave-immbers 


1 

X 


(9Mfnimr 


of wave-lengths that ocgilt in 1 cm. of a light-ray). Following the iibuii*! 
practice of spectroscopy, we use (in a strict sense, wrongly) thc^ Bifcitio 
letter as for the vibration number or frequency (number of full vibrations 
that occur per sec.). We thus have the two meanings for y, which cllffcsr 
in their dimensions ; 


y 


y 


1 

X 

1 


r 


= wave-numbers (cm.““^) . 

Q 

= ^ = frequency (sec. “ ^) . 


( 3 ) 

(4) 


It is the latter meaning that we always have in mind when we Bj>c»k 
of the energy- quantum hy ; we are referring to the former when we widte 
down spectral formulae. For the rest, we shall not always keep striotly 
to the term wave-number, but shall occasionally replace it by the riiorf;i 
usual frequency in spectroscopy. 

Furthermore, we introduce a universal wave-number which will »iii*V€f 
as the unit of measure for all remaining wave-numbers, namely, ih© 
Eydberg-Ritz constant. We give it this name because it first playacl fi 
fundamental part in the series formulae of Rydberg, and later in those of 
Ritz (cf. Ohap. YI, § 1). We assign to it the symbol R (instead of tin* 
spectroscopically more usual letter N, which we used in the xjrececliii^ 
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editions of this book) ; its numerical value, according to Paschen (cf . Ciiap. 
IV, § 4), is 

E = 109737 cm.-i . . . . (5) 

The term Rydberg frequency which we shall often have occasion to 
use is just as little correct as the term “ vibration number ’’ for ~ , since 

A 

it corresponds, not to the dimensions cm.“^, but to sec."*^. To retain the 
strict sense of the word we should have to apply the term Rydberg fre- 
quency to the quantity : 

cR - 3-00 . . 109737 - 3*29 . lO^^ sec.”i . . (6) 

For the ratio , however, which will alone concern us later, the dif-* 

R 

ference (3, 4) and (5, 6) is of no account. By forming this ratio we arrive 
at an un-named number independent of the units of measure, which, 
moreover, is of a convenient order of magnitude for all X-ray measure- 
ments. Thus Table 11 represents in the first four columns the values of 

^ for the principal lines of the K-series. Next to these, in the last two 

columns, are the values of for the two lines Ka and K^ (at the head 

of the columns these numbers are briefly called Ja and ^^respectively). 

We first direct our attention to these last two columns. They form 
an arithmetic series, that is, there is a constant increase in passing from 
element to element. This increase is particularly regular at the beginning 
of the table ; later, it increases a little. We read this off from Fig. 51, in 

which, following Siegbahn, we plot the values of ^ function of the 

atomic numbers. The a- and ^-lines (the two middle lines of the figure) 
ascend regularly and, except for a small curvature for larger Z’s, they are 
straight lines. The neighbouring lines a and y (the two extreme lines) 
follow the same course. 

In this figure our earlier statements about the behaviour of X.-ray 
spectra and their relation to the natural system of elements are naade 
particulaidy clear. We see the uniform (in our picture, linear) increase 
of the hardness with the atomic number and conclude from it that the 
hardness is determined by the nuclear charge of the element. This 
strengthens our belief that the Rontgen spectra arise through changes of 
configuration that occur near the nucleus, in the innermost region of the 
atom (cf. Chap. II, § 7). There is not a trace of the periodicity of the 
elements here. We interpreted this earlier as signifying that only the 
peripheral parts of the atom are periodic in structure, but that energetic 
conditions in the interior of the atom alter uniformly with the nuclear 

charge. i 

Gaps in the system of the elements are exposed with particular 
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Table 11 

v/B values of the K-series 

■ ‘ ! 


H-mn i 
l^77<i ] 
Kl-tltl I 

1 1 I 

j 

i:i*474 I 
1 4 * m» I 
tivmt J 
1,7* IW 

j 

! 

i 

uB-rm 

saa’flta ; 

: 

27 *41114 I 
2H-mi , 

»0-2!l 
HI -S2 
3H-U4 
B4*2I 

M5-itfi 

BIMli 

BBOO 

40 -«H I 
4 I *Ha 
42415 : 

4^412 ; 

44*140 I 

4IO«l 

47*40 j 

4H-4H ^ 

MHK7 

n t *rm ‘ 

52-04 1 

5H‘Hrt . 
5h<tB I 
55-512 
7C>-Bmi ^ 


clearness and certainty by this mode of representation. If the figiirc!! liiirl 
been drawn withotit taking into account the gap at Z « 43 
manganese), a discontinuity would have come to light in the diagram of t lir% 
line, and would immediately have betrayed the missing element, ISToticii^ 
also, the order of Te (Z = 52) and J (Z = 53), which cannot be douhu J 


z 

a' 

a 


7 

Jc» 

11 Fa 



76*683 

78*62 


8-757 

12 Mg 

' 


92*348 

95*576 

— 

9*610 

13 A1 



109-535 

114*762 

— 

10-466 

U Si 



128*182 

136*217 

— 

11*322 

15 P 



148*374 

157*519 

— 

12-181 

16 S 



169-992 

181*559 

— 

13-038 

17 Cl 



192-99 

193*12 

207*366 

— 

13-897 

19 K 



243*83 

244*06 

264*413 

— 

15*622 

20 Ga 



271*61 

271*87 

295*581 

297*082 

16-488 

21 Sc 



300*88 

301*22 

328*544 

830*7 

17-356 

22 Ti 



331*9 

332*3 

363-238 

365*433 

18*23 

23 V 



364*2 

364*8 

399-735 

402*260 

19-10 

24 Cr 



398-06 

398*78 

437-81 

440*0 

19*969 

25 Mn 



434*6 

435*4 

479*1 

481*6 

20*87 

26 Ee 



470*55 

471*68 

619-55 

523*1 

21-716 

27 Co 



509*23 

510*45 

563-503 

567*4 

22*593 

28 Ni 



549-42 

550*73 

608-856 

612*4 

28*468 

29 Cu 



591*26 

692-76 

656-122 

661*8 

24*847 

30 Zn 



634*1 

636*9 

704*2 

711*4 

25*22 

31 Ga 



679*23 

. 681*14 

755-67 



26-0! »!> 

32 Ge 



722*7 

725*0 

805*7 

812*9 

26-98 

33 As 



776:2 

778*9 

866-2 

877-9 

27*91 

34 Se 



821-7 

■ 825*4 

917*6 



2B-73 

35 Br 



876*2 

880*5 

980*9 

997*0 

29*67 

37 Bb 



984*1 

988-4 

1105 

1121 

81*44 

38 Sr 



1040 

1046 

i 1170 

1188 

82*34 

39 Y 



1085 

1091 

1222 

' 1243 

83*03 

40 Zr 



1149 

1156 

1293 


84*00 

41 Nb 



1209 • 

1216 

1362 

1387 

84'*87 

42 Bio 



1279*66 

12S7-4i 

1443*9, 

1470*5 

35*772 

44 Bu 



— 

1413 

1588 



37*59 

45 Bh 



1478*5 

1488-8 

1671*1 

1706*9 

88*586 

46 Pd 



1545 

1565 

1749 



39-43 

47 Ag 



1607 

1621 

1819 

1866 

40-26 

48 Od 



1678 

1694 

1902 


41-16 

49 In 



1769 

1787 

2012 

2071 

42*27 

50 Sn 



1860 

1871 

2109 


43*26 

51 Sb 



1931 

1947 

2191 

2234 

44*13 

52 Te 



— 

1998 

2266 



44*70 

53 J 



— 

2085 

2349 


45*66 

55 Os 



2267 

2289 

2689 


47*85 

66 Ba 



2319 

2348 

2667 


48*46 

67 La 



2424 

2450 

2770 



49 -SO 

58 Oe 



2531 

2567 

2902 


60*67 

59 Pr 



26^6 

2665 

3027 



51*63 

60 Fd 



2720 

2761 

3127 



52*56 

74 W 



4270*0 

4368*5 

4947*2 

5090*6 

66*095 



The K-series 


1S7 


in our figure and which satisfies the requirements of chemical theory 
(since J thereby comes below Gl, Br, in the seventh vertical line). 

But it is also interesting to consider the amount of the increase in 
Jv/R in Table 11, particularly in the case of Ka. It is about 

0-866 . ^57 

Consequently we may express the linear increase in Big 51, for the 
present, by the following formula : — 


Vb - # - ’)■ 



Fig. 51. % 


It further follows from the figure that the constant s here introduced is 
almost equal to 1. We thus arrive at the' following representation of the 
wave-number, developed earlier by Moseley . 

This formula shows a close analogy to Balmer’s 

Hydrogen series (cf. Chap. IV, §2) and may be interpreted in the sense 
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of eqn. (1), pagel46, of the preceding section as follows. The tmnBtUou 
electron comes from the initial energy-leTel of the L-Shell 




(Z - If 


( 8 ) 


and falls to the energy-level of the K- shell 




m 


(z - If 

p 


m 


No importance is attached to the use of the negative signs befor<% the 
energy amounts ; they occnr because, in Fig. 48, we calculated tho gy* 
steps from the surface of the atom and called the energy- steqj t>r th© 
nucleus - oo. By adding a sufficiently great constant that would called 
out in the energy differences, we could make both amounts of energy (8) 
and (9) positive. By forming, in accordance with eqn. (1) of the prBCCKling 
paragraph, the quantity /iv = W« - W,, we get, if we cancel the cormiian 
factor Jiy the value of v from eqn. (7) just above. 

According to the most recent view of the theory, we may no IcHigor 
regard Moseley’s equation (7) as exact. A complete description of tha 
Ka-line for all atomic numbers Z should also be able to account for th«!i 
slight curvature of the plotted line in Pig. 51 : nor could it rest Hjuti sfkicl 
with the above approximate determination of the constant s =•-“ 1. Thii 
theory attains this, on the one hand, by applying a relativity coxrectiOB 
to Moseley’s formula (cf. the last chapter), on the other, by pen6trji.tin|| 
further into the nature of the atomic model and to find a reason for thfs 
finer constitution of the P- and L-level. Nevertheless it will newer fail 
to excite wonder that Moseley, in his first entrance into the i*ealrn of 
quantitative X-ray spectroscopy, also made the first and most important 
step in giving the theoretical interpretation of high-frequency Bp) 0 ctrii. 


§ 6. The L-series and the M-series. Doublet Itelationsliip 

The simplicity of the spectral laws that distinguishes the RcVnfcgen 
from the visible region is founded, according to the opening words of S 4, 
in the circumstance that in the interior of the atom, under the infliiBitcsis 
of the true nuclear charge, the electrons are arranged according to simplci 
laws, whereas towards the periphery of the atom, at which the 
spectra originate, the arrangement of the electrons becomes gradu»Ily 
more complex and more difficult to grasp. Por this reason, too, we f iticl 
even the L-series to be of more complex structure than the K-serieH, 

This increase of complexity in the L-series manifests itself largtdy in 
the fact that its lines occur in greater number. Table 12 on page 159 given 
a survey of the various names, the supposed origin, and the. approx iiiiiiiii 
intensities of the main lines ; besides the lines there included there lirn 
various other weaker lines that have been observed only in the case o»f a 
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few elements. We shall return to the latter lines in the last chapter. 
We have already given a picture of the L-series of platinum in Tig. 43, § 3. 

Our nomenclature agrees with Moseley’s, as far as his goes (Moseley 
measured and named only the lines 7 , S, and seeks to extend it 
systematically by using the later letters in the order in which they occur 
at the beginning and end of the Greek alphabet. On the other hand 
Siegbahn’s nomenclature recognises three group of lines that may be 
distinguished roughly by their varying hardness, namely : a rather soft 
a-group, a medium yd-group, and a rather hard y-group, whereby, however, 
the degree of hardness or softness of course changes with the atomic 
number as we pass along the elements in succession. Siegbahn numbers 
the lines within each group according to their intensity. The intensities 
are given as relative terms; their values fluctuate a little for each element, 
and must, therefore, be regarded merely as estimated averages. 


Table 12 


Sommerfeld 

Siegbalin 

Origin 

Intensities 


«2 


3 

la 1 

a, 


10 



iVCg Ln 

8 

//I 



0 

Ir f 

iSa 


6 

5 J 

7i 

->Ij2 

4 

el 

Z 

Mg 

3 

77 j 

V 

Mg Ij2 

0 


^6 

0 — >Li 

1* 

0J 

1 72 > 7(5 

0 

1 

‘ } 

K J 


0 

76 

N»y ->Lg 

0 


^4 

M4^L3 

2 

Ix' 


Mg 

3 

72>77 

Ng -> Lg 

1 

lx 

73 

Ng -^Lg 

1 


74 

0 ^Lg 

1 


The order followed i^n our Table 12 does not entirely agree with the 
order of the hardness of the lines. W e always have, indeed, a softer than 
/?, and 7 softer than 3, but ^ is not in the case of all elements softer than 
y. The softest line in the case of all elements is c (discovered by Siegbahn, 
and called by him Z). Manifold overlapping occurs among the lines yS, 7 , 
and Turther details may be found by the reader in Tigs. 53 and 54, 
The latter figure also shows the complex conditions that obtain between 
the lines X) X lowest atomic numbers, $ is 

softer than x and x', hut in highest atomic numbers it is harder. In the 
case of Pt and Au, 0 coincides with x ; in that of Pb and Bi, it coincides 
with X- I^a the preceding editions’ of this book we followed Triman by 
identifying 0 with x^ ; in the case of W, would apparently lead to a 
contradiction to Stokes’ Tluorescence Law (cf. Note 1, p. 184). 
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Concerning the origin of the lines the following suggestions are 
contained in Table 12. As already indicated in Figs. 47 and 48, the line 
La corresponds to the transition of an electron from the into the L- 
shell, the line Ly to the transition from the N- into the L- shell. It now 
becomes necessary, however, to subdivide these shells further. Even in 
Table 9 of the preceding section, we distinguish two L-shells, and Lg ; 
it now becomes necessary to assume a third energy-level Ljj. In the case 
of the M-shell, we have to distinguish five such steps, M 2 , 

The N-shell is also to be subdivided, and indeed, still more than the 
M-shell. The deeper theoretical reason for this at present apparently 
arbitrary differentiation can be given only when we get to the last 
chapter. 

As is indicated by the brackets in the first column of Table 12 (on the 
right of the symbols for the lines), the line-pairs (a'jd), (y'S), (e-^), {1$), (t/c), 
belong together as regularly given doublets. We call them L-doublets, 
They are designated by the successive letters of the Greek alphabet. 
Their characteristic feature is: both lines of an L-doublet have the same -r* 
initial Uml, the softer line ending in the the harder one in the 

Li^-leveL 

In all these doublets the softer line of the doublet is the more intense > 
line (this holds for the doublets a (3 and y'S in so far as we take into 
account the intensity of the two related lines aa and yy respectively, t* 
for these, together, are then considerably more intense than or S j: 
respectively). ■ 

We call the line-pairs (a'a) and (^'<^) M-doublets, because, in them, 
the related lines have as their final leml the same h-level^ but dijferent 
yi-lemls as initial levels. For an equivalent reason, the line-pairs {yy) and 
(x x) called N-doublets. ‘The M- and N-doublets are made recognisable 
in Table 12 by brackets placed at the left of their symbols. The symbol for 
the softer doublet-line is distinguished from that for the harder line only 
by the accent. In contradistinction to the case of L-doublets, the softer 
components in the case of the M-douhlet (a'a) and the N-doublet (y'y) is 
the weaker component. In the doublets (<^>'</>) and (x x)) ^oth of which 
have L 3 as final level {final letters of the Greek alphabet), the softer 
component of the doublet is only inappreciably or not at all weaker than 
the harder component. 

To bring our comments on Table 12 to a close for the present, we 
have yet to remark that the combination of the L-lines into doublets and 
the tracing of their origin to common or different initial and final levels 
has enabled us to get a preliminary survey of the manifold of emissions 
that is possible. ' 

In Table 13 the more recent precision measurements (Siegbahn, 
Hjalmar, Coster) may be distinguished from the older measurements 
(Eriman) by the decimal places. The precision measurements for 
Z == 29 to Z = 73 are due to B. Hjalmar (Zeitschr. f.Phys.,3, 262, 1920), 
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those for Z = 76 to Z = 92 are dne to D. Coster {ibid., 4, 178, 1921) ; 
tungsten, Z ?== 74, has been measured very carefully by various ex- 
perimenters. Our numbers are taken from Siegbahn * (Physikal. Zeitschr., 
20, 533, 1919) ; the numbers for (9, x , x in the case of Ta, Z = 73, and 
W, Z = 74, have been added in accordance with Coster (Compt. rend., 
173, 77, 1921). The older, less exact, observations were given in Friman’s 
dissertation (Lund, 1915 ; see also Ann. d. Phys., 49, 616, 1916). For the 
elements, Z <C 74, we have corrected Friman’s values in accordance with 
the method of Hjalmar, based on his precision measurements of the main 
lines. (Correspondingly, in Table 10, the wave-lengths of Ky have been 
corrected on the basis of Hjalmar’s precision measurements of KyS.) 
The present gaps which occur particularly among the weaker lines, are 
for the most part probably of an accidental nature ; it cannot yet be 
stated definitely whether several lines (for example, c and 77) cease when 
we get to the lighter elements. 

The hardest and the softest wave-lengths of this table are of the same 
order of magnitude as the hardest and softest lines of the K-series in 
Table 10. But of course in this case the same hardness or the same 
softness occurs at much higher atomic numbers than in the former case. 
The measurement of the soft wave-lengths demands the same precautions 
(vacuum spectrograph, gypsum crystal in place of rock-salt) as in the 
case of the K-series. 

A bold incursion into the region of very soft rays has been initiated 
by Millikan, t not from the side of the Eontgen spectra, but from that of 
ultra-violet spectra. He makes his observations not with a crystal 
lattice but with an artificial line grating, the production of which he is 
systematically improving ; he uses high-tension “ vacuum sparks.” Thus 

0 

at X > 360 A he has found lines that he ascribes to the L-series of carbon. 
We hear that recently, on the one hand, Millikan, on the other, P. D. Foote, 
has succeeded in extending the measurement of the L-series systematically 
as far as sodium. Moseley’s laws, which, according to Fig. 53, are ap- 
plicable to the L-series, seem to remain valid as far as this region. 

In Table 13 a first characteristic property of our doublet asserts itself. 
We calculate in each case the differences AX between the wave-lengths of 
two related doublet lines. We then find as a general result that, through- 
out the whole series of elements, related doublet lines give almost equal 
differences of wave-length AX. Or, expressed more accurately, we com- 
bine such and only such lines into doublets as are separated by almost 
equal distances in the scale of wave-lengths. 

Let us consider Fig. 52. In it we have plotted our L-doublets (€>7), 
{a$), (yS), f^^), (lk). The curve €-77 lies highest, the curve a '-/3 lies 
below it, and. so forth, in the order of the hardness of the line-pairs. 

*In the case of tungsten, our f-line is different from that called /Sg by Siegbahn. 

t Astrophys. Journ., 52, 47 and 286 ( 1920 ) ; 53, 150 ( 1921 ). 
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of the Jj-series {in X-units) 


<p 

7 

c 

K 

d 

$ 

x' 

X 


— 

— 

— 

— 

— 



— - 


— 



— 









z 



. — 

— 

— 

— 

— 



— 



•— 


— 

— 


— 

— 

— 

— 

. 

— 

5295-1 

— 

— 

— 

— 

— 



— 

— 

— 

— 

— 

4711-1 

— 

— 

— 

— 

' 

— 

— 

— 

4172-82 

— 

— 

— 

— 



— 

— 

— 

3935-7 

— 

— 



— 

4025 

3899 

— 

— 

3716*36 

— 

3594 

— 

3824-45 

3693-83 

— 

— 

3514-86 



— 





3636-42 

3507 

— 

— 

3328-00 

— 





— 

■ — 

3332 

— 

— 

3155-29 

— 

— 



. — 

3297-38 

3168-54 

— 

— 

2994-60 

— 

2897 

2885 

2827 

3145-14 

3017 

— 

— 

2845*07 

— 

2779 

. — 

3001-00 

2877 

- r * 

— 

2706-13 

— 

— 



— 

2867 

2745-75 

— 

— 

2577-12 



— 



— 

2622-59 

2507 

— 

— 

2342*17 

— 

2244 

— . 

2511-00 

2399-28 

. — 

— 

2236-25 







■ — - 

2404-95 

2298 

— 

— 

2136*80 

— 

— 

— 

' — 

2304-58 

2203 

— 

— 

2044 

— 

1995 

— 

2212-00 

2114-31 

— 

— 

1956*41 

— 

1931-39 

1925-64 

— 

2121-90 

2031 

— 

— 

1873*43 

— 

1801 

1773 

1968 

1877 

— 

— 

1722*69 



1657 

— 

1886 

1807 

— 

— 

1659 

— 

1598 

1688 

— 

1809 

1741 

— 

— 

1588-22 



1554 

1549 

— 

1742-16 

1678-85 

1656 

— 

1529 

— 

1474 

1468 

1434 

1680 

1619-33 

— 

— 

1467 

— 

1419 

1415 

— 

1616-37 

1563-25 

— 

— 

1412 

— 

1366 

1361 

— 

1656 

1510-8 

— 

— 

1363 

— 

1320 

1313 

— 

1448 

1412 

— 



•1265 

— 

1225 

1221 

— 

1395 

1366 

— 

— 

1220 

— 

1184 

1180 

— 

1303 

1280-35 

— 

— 

1134 

1110*0 

1102-0 

1096-2 

— 

1260-00 

1241-91 

1213-3 

1128-4 

1095*53 

1072-0 

1065-84 

1059-69 

1026*47 

1177-2 

1168-38 

1140 

— 

1022-47 

— 

— 

--1 

— 

1137-9 

1132-87 

1103-0 

— 

988*41 

963-6 

963-6 

966-6 

— 

1099-50 

1099-50 

1070-1 

984 

• 955-45 

931-7 

931-7 

925-6 

895-0 

1060-9 

1067-75 

1038*2 

— 

924-37 

901-25 

901*25 

895-68 

866-3 

997-8 

1007-86 

978-3 

894-2 

865-29 

841-7 

844*7 

837-9 

810-0 

966-02 

979-90 

949-52 

866 

837*08 

813-70 

818-2 

813-70 

783*6 

935-7 

952-93 

922-3 

837-8 

810-65 

787-4 

792-9 

787-4 

761 

752-1 

791-08 

762-59 

— 

651-03 

630-1 

— 

— 

— 

708-4 

752-68 

724-13 

— 

612*83 

592-6 

604-4 

597-0 

573-8 


distance of (10 + 1) X-units. In the same way x'~x almost a con- 
stant and equal to about 5 X-units : on account of the smallness of this 
difference the corresponding graphical curve could not be shown in Tig. 52. 
The difference y-y is still smaller (about 1-5 X-units). Since the levels 
Ng and are separated by only an extremely small distance, the lines 
y and y are so near to one another that only in the case of uranium could 
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it be shown that they are distinct lines (cf. A. Dauvillier, Compt. rand*, 
172, 1350 (1921)). But (with the help of the complete schema of th# 
lines, § 6 , Chap. VIII) the distance between them may be caloulafead 
indirectly and is then also shown to be constant. Since y and -y diflfer 
only imperceptibly from one another, we were justified in Pig. 52 in re- 
placing the difference y-S by the difference y-3. The existencci of m 
soft associate y for y was first postulated by the author as a neceBBity for 
the completeness of the system. 


In 


Table 14 we pass on from values of X to values of 




eqn. (3) on p. 154; E = 109737 cms.-^, cf. eqn. (5) on p. 155), with which 
the later investigations will be concerned. 

Before we deduce from this table the relationships between tho liri«i 
we shall consider a graphical representation (Pig. 53) of the val nm ol 

Vs’ given in Fig. 51. To prevent confusing the figc,» 


in X“ Units. 



we shall restrict ourselves to the lines a, / 5 , y, 3 , e, 77 , The tfctomk 
numbers-are again plotted as abscissae. Here, too, the course of the Vmm 
traced is essentially rectilinear, which indicates that v increases timrlf 
proportionately with Z2. The curvature of the lines, however, is 
than before, particularly in the case of the line 3 . This is on accoiitil 
ths “r^tmty correction” mentioned on page 158. Purthermorij. w« 
see m the figure the overlapping which was mentioned earlier and which 

The line /S cuts the Him y nl 

i ^ ^ softer. Mam. 

over, 0 and y mtersec at Pt, Z = 78. Prom this we see that tha m- 

In Table 14 the L-doublets are again distinguished by a charaotari»Ue 


property. We have calculated the differences ^ of the values of for , 
all related doublet-lines and have tabulated them in Table 15. Iffthk 
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time, we compare, not the doublets of different elements, but the different 
L-doublets of the same element, we learn from Table 15 that all of them 

have, within the limits of error, the same difference that is : 

Jrt 



Pig. 63. 


Unfortunately, as mentioned above, y' has been measured as distinct from 
y only in the case of uranium ; hence it is only possible to show that 
nearly agrees with the other differences of wave-length. In reality 
is slightly smaller than the latter and than 8-y'. The distance 
between the lines /?-a (Table 15, first column) differs noticeably more 
from the doublet differences JS-a, and, indeed, for the same reason as 
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Table 14, 
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does B-y ; this will become evident in Fig. 55. It is very striking that 
the ^-line, as the second most intense line of the L-serj[es, forms the 
characteristic doublet difference not with a, the most intense line, but 
with a , its weak associate. We must remark, however, that we shall also 
find this phenomenon to be characteristic of the visible region (cf. § 5, 
Ghap. VI, for the case of the so-called ‘‘composite doublets” ; there, too, 
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1018-17 

858-94 

853-46 

877-70 

. — 

985-83 

1011-12 

1011-12 

1017-41 

1051-86 

913-23 

904-16 

931*47 

1019*14 

1053*12 

1082-65 

1078-81 

1087-66 

1125-00 

943-30 

929*98 

959-72 

1052*57 

1088-37 

1119-97 

1113-75 

1119-97 

1162-89 

973-85 

956-28 

987*98 

1087-75 

1124-10 

1157-55 

1149-20 

1157-55 

1196-89 

1211-67 

1151-93 

1194-94 

— 

1399-74 

1446-20 

— 





1286-29 

1210-70 

1258-43 

— 

1486*98 

1537*45 

1507-73 

1526-42 

1588 


the weak associate of the principal line, not the latter itself, forms a 
doublet with a second line). 

The distances between both the components of M-doublets and those 
of the N-doublets are not related among themselves, nor are they related 
to the distance which separates the components of the L-doublet. 

In the last column of Table 15 the fourth roots of the characteristic 
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Table 15 


Element 

0 — a 

0—a' 

5 — 7 

ri—e 

e-C 

K L 

a— a' 




41 Nb 

6-74 

6-89 









0*15 





1 , 

42 Mo 

7*47 

7-70 

— 

— 

— 

— 

0-23 

— 

— 

1 -blffT 

44 Eu 

9T8 

9-49 

— 

— 

— 

— 

0-31 

— 

— 

1 *7M 

45 Eh 

10T5 

10-48 

— 

— 

— 

. 

0-33 

— 

— 

I -Tim 1 

46 Pd 

11T8 

11-56 

11-5 

— 

— 

— 

0-38 

2-3 

— 

i -H44 

47 Ag 

12-26 

12-69 

12-46 

— 

— 

— 

0-43 

2*26 

— 

1 

48 Cd 

13-47 

13-97 

14-0 

— 

— 

— 

0-50 

2-69 

— 

:i 

49 In 

14*72 

15*29 

15-3 

. — 

— 

— 

0-57 



— 

I '11'"; 

50 Sn 

16-10 

16-73 

16-70 

— 

— 

— 

0-63 

3-0 

1-2 


51 Sb 

17*60 

18-29 

18-3 

— 

— 

— 

0-69 

3-2 

_ — 


52 Te 

19-18 

19-94 

. 20-0 

— 

— 

— 

0-76 

3-88 

— 

££* 1 

53 J 

20-87 

21.71 

21-72 

— 

— 

— 

0-84 

4*2 



si'lfW 

55 Gs 

24-57 

25-60 

25-6 

— 

— 

— 

1*03 

4-91 




66 Ba 

26-59 

27-70 

27-68 

— 

— 

— 

1-11 

5-51 



2*sfl»4 

57 La 

28-82 

30-01 

30-0 


— , 

— 

1-19 

0-04 



58 Oe 

31-09 

32-38 

32-2 

— 





1-29 

6-83 



a*»Ha 

59 Pi 

33-54 

35-03 

34-77 



— 



1-49 

7-8 

1-49 

2*4iia 

60 Nd 

36*19 

37-86 

37-6 

— 





1-67 

7-9 


^“*481. 

62 Sm 

41*96 

43*95 

43-5 

— 

— 



1-99 


- 


63 Eu 

44-96 

47-19 

44*9 

— 





2-28 

8-8 

B-7 


64 Gd 

48-34 

50-66 

50-5 







2-32 

10-8 

1-8 


65 Tb 

51-86 

54*38 

53*3 

— 





2-52 

11-4 

2-7 


66 Dy 

55*55 

58-30 

58-5 

— 





2-76 

12-1 

1-B 


67 Ho 

59-49 

62-46 

62*5 

— 





2*97 

12-5 

2-0 

■ ■ 

68 Er 

63-70 

66-85 

65-2 

— 





3-15 

14-4 

8-5 


70 Ad 

72-5 

76*1 

75-0 

81*7(?) 

^ 



8-61 

16-6 

2-6 

i 

71 Cp 

78-7 

82-5 

79*7 

— 



■ 

3-77 

17-8 

2-9 


73 Ta 

88-30 

92-70 

92-0 

— 





4*40 

19-8 

4%S8 

a *10 

74 W 

93-94 

98-54 

98-05 

98-76 

99 00 

99*54 

4-60 

21-57 

4 -9(5 


76 Os 

106*38 

111-08 

110*67 

— 

— 



4-7 

25-83 


H*um 

77 Ir 

113-16 

118-64 

117*57 

— 

119-54 



6-49 

26-20 

095 

H*mm 

78 Pt 

120*07 

125-92 

124-97 

126-18 

126-50 

126-68 

6-85 

29-28 

6-45 

Bn* wo 

79 An 

127-49 

133-80 

132-37 

134-34 

133-42 



6-31 

38-79 

6-29 

H‘‘40l 

81 T1 

143-46 

150-49 

148-96 

— 

151-18 

149-66 

7-03 

34-69 

B-75 


82 Pb 

152*47 

160-02 

158-39 

160-51 

160-25 

158-07 

7-55 

36-30 

022 

n-mi 

83 Bi 

161-39 

169-73 

167-82 

168*25 

169-57 

168-78 

8-3 

39-08 

B-75 

B.€W» 

90 Th 

239-16 

250-86 

247-81 

— 

251-26 



11-70 

56-67 



92 U 

265*85 

278-71 

276-28 

279-11 

279-02 

281 

12-86 

63-76 

18-69 



difference of the L-doublets, ~ ^ - a', are given. These form an 


arithmetic series, as may easily be confirmed. As Z increases. 
numbem increase steadily by a constant amount of about 0 - 043 . 

particular interest which attaches to this at present empirical fact will Iw 

the M- and R* 

aoublet-distances also increase linearly with Z. 

overSfnd sir <=ases how the L-, M-, and N-dou blete 

XT . ? ^ creases (correspond iriM to 

S^^iWthe t " that th« 

ilL« ^ \ between the components of the doublets (dou blot- 

distances) come into evidence. But the ratio of the scales of thrsnilt- 
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posed spectra has been chosen so that the L-donblets are equal in each 
case, as actually occurs when we compare real spectral photographs of 
different elements. 

Now, the law of the constancy of the differences in wave-length im- 
mediately becomes clear if we accept the assumptions that were made in 
Table 12 about the origin of the lines. According to these assumptions 
two associated lines of an L-doublet differ only in their final level (L;^ or 
Lg). As a matter of fact, the / 5 -, 8-, 17-, K-lines are harder than the a-, 
7-, or a'-, y'~, t-lines, respectively; the difference of energy that cor- 
responds to the former is greater than that corresponding to the latter 
(L2-level is lower than the Lj^-level), and hence has also a greater wave- 



a'Q V y, <r X'^-X 



(P y <)' 

Fig. 54.; 


length. The differences of hardness between the associated line-pairs 
(a';8), (y'a), (c^), im, ( 6k), however, are equal ; they are represented, in- 
dependently of the initial level of the transition in question, by the fixed 
difference of level between the Lj- and the Ljj-shell. The a-, 7-, €-, 
t-lines are also more intense than, the yd-, 8-, 17-, 0 -, K-lines ; clearly, to the 
former there corresponds a greater probability of transition. The (so to 
speak) normal Lj^-level is attained more often as the final position than 
the L2-level. 

But if an electron can pass to the Lg- as well as to the Lj-shell from 
a higher level, then it will also be able to pass from the Lg-level as well as 
from the -level to the lower K-level. But the transition L K denoted 
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the line Ka. We see now that this line must be doublet, and 
stand the origin of the line Ka' that has already been indicated Tabpi P 
on page 150, and that is illustrated in detail in Fig. 55. (Ooncarni x^K 
description of this figure, see also p. 175.) Evidently, in accord^t^MW^ tmih 
our theory, the doublet-interval {a a) in the 'K-series must he ^ 

doublet-interval {aj3) in the Ij-series, and hence also to the 

L-doublets (y'S), {erj), {^6), (t/c) — of course, all measured in terms oC or 


respectively. Actually, this interval is determined in all caBt^si 
difference of energy between the L^^-level and the L^-level in 001 * figtitit. 
On the other hand, the interval between the lines La and L//? fclTi****’^ fiirai 
no true L-doublet, measured in wave-numbers, is less than l 
figure also tells us that the line Ka', starting from the less 
energy-level L^, is weaker than the line Ka, starting from the 
just as the line Lyd, directed at the L^-level, was weaker than fchci I* 

directed at the Lj^-level. This is indicated by 
Ni thickness of the arrows. In the matter of 

the Ka' line thus corresponds to the line L/ff, lin# 

Ka to the line La. But in the matter of liardiiffiis Ih# 
^ relation is reversed, as a glance at Fig. 55 tel l» ti«f 
the reason that the L^^- and the L^ -level forrriti tll« 
Li' initial level for our K-lines, whereas they £ 01*111 ill# 
^ final level for the L-series. Hence thex’ci i** ill# 
* following characteristic difference between fclie E- 
and the L-series : in the 'K-series the weahe^ m^li^ 
is softer than the principal line a (smaller diffontif no® of 
level in the figure), but in the L-^series th& 

^ ft-line is harder than the principal line a ot atf 
Fig. 55. tively (greater difference of level or of 

falling”). 



• know, this qualitative theoretical deduction agreed 

withthe facts of observation. But the quantitative deduction tlmi ill# 
doublet-intervals (a a) in the K-series are equal to that of the “ •' 

in the L-series is fully confirmed by the measurements. CertaittU*, th.* 
measmements of the relatively small difference of hardness (aa'> in iU,- 

ie me;r'' uncerta.ir» tbaa 

L seri!J ^f®^ences of hardness in the L-doublefc of 

^-senes To be certain of our quantitative deductions we must tht^w- 

f-fl-ents for which precision 

Zi T? , the L-series in u.lmt 

Ls J b elements number only three : Mo, Eh, and W. 1 r» l,ii«,ir 

T; thTre is shown by Table IG. 

.11 (beU,ri:Vj'*Z = 6o“o:“; 
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Tablb 16 



42 Mo 

46 Rk 

74 W 

(a'a)K .... 

7-76 

10-3 

98*5 

. . . 

7-7 

10*48 

98*54 


the measurements of the K-series and of the L-series extend beyond one 
another, and for which, in addition to the K-doublet, at least one L-donblet 

has been measured. The values of denoted by x have been formed 

It 

from Table 11 as the difference of the ^ values for Ka and Ka' ; the values 


R 


of ^ denoted by 0 have been taken from the second column of Table 15. 

From Table 10 we see that the K-doublet (or more correctly the L- 
doublet of the K-series) also obeys 
the law of constant differences 
of wave-lengths. In actual fact 
K' - K is constant throughout 
the whole series of elements and 
is equal to about 4 or 5 X-units. 

We conclude our present pro- 
visional statements about the L- 
series and L-doublets with some 
historical notes. The law of ap- 
proximately constant wave-length 
differences was set up by the 
author as long ago as 1916 * and 
was used to arrange into order the lines of 'the L-series. Further, it 
furnishes a convenient auxiliary means of finding doublet lines that belong 
together. Concerning its theoretical grounds we shall soon have some- 
thing to say. The L-doublets {a/3), (yS), {erj), (^6i) were already known 
earlier as a result of the law of approximately constant differences of 
wave-length and as a result of their exactly constant dilferenees of 
frequency for each element. The doublet (ik), in the light of more 
recent measurements, has here been added. 

On the other hand, the doublet was previously called 
owing to a false interpretation by the author. For it seemed, according 
to the measurements then available, that there was the same difference 
of wave-number between the lines x ^ between </>' and 4^, and 
hence this difference of wave-number was attributed to a difference of 
level in the L-shell. The doublets {4^4) (xV) "which were conse- 
quently surmised to exist, were called A-doublets in contrast to the true 

* Ami. d. Phys., 61, 125 (1916), of., in particular, pp. 1B7 and 1B8, from which our 
Pig. 52 has been taken. 
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L-doublets. This interpretation was also used in the previous edition of 
this book. The incorrectness of this view was disclosed by measurements 
of the L-absorption limits carried out by G. Hertz (cf. the next section), 
and was confirmed by A. Smekal* and D. Coster + in the irnproved 
measurements now available. The two latter physicists set rip in- 
dependently of one another the scheme for the interpretation, of the 
L-lines which we adopted (with unimportant changes) in our Table 12. 

We here parenthetically add a few remarks about the Eontgen spectra 
of isoto;piG dements, Siegbahn and Stenstrom have photograpbcicl the 
L-series of ordinary lead (at. wgt. 207*2) and of radium lead (RaG, 
at. wgt. 206) under identical conditions; they found not the slil^btast 
difference in the wave-lengths of their L-lines.t We had alx^eady 
anticipated this result in Chapter II, § 7 (cf. p. 102) and had con eluded 
that isotopic elements agree in the arrangement of their central eleetrons. 
Eor the same two elements it has also been shown that their visible and 
ultra-violet spectra are almost exactly identical. From this and fr-om the 
circumstance that they cannot be separated chemically, we conclxided: 
isotopic elements are also alike in the arrangement of their pexciphcral 
electrons. 

On the other hand Eutherford and Andrade § have taken photog^raphs 
of Ea spectra, which they have ascribed to proper or natural y-raidiationi 
that is to spontaneous ESntgen radiation in contrast with the Roritgen 
radiation that is excited by impinging cathode rays, such as wo just 
now mentioned in the case of EaG. But we may conjecture tb^Jtt hare 
we have essentially the same case as in the previous section, namely, that 
we are dealing with secondary X-rays that are excited by the yiJ-rajcLiation 
of Ea. Photographs of the softer part of the spectrum producocl wav©- 
lengths which partly coincided with the L-lines of Pb, and partly with 
those of Bi. This is explained by the theory of isotopes as follows : lla 
contains among other things two of its descendants, EaB and EaG, which 
are isotopes of Pb and Bi respectively ; they, therefore, lead to b-speotw 
that are identical with those of Pb and Bi. In the harder part of th© 
spectrum, on the other hand, Eutherford and Andrade have found, wave- 
lengths that seem to be identical with wave-lengths (hitherto not <3.ir*©otly 
measured, but only obtainable by extrapolation) of the K-series of dPb and 
i. This K-radiation, also, is presumably of a secondary nature. R roper 

primary y-radiation is probably essentially harder. Interpreted ixi this 
sense, the experiments of Eutherford and Andrade seem to bring nothing 
new, or nothing that goes beyond the results of the experiments of 
beigbahn and Stenstrom ; but like the latter, they represent a be«x,iitifnl 
confirmation of the theory of isotopes. / 


Zeitsohr f-Phys., 5, 91 and 121 (1921). ilbid., 5 189 a921> 

if Zeitsohr., 18, m (1917). It is of course not out of the quistiou thi 

If &e measurements are carried out to an extreme degree of refinement L. i 
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Table 17 


Stenstrom 

Origin 

Intensity 



Ng-s-M, 

1 

u 

. 

N. ->M, 

8 

& 



5 

7 



1 

5 


0 

1 




1 


We now come to the third, the softest, series of Eontgen spectra, 
namely, the M-series discovered by Siegbahn * Table 17 is to serve as 
a key to the terminology, origin, and so forth. 


Table 18 


Wam-lengtJis of the M-series in 'X-units (Stemtrdm) 


Z 

a' 

a 

i8 

7 

5 

€ 

66 Ds 





9509 

9313 




67 Ho 




— 

9123 

8930 

— 

— 

.. — 

68 Er 




— 

8770 

8561 

— 

— 



70 Ad 




— 

8123 

7895 

— 





71 Op 




— 

7818 

7587 

— 

— 

— 

78 Ta 




— 

7237 

7011-5 

— 

— 

— 

74 W 




— 

6973 

6745 

6091 

— 

— 

76 Os 




— 

6477 

6250 

— 

— 

— 

77 Ir 






6245 

6029 

— 

— 



78 Pt 






6028 

5812 

5311 

— 

— 

7 9 Au 




— 

5819 

5601 

6115 

— 


81 T1 




5461 

5449-9 

523S-4 

4802 

— 

— 

82 Pb 




5287 

5275-1 

5064-8 

4663-7 

— 

— 

83 Hi 




5119 

5107-2 

4899-3 

4523-8 

— 

— 

90 Tb 




4143 

4129-15 

3933-3 

3656-5 

3127 

3006 

92 U 




3916 

3901-4 

3708-3 

3471-4 

2943 

2813 


In Tables 18 and 19 the wave-lengths X. and the wave-numbers v = i 

A 

divided by the Bydberg frequency B = 109737 are tabulated. The 
measurements for the elements T1 to U have been carried out more 
correctly (felspar was the analyser) than those for Ds to Au (for which 
a crystal of gypsum was used). 

The discovery of associated doublet lines is not quite definite owing 
to the somewhat incomplete nature of the measurements. As we have 
indicated in Table 17 by brackets and have explained by giving the origin 
of the lines, [afS) and (yc) are to be regarded as M-doublets, {a P) in the 
rigorous sense and (ye) in the slightly broader sense, analogously to the 
(a^)|ind (yS) lines of the L-series; (a a) is to he regarded as an N-doublet. 

Sicgbaliii, Yerh. d. Beutschen. Physilsal. Ges., 18, 278 (1916) ; Stenstrom, Ann. 
d. Phys., 57, 847 (1918), and his Dissertation, Lund, 1919. 
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It is true that neither of these doublets is known for more than fiTO 
elements. On account of the small numerical difference of the energy- 
levels in the N-shell, however, the line-pair a/?, which represents no real 
doublet, differs only imperceptibly from a Consequently our critanODi 
of almost constant wave-length differences AX, by which we associated 
the doublet lines in the L-series, holds here approximately as well for th© 
line-pair (a/3) as for (a'/3) ; of this we may convince ourselves in Table 18. 
In the case of those elements in which a is not separate from a., is 

to be regarded as a doublet in the same sense as (Xe)^, (ayd)^, and 

Table 19 

vf^-vcblues of the yL-series {Stenstrdm) 


z 

a' 

a 

$ 

y 

5 

ft 

66 Ds . 

_ 

95*83 

97*85 




67 Ho . . 

— 

99*88 

102-0 






68 Er . 

— 

103*9 

106-4 



— - 


70 Ad . 

— 

112*2 

115*4 





71 Op . 

— 

116*6 

120*1 . 






73 Ta . 

— 

125*9 

130*0 






74 W . 

— 

130*7 

136-1 

149-6 



76 Os . 

— 

140-7 

145-8 





77 Ir . 

— 

145-9 

151*1 



— ~ 

1 

78 Pt . 

— 

151-2 

156*8 

171-6 



79 Au . . 

— 

156-6 

162*7 

178-2 



81 T1 . 

166-9 

167-21 

173*96 

189-8 



82 Pb . . 

172-4: 

172-75 

179*92 

195-40 



83 Bi . 

178-0 

178*43 

186*00 

201*44 

___ 



90 Th . 

220-0 

220*70 

231*68 

249-22 

291-4 

aS08-l 

92 U . . 

232-7 

233*58 

245*75 

262*51 

309*6 

828-9 


Towards clearing up the mutual relationships between the L- and th# 
M-series, the following remark of B. Swinne is of particular intfeircat.* 
The difference /3 — a in the M.-s cries is eqiial to the difference a — a'" ith lliif 
Jj-series. Table 20 shows to what extent this equality holds ; the nnmbciB 

again denote the ^ values of the line-pairs written at the top. In th# 

case of elements for which Ma' could not be measured separately, (tff 
is replaced by (ayfi)^. 

We thus find the same relationship to hold between the M- and tJm Ij- 
s&ries as previously between the L- and \the ^-series* Our nomonobittiirii 
has been chosen so that this relationship is brought into clear evidencse* 

_ Namely ^ 

IS fully analogous to 

(a'^)L = (a'a)K 


imd compares the doublefcs'fa'*), 

md (od)jf It was pomted out by the author in Zeitsohr. f. Phys., 1 136 119201 ^ that 
It IS more accurate and more logical to replace by ^ 



§ 6. The L-series and the M-series 


175 


Tablb 20 


7 ^ 

(a a)L 

z . 


(a'a)L 

GO I>s . 

2-02 

2*76 

77Ir . 

5-2 

6*49 

B7Ho . 

2*16 

2-97 

78 Pt . 

5-6 

5*85 

68 Kr . 

2*6 

8*16 

79 Au . 

6*1 

6*31 

70 Ad . 

8*2 

8*61 

81 T1 . 

7*09 

7*08 

71 Op . 

8*5 

8-77 

82 Pb . 

7*61 

7*55 

78 Ta . 

4*1 

4-40 

83 Bi . 

8*00 

8*34 

74 W . 

4*4 

4-60 

90 Th . 

11*68 

11*70 

76 Os . 

5*1 

■ 4-7 

92 U . 

12*92 

12*86 


We see the reason of this directly from Fig. 55. Here we have repre- 
sented the two highest M-levels, and (we were able to suppress the 
lower levels, Mg, and which occured in Tables 12 and 17), just as 
we have drawn only the two highest levels Lg (omitting the lowest 
level Lg)* Finally, the N-shell, too, is represented only by its two highest 
levels N^, Ng* If an electron sinks from one of these two N-levels into 
the M-shell, giving rise to the emission of a line of the M-series, it may 
stop at the Mj^-level or at the Mg-level. In the latter cas6 the emitted line 
(M^S) is harder than that of the former case (Ma or Ma'). Thereby the 
difference of wave-length of the lines Ma and M/3 becomes nearly equal 
to the difference of level of the energy-levels M^ and Mg, whilst the dif- 
ference of wave-length of the lines Ma and M/3 becomes exactly equal to 
this difference of levels. We see that actually, in Table 17 and Fig. 55, 
Ma' and M/3 start out from the same initial level Ng, and Ma and My5, on 
the other hand, start out from the two somewhat different energy-levels 
Nj and Ng. We may now again allow the electron to sink further from 
or Mg to L^, whereby the line-pair *(aa') of the L-series is produced, 
having the same doublet interval as that giveh by Mj^Mg. At the same 
time the same characteristic reversal of hardness and intensity occurs as 
between the corresponding lines in the L- and the K-series : whereas in 
the M-series the weaker line lies on the hard side of a, in the IL-serm 
'"the weaker line a lies on the soft side of the principal line a. 

Wo see that in spite of complicated and manifold conditions the 
structure of atoms and its reflection in the structure of X-ray spectra is 
marked by wonderful uniformity and logical consistency. 

These general considerations may be concluded by some preliminary 
remarks on the quantitative theory of the X-ray doublets, just as we closed 
the preceding section by a preliminary remark of a quantitative nature, 
namely, Moseley's formula for Ka. 

S'rom the definition of wave-number 

1 
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there follows, for the doublet interval measured in wave-numbers, 

A. = 1 - i = 

Taking v as a mean wave-number for the two doublet lines, we write 

Av = AX . . . . . . (1) 


We next use the law that for each true doublet the difference wave- 

length AX of its members is constant, that is, independent of 
example, if we set AX = we get, by taking the fourth root, 

VAi/ = Cb iJv , . . . * (3) 


By the last column of Table 15 the left side is a linear function of Ei ; 
according to Moseley’s law the same is true of the right side, and, 
not only for the line Ka but also for the other K-, L-, and M-lineB* 

So far our empirical data in Table 15, combined with Mosel ey’^s 1»W| 
state no more than the law of the approximate constancy of AX, whiich w# 
here used as our basis. But for the case of our L-doublets {a (B), 
we may now insert numerical values in equation (2) on the ground of out 
e mpirica l Table 15. As already remarked in connexion with tliis 
4 /Av/E increases by 0’043 for each increase of Z by one unit. 
more, from the last column of Table 15 we may derive that valuo of 55 fof^ 
which Av would vanish, if we extrapolate the rectilinear law that holde for 
greater Z’s. In this way we get Z = 3-5. Consequently the equatioa 
(2) may be rewritten in the form 

y^ = 0 * 043 (Z - 3 - 5 ) . . . (S) 

If we raise both sides to the fourth power and, for the sake of conv'onien^ 
multiply the numerator and the denominator by 2^ we get 


Ac. _ 5-3.10'-5 

B ¥ 


3 - 5)4 


C4) 


T^s law gives us a deep glimpse into the mechanics of the interior o 
, Itpomts very definitely not only to the rules of the qnantuit 
theory that reign in the interior of the atom (Chap. IV), but also to fchi 
laws o the theory of relativity (Chap. VIII). Whereas the wa-va-rvumhtr, 
tWlm wme, a^e^rdAng to Moseley, proportionally to the square of ik 

differences of the doMets depeucL at 1 

M ;i 1.1 i / < N , other regular doublets, for examiDle th« 

M-doublet (aa) of the L-series or the simUar doublet {a'0) of the ]v£s«rim 

Setuit ,T *?'' “"“O' 2* i. O.Jy to be replied by 2 3* S 

ea experimentally. The law that AX is nearly constant for »I 
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such doublets now follows directly from equation (1). Since AX is here 
represented as the quotient of a bi-quadratic function by the square of ^ 
quadratic function of Zi, it becomes appreciably independent of Z fo'r 
greater values of Z. 

In conclusion we must add a word about the troublesome question 
nomenclature. All terms used to describe physical quantities are arbitrar'y 
and too narrow in view of the manifold character of Nature. Our 
nomenclatures, which is intended to be no more than an extension of 
Moseley’s, has the advantage of being systematic to a certain degree and. 
of allowing a fairly easy survey of details. But, for example, in the Lj- 
series, it soon reaches the limit at which the Greek letters no longer 
suffice, when new lines are observed, and would be demolished if lines 
that have been observed earlier were to receive a new interpretation. 
On the other hand, Siegbahn's nomenclature has the undeniable advan- 
tage that it has any number of indices at its disposal for the inclusion of 
new lines, and also that the lines whose intensity is to be estimated, for 
example, the a- (or the y-) group mostly occur on the same plate. 
But it is a little difficult to remember and does not give an easy survey. 

There is, however, one way of escape which the spectroscopy of the 
visible region prescribes to us, a purely systematic method. The arbitrary 
symbols with which Bb’Emihofer designated his lines are nowadays hardly 
more in use, but rather we have had to make up our minds to designate 
each line by its series relationships. For example, the D-line of Na iB 
represented by Is (cf. Chap. VI). Corresponding to this we naust 
say in. the Edntgen region, not Ka, L^, . . . but K, -> L 2 , - - * 
or K - Lj, Ly “ Mjj, . . . These formulae, consisting of two terms, so 
to speak, are very little more cumbersome than the conventional ones and 
are yet free from all arbitrariness. They certainly take for granted that 
we have succeeded finally in interpreting the lines. Till this is attained 
we shall have to help ourselves out, for experimental purposes, with 
Siegbahn’s nomenclature, or, for theoretical considerations, with oxir 
nomenclature of the Moseley type. 

§ 7. Excitation and Absorption Idmits, Eegularities in the Absorption 

Coefficient 

In next passing from the line-spectrum of X-rays to the continuous 
speotriMf we have once again to emphasise the fundamental fact that the 
latter Ms a shan^ limit or edge on the side ofshort-wams or high frequencies , 
a fact for which classical electrodynamics could find no explanation and 
which invokes the aid of the quantum theory. This limit, expressed io. 
wave-lengths by Xmin, nnd in frequencies by is determined by 
the voltage V of the Eontgen tube, being independent of the material of 
the anti-cathode, according to Einstein’s law (of. p. 41) : 

$Sf ssB hvifma “ r — ^ * . . • (1) 

Artiin 


12 
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If we fix our attention on a definite v, then, as the voltage is xxiaicla to 
pass through a series of increasing values there is a value Ymm whioli 
this V appears for the first time although only with vanishing ; 

V forms the short-wave limit corresponding to this Ymm- As V 
beyond this value, the intensity with which our v is represented ^5*© 

spectrum increases, — indeed, linearly. Hence if we obseiwethe 
in a small region of wave-lengths, when the rays have been 
spectrally (this measurement is probably best effected by the aiOtion of 
the rays on an ionisation chamber), the excitation voltage Ymr^t 
sharply determined for each v ; by dividing the exciting volta|?o hy 
corresponding v, we get at once the factor of proportionality giyerx in (1)^ 
and hence also, since e is known, the value of the quantum of £; 3 uotioii A* 
Everything seems to favour this as making possible a precision date r in i na- 
tion of h, provided that the voltage remains constant and is well cleditiecl 
(this is attained by using a great battery of accumulators). 

The following, Pig. 57, taken from Duane and Hunt,* showB how 
loaiiation sharply the excitation, volfcagii 

Ymm may be determined by thia 
method of observatioii* Th© 
voltages in kilovolts are plotted 
as the abscissae, and the defliM)- 
tions of the electrometBi:*, giving 
the ionisation measured in fch» 
spectrometer, are platted m 
ordinates. The curves l;» 

called isochromates sino €3 each 
one refers to a definite oolotir, 
and hence frequency v, A.t tlia 
foot of each of these ioriiBatiori 
+Via -XT. XT . curves, that is directly below 

1 a a;-axis, we have written the correspondinK wave- 

len^s m X-umts (10-Ucms.) and also the value of the of 

action h, calculated from these numbers, and expressed in erg-secs 
r^^nding to the dimensions: energy x time. More recent 

_ agn , II n wMch the same method was used have considerably a-ctl u of»tl 

the uncertainty in the determination of ii; they lead to the vaW 

h = 6‘53 . 10 ~ w 
h = 6-55 . 10 - sr. 

When we stated above that the limit or ed^e of 
•rum fouud to b. iudopoodeo. ot .ho ,h. 

*Kiys-5ev.,6,166(l9i5). 

I iuu. 1 PhK, 57, «i (liis) li.lli (Xi 



Fig. 57. 
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■we did not intend this to apply to the increase of intensity at the excita- 
tion edge, or, indeed, to the intensity at all. The intensity, both the total 
and the maximum, of the continuous or “ impulse ” spectrum is observed * 
to be proportional to the atomic number of the material of the anti-cathode 
and, for the rest, about proportional to the square of the excitation voltage 
Y. So far -we have not succeeded in finding a theoretical explanation of 
these interesting and important laws, that is, to link them up with our 
present yiews of atomic structure. 

Compared with the continuous spectrum of X-rays, what is now the 
position of the line-spectrum, the “characteristic” spectrum? Does 
equation (1) hold for this, too? We already know from § d that this 
question is to be answered in the negative. There we spoke of the ex- 
citation limit or edge of the K-lines, and we use this term to denote the 
energy that the cathode rays must at least have in order to remove an 
electron from the K-shell to the periphery of the atom, and thus to pre- 
pare it for the emission of the K-series. In Pig. 48, this excitation limit 
was represented for the K-series (K -limit) hy an energy-level that is 
higher than the energy-levels of K,., or even Ky. ’ It is equal to the 
difference of level between the zero-level of the periphery of the atom and 
the K-level. If, in accordance with the 7jv-law, we ascribe to it a 
frequency vk, then the latter satisfies the inequality : 

> V,, > V;8 > Va . . . . (2) 

The excitation limit measured in this way as a frequency is thus the 
series limit, to which the K-lines tend and at which they accumulate (of. 
the dotted line in Pig. 58 above). This leads us to certain inferences. 
Suppose that we allow the voltage or V applied to a cathode-ray tube to 
be increased gradually up to the value cV,, = hv„^ ; we ask when the line 
K„, characteristic for the material of the anti-cathode of the tube is 
emitted for the first time. In contradicton to (1) it is not emitted when 
the voltage is V„. We allow the voltage to increase still further, to ; 
again, neither the line K^s nor even is yet emitted. Bather we must 
increase the voltage to the excitation limit e = hv^c or even further. 
Then the lines K„ K^, K^, appear simultaneously. This was actually 
confirmed by very careful experiments of Webster (loc. cit.). We follow 
E. Wagner in calling the difference between vk and the Stokes lag of 
the line K. and thus link up with Barkla’s term, “fluorescent radiation,” 
for the characteristic radiation. The Stokes lag of is less than that of 
Ka, and that of K.^ is vanishingly small. Stokes’ Eule of Pluoreseence in 
the visible region is confirmed without exception in the region of X-rays. 
In the visible region, where conditions are less simple and less funda- 
mental than in the Eontgen region, there occur occasionally apparent 
exceptions to Stokes’ rule (but cf. p. 184). 

The circumstances of the excitation of the L-series are still more 

* 0. T. Ulrey, Phys. Eev., 11, 401 (1918). 
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interesting. In Kg. 48 we drew the excitation limit for the liwaB y 
... of the L-series. In consideration of the necessary snbdiviBioii o 
the Ii-level into three minor levels Lj, L^, we must, to bo 
designate as the L-limit, the limit intended in Fig. 48 . If 
dedne a frequency corresponding to the energy-level then thi^ wil 
be the series limit for the lines a, y, e, i of the L-serie$ (of. the p)r€H5t3tihi| 
section, Table 12), thus 

The second energy-level Lg lies, as we saw, deeper than tha 
level Li ; the lines S, ri, 6 , k that end in this level are harder than the 
lines a, Y, ^ t allocated to them. To excite these lines, it is necessary io lift 
an electron from the level Lg to the surface of the atom. The frac|ia«:fiief 
defined by the ^v-relation now becomes the series limit of the BBC^oncl 
sat of doublet lines, and we fifid the inequality to hold : 

> n vk > Vjs > Vf)- 

Thus we have a doublet of excitation limits for the L-series. Tha 
that the distsbuce between these excitation limits vj,.; - is, as wa woiilii 
expect after what has gone before, equal, in the case of each alamant, lo 
the doublet Avx, studied in the preceding paragraph, will soon be cor- 
roborated by the evidence of direct measurements. 

Again we infer : to excite the La-line, the cathode-ray energy o<|iii va- 
lent to is not sufficient. Father, it is necessary to go as fan tllti 
voltage given by when all the lines a, y, €, C ^ of the L-aeries will 

appear simultaneously, but not yet the lines S, y), $, k. To e/xoite 

energy of the cathode rays must again increase till the second ea^aitaimm 
imit is reached. In the case of energies that lie hetujeen those of tM0 jfirjl 
and second excitation limits, only the softer line of each h-douhM m 
dnced Just as in the K-series the excitation limit eoinoides |Mir« 

cepr y with the hardest KJine y, so in tha L-series the limits V| twid 

vx., ^mcide perceptibly with the lines ^ and ^ of the hardest doublrnm, m 
IB shown graphically in the lower part of Kg, 58 , 

But is yet a thira eaergy-lerel L3, below L„ at which tha 
*. ^omot at once appear when the seoo»ci 

^ g,„„ by ae ,y _ b,. I, i. <,nly 

wi,h 

? H- Pwo. Kat. Acad 3 181 

t-I>. li. tVetste, i&id., 6, 26 (1920). ct j 

' +-®-C. Hoyt, i6iW.,p. 689. 
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for Pt and W. In the case of W, the three excitation limits, calcu- 
lated from the frequencies of the lines and i/r, are : 

Lj^-limit . . . Y = 10*2 kilovolts 

Lg-limit . . . V = 11*6 ,, 

Lg-limit . . . V == 12*0 „ 

By adjusting the voltage to values in the vicinity of these, the appear- 
ance or disappearance of the lines, or their change of intensity could be 
observed, partly by photographic means, and partly by the ionisation 
method. According to Hoyt, the following lines are certainly to be 
allocated to the three limits thus : 

L;^-limit . . . ca'ayft 

L2-limit . . . 

Lg-limit . . . 

in full agreement with the scheme of the preceding section. In the case 
of x> x'’ ^ allocation is left open. A comparison of their 

photographic intensities at 12*0 and 12*5 kilovolts seems to favour their 
inclusion at present in Lg. According to our scheme, x and x' should 
actually belong to Lg, but k which forms an L-doublet with i, must be 
added to Lg. For the same reason, we must count the line 0 as belonging 
to Lg ; in the case of W, it was too weak to be observed by Hoyt ; in that 
of Pt it is just exactly covered by x'* Of course, experiments of this kind 
are the surest means of arriving at an unambiguous conclusion about the 
significance of the individual lines. 

Earlier, the author, arguing from the supposed existence of an “ A- 
doublet ” (cf. p. 171), had assumed that, besides the limits L^^ and Lg, there 
were two further limits A^ and Ag in the L-series, of which A;^ was sup- 
posed almost to coincide with Lg. This assumption falls to the ground 
with the “ A-doublet,” and is, in particular, refuted by Hoyt’s measure- 
ments. 

Now what happens to the incident energy E of the cathode rays at 
the excitation limits ? It is used to drive the K- or the L-electron to the 
periphery of the atom and is therefore absorbed. What happens, on the 
other hand, if we allow primary X-rays to fall on to the same material in 
place of cathode rays ? These too, if sufficiently hard, are able, as we 
know, to excite the characteristic radiation of the matter of the anti- 
cathode, in accordance with the general law of equivalence E = hv. But 
then they must make available for the expulsion of the K- or the L-elec- 
tron, the same amount of energy E as that furnished in the excitation by 
cathode rays. The energy of the primary X-rays becomes reduced by 
this amount when it passes through matter, in which it excites secondary 
radiation. 

That iis : the excitation limits become marked in the continuous X-ray- 
spectrum as absorption limits. 
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In Kg. 58 this is suggested by the oontimioue tinted bands 
added to the eomsponding line-spectra, For e:xample, let nB ooBsidiir 
the maitB^tion limit of the K-series, Let the primary S5n%en 
be that of a tube of about 40 MJovoHb tension, that is, it is ho have » 
continuous spectrum which is to extend to waTedengths of 300 
(of. Kg. 5T). Let the matter receiving the radmtion be a silver ^ lit 

the case of Ig (of. Table 21), the excitation voltage of the 
the wave-length « 485 X-uuits. The softer portions of the inckient 
spectrally resolved continuous spectrum X> are only slightly 
as they undergo only a general absorption, which, moreover, ^ 

the hardness increases. At X Ak a strong selective absorption 
occurs. This persists also forX<Xj^up to the limit of the ooTxtinuoim 
spectrum; it gradually becomes less, corresponding to the xi triform 
decrease of the absorptive power with the increase of hardness. 

Fig. 58 exhibits these conditions as they appear on a photo^ritphio 
pkte placed directly behind the Ag-leaf.* At the left half of tbtet 



'Fm. 58 . 


band, lor X>Xto ^he 
tion is weak, that in ih# 
darkening of the plato in 
tense, and indeed thto more 
intense the longer tho wave- 
length, that is, it incraaiHeB to- 
wards the left. AtX «« Xtcf thB 
selective absorption of th© 
silver in the leaf coixxoa into 
action. On the right aide of 
the hmd the photographic 
plate is thus strongly soroaaaci 
by the Ag-Ieal We have at first a region of little darkening an <3 bheri, 
B8 the hardness of the rays increases, a slow increase of the 
corresponding to a slow inereasa in the transparency of the Ag-leauf . 

Similar results are found for the L-series. Lei the matter through 
winch the raiaiwa is transmitted be, for example, a gold leaf. Jn fch« 
three L^absozpiion or excitation limits L^, L.,, ar© at 
\ •« lOdB, Xi^ = 899, Xj,^ » 861 X-units (of. Table 22). JO&t the 
radiatag X-ray tube emit softer radiations than before, so that; it may 
urnish the region of waTO-lengths under consideration with sutfifiojonfe 
miensity. J^ot X>X^^ the absorption is uniformly weak; &t X ^ X, a 
^ongband of absorption asserts itself; at X « X,, a second somewhat 
less intense one appears (corresponding to the smaller intensit^r of th« 
at r~ doublets in comparison with that of the first) ; and 

~ L^s. third bend appears, which is only weakly represented . 

1 teUatedmligl This ^otiau i« 
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Accordingly, a photographic plate which is placed behind the An-leaf 
and of which the darkening is shown in Eig. 58 (lower half), exhibits 
intense darkening to the left of the first limit ; immediately to the 
right of this it appears very bright, on account of the selective absorption 
in the Au-leaf. The darkening increases slowly towards the light till it 
decreases suddenly at the second limit Lg, though less suddenly than at 
the limit L;,^ ; at the third limit Lg a third weak brightening follows. 
With increasing hardness the darkening beyond increases continuously. 

, Concerning Eig. 58, we have yet to remark that, towards the left in 
the upper part of the figure, the L-absorption limits, towards the right 
in the lower part of the figure the K-absorption limit, may be imagined 
to be added, but at a considerable distance away. In the case of Ag the 
L-limits are so soft that they have escaped observation so far ; in the 
case of Au the K-limit is known, but it would lie quite outside our figure. 

After the schematic Eig. 58, we consider in Eig. 59 a spectrum, that 
was photographed by E. Wagner and J. Brentano, of a tungsten anti- 
cathode ; in the lower part no absorbing layer was interposed, whereas 
in the upper part the radiation had been made to pass through an 



Ag Br Ag 6 y 


Fig. 59. 

aluminium plate 1-4 mm. thick. The big spot on the left is the 
over-exposed point of intersection of the primary radiation with the 
photographic plate. A revolving crystal has spread out the wave-lengths 
in increasing order towards the right, that is, in the opposite direction 
to that in the schematic Eig. 58. At the right end of the lower part of 
the figure we see the comparatively soft L-lines of the tungsten anti- 
cathode marked out with extraordinary clearness on the weakly tinted 
background, which represents the continuous spectrum of the anti- 
cathode. The lines a and a were too distant to be taken on the plate. 
The photographed lines are successively, counted from right to left, 
<l>\ Tj x'j Xj ^ three most intense lines /3, y and S have been 
made recognisable as such in the margin. In the upper part of the 
figure the softer L-lines and, for the greater part, also the continuous 
background has been extinguished by absorption in the aluminium 
sheet (this is the general, not the selective absorption; the selective 
K-absorption of A1 occurs at ■ much softer wave-lengths and would 
be obtainable only in the vacuum spectrograph, and still more so the 
L-absorption edges). If we follow the continuous spectrum towards 
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the leftj in the lower part of the figtire, we come across several airikitig 
sharply defined absorption edges that here (namely, in the scale of 
wave-lengths) extend towards the left with decreasing darkening* Whal 
do these absorption edges in the lower part of the figure denotCj io %dew 
of the fact that no absorbing medium intervenes? It has been anoar* 
tained from indisputable and unambiguous experiments that tliey are 
due to the photographic silver lyromi&e layer. The intense^ banci on the 
left is the K-absorption edge of Ag and it is repeated in the weak batui 
furthest to the right; the extended band between these is the K-abnorp* 
tion band of Br. Corresponding to its position in the natural HyBterri 
(Br, Z ^ B5; Ag, Z « 47) the Br-band is softer than the Ag-ban^l. The 
former is entirely extinguished by the Al-sheet whereas the latter is m)t 
absorbed either in the second order or in the first. Of course, aatimlly, 
the Ag-band reflected in the second order has the same wave-laiigth as 
that in the first order. This explains the circumstance, which at firnfe 
sight seems paradoxical, that the Br-band is weakened mora in 
passage through the absorbing A1 than the Ag-band of the second or<!cfi\ 
which, according to its position in the figure, seems softer, but wliich in 
in reality much harder. To conclude the description of this instriaetivci 
figure we have now only to mention that the photographic darkening in 
dependent on the quantity of the absorbed energy. That is why the pisfca 
becomes dark, particularly where the wave-lengths absorbed seductively 
by the Ag or the Br meets it. The AgBr layer acts sirnultan€ 30 U«ly 
as an absorber and as an indication of the absoihed energy, it»i 

increased^ absorption is indicated by increased darkening. A bolonujtric 
or an ionisation measurement of the radiation transmitted by the AgBr 
layer would, on the other hand, indicate increased absorption ~by exhibit- 
ing a lessening of the energy. 

We now give figures of the absorption limits. The v/B values hftv® 
been placed alongside of the A-values, and in the case of the L-seriaa th© 

values of the I” doublets are also shown. Table 21 gives the 


or limits, Table 23 the L-edges. 

A compwison of Tables 21 and 10 confirms that the K-limits lie hard 

Stokes’ law they ar© di». 
placed a little towards the direction of shorter wave-lengths,* by about i 
per cent, as Duane and Stenstrom have proved for W by means of wro- 

^TabirSTudTr'^-tlf^^ 'T a, oomptt.ri8on 

of Tables 22 and 13, with regard to the L-edges, and the lines 


^20)- that the K-Hinit of 
measurement of Hjalmar (Jvm m our So ini^ oontmdiotsa hy th* 

Patterson, Proe. Hat. Acad., fi 508 tigfiOl h#™ taU?l' L-seriea, Duana and 

Mnagement of Stokes’ “Wiged Ao regmtor an 

oalMfe(ef.TaWel3)thisis,howw, Lt so ^or the lines which w® have 

t Ploo. Hat, Aoad., g, 47T (1920), 
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and Li/r. But, further, a comparison with Table 15 shows that the ab- 
sorption doublets of the Ij-series coincide^ within the limits of error ^ with the 
emission doublets. The significance of this fact in the atomic model be- 
comes particularly clear in the light of Fig. 55 : the absorption doublet 
is given as the difference in the energy-levels by the energy-step between 
the and the L^-level, in the same way as the emission doublet is 
given as the depression in passing to the new energy-level. 


Table 21 

Absorption Limits of the K-series 


Element 

A in X" units 

y/K 

Element 

Ain X- units 

y/R 

12 Mg . 

9511-2 

95-81 

45 Rh . . 

533-0 

1709-7 

13 A1 . . . 

7947-0 

114-67 

46 Pd . 

607'5 

1795-6 

15 P . . 

5758*0 

158-26 

47 Ag . 

485-0 

1878-9 

16 S . . . 

5012-3 

181-81 

48 Gd 

463-2 

1967*3 

17 01 . . . 

4384-4 

207-84 

49 In . . . 

443-4 

2055-2 

18 A . . . 

3865*7 

235-73 

50 Sn . 

424-2 

2148*2 

19 K . ■ . 

3434-5 

265-33 

51 Sb . 

406-5 

2241-7 

20 Oa . 

3063-3 

297-48 

52 Te . . . 

389‘6 

2339-0 

21 So . . . 

2751-7 

331-17 

53 J 

373-7 

2438*5 

22 Ti . . . 

2493-7 

365-43 

55 Os . 

344*4 

2646-0 

23 V 

2265-3 

402*27 

56 Ba . 

330-7 

2755-6 

24 Or . 

2067-5 

441-14 

57 La . 

818-8 

2858-4 

25 Mn . 

1889-2 

482-36 

58 Oe . 

306-8 

2970-2 

26 Eg . 

1739-6 

523-84 

59 Pr . 

294-6 

3093 

27 Oo . . . 

1601*8 

568-90 

60 Nd . 

283-5 

3214 

28 Ni . . . 

1489 0 

612-00 

62 Sm . 

263-6 

3457 

29 Ou . 

1378-5 

661-06 

63 Eu . 

254-3 

3584 

30 En . 

1296-3 

702-98 

64 Gd . 

245-6 

3710 

31 Ga . . . 

1190-2 

765-64 

66 Ds . 

229-4 

3972 

32 Ge . 

1114-6 

817-57 

67 Ho . 

221*4 

4116 

33 As . 

^34 Se . . . 

1043-5 

873-28 

74 W . 

178-06 

5117-8 

979-0 

930-82 

78 Pt . 

158*1 

5764 

35 Br . . . 

917-9 

992-78 

79 Au . 

153-4 

5941 

37 Bb . 

814-3 

1119-1 

80 Hg . . . 

149-1 

6112 

38 Sr . . . 

769-6 

1184*1 

81 Tl 

144-8 

6293 

39 Y . . . 

725-5 

1256-1 

82 Pb . 

141-0 

6463 

40 Zr . . . 

687-2 

1326-1 

83 Bi 

137-2 

6642 

41 Nb . 

650-8 

1401-8 

90 Tb . . 

113-1 

8057 

42 Mo . 

44 Bu . 

618-0 

658-4 

1474-5 

1631-9 

92 U 

107-5 

8477 


Observers: Frioke, Pbys. Kev., 16, 202 (1920) (Elements 12 Mg to 24 Or). Duane 
and Kang-Fu-Hu, ibid., l4, 516 (1919) (Elements 25 Mn to 58 Oe). Siegbabn and 
Jonsson, Phys. Eeitaohr., 20, 251 (1919) (Elements 69 Pr to 67 Ho).^ Duane 
and StenstrSm, Proo. Nat. Acad., 6, ^77 (1920) (74 W). Duane, Erioke and 
Stenstrom, ibid., 6, 607 (1920) (Elements 78 Pt to 92 D). 

It is to be regarded as an outstanding achievement of science that 
also the M-absorption limits have been fixed completely at least in the 
case of the heaviest elements. In the cases of TJ and Th, Stenstrom 
found three, and Coster five different limits, that is just as many as we 
found it necessary to assume in the scheme of L-lines of emission to ex- 
plain their existence. The three softest limits were observed by Coster 
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TabiiB 22 


Absorption Limits of the L-series 



Wave-lengtlis 

Values of v/R 

Element 








Li 

U 

L3 

Li 

La 

L,j 

55 Cs 

2459 

2299 

2157 

370-6 

3964 

422*5 

56 Ba 

2348 

2194 

2063 

388-1 

415-3 

441*7 

57 La 

2250 

2098 

1971 

405-0 

434-4 

462-3 

58 Ce 

2158 

2007 

1887 

422-3 

454-0 

482-9 

5 ) Pr 

2071 

1922 

1808 

440-0 

474-1 

504-0 

60 Nd 

1992 

1842 

1736 

457-5 

494-7 

624*9 

74 W 

1213-6 

1072*6 

1024 

750-88 

849-59 

889*9 

78 Pt 

1070-6 

932-1 

888-5 

851-26 

977-65 

1026*6 

79 Au 

1038-3 

899-3 

860*6 

877-65 

1013-2 

1058-9 

80 Hg 

1006-7 

870-0 

833*6 

905-20 

1047-4 

1093-3 

81 T1 

977-6 

841-5 

805*5 

932-15 

1032-9 

1131-3 

82 Pb 

949-7 

813-3 

780*3 

959-53 

1120-5 

1167*8 

83 Bi 

921-6 

787-2 

753*2 

988-79 

1157-6 

1209-9 

90 Th 

759-6 

628-6 

604*4 

1199-7 

1449-7 

1507-7 

92 U 

721-4 

591-8 

568*5 

1263-2 

! 

1539-8 

1602-9 


It 


a ? -2 
an *4 
.HI -7 
.S4'l 
H7-2 

HR-71 

ia6-80 

3H5-5 

142-2 

160-7 

160-JJ 

l««-8 

i360-0 

a76-(} 


Observers: O. Hertz, Zeitsohr. f. Phys., 3, 19 (1920) (Z = 55 to 60). W. Duarje and 
R. A. Patterson, Proc. Nat. Acad., 6 , 509 (1920) {Z = 74 to 92). 


for Bi, too. The orderly sequence (cf. also Chap. VIII, ^ 5) in the n tim- 
ber of limits or energy-steps, namely, Kl, L3, M5, N7, is worthy erf 
notice. The last number is used as a theoretical postulate for fonndling 
Table 12, but for the present there seems little chance of verifying it ex- 
perimentally. As a matter of fact, even in the case of the absorj>tioB 
limits of the M-series the experimental difidculties are extraorclimiirily 
great. Not only is it necessary to use a vacuum spectrograph, biat it i« 
also necessary to prepare the absorbing metallic salts in extremely small 
quantities, for example, by soaking tissue paper in them. The result of 
the measurements is given by Table 23, which, following Coster, wo ex- 
press in wave numbers v/E. 

Table 23 




Mg 

Mg 

M 4 



83 Bi . . 
90 Th . . 
92 U . . 

191-36 

244-90 

261-03 

199-44 

256-55 

273-99 

233-9 

297-99 

317-18 

354-4 

382-1 

381-6 

408-9 



In placing the excitation and the absorption limits after the emission 
lines we have simply followed the course of the historical development. 
From the strictly systematic standpoint, however, we should, have ‘ 
reversed the order, as is actually and rightly done in a repo rt by 
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W. Duane on Eontgen spectra.* The behaviour of the atom as regards 
energy expresses itself most clearly and most simply in the existence 
of the absorption limits. They represent directly the portions of energy, 
by the manifold combinations of which alone the emission lines are 
able to be produced. Compared with the former, the latter are compli- 
cated expressions of the energetic structure of the atom. 

The relation between absorption limits and emission lines in the 
X-ray region is the same as that between the “ terms ” (cf. Chap. VI,. 

§ 1) and the wave-numbers of the lines in the visible region. The object 
of si)ectroscopy is to determine the atomic states and their energy values. 
These are represented directly by the series terms. The observation of 
spectral lines is merely a means of arriving at the terms. Only when the 
spectral lines have been developed in series, and have been resolved into 
terms, may the object of spectroscopy be said to have been attained. 

The laws of selection according to which the energy-steps of the atom 
conspire together to produce emission lines of Eontgen spectra will not 
be given before Chapter VIII. More involved theoretical steps are 
necessary before they can be made clear. Only then, too, shall we be in 
a position to prove the correctness of our table of the methods of origin 
by which the lines of the K-, L-, and M-series are produced. Each datum 
of the table implies a quite definite numerical statement about a i^elation- 
ship between the energy-quanta or, what amounts to the same, the 
wave-numbers of an emission line and of two absorption limits. For 
example, when we denote the origin of La by the symbol we 

assert that the following equation holds exactly between the wave-number 
V of La and the wave-numbers - of the limits L^, : 

V = (2) 

for which we may more conveniently write 

1/ = Lj^ — Mj^ ..... (3) 

It is to be remarked that, in the case of the K-series in Table 9, the 
origins ot K/3 and Ky were indicated only generally by the statements 
M K, N K, and no further details were given as to which M- or N- 
level here comes into consideration. Since rather subtle questions arise 
in dealing with the origin of K/3 in particular, which we shall not be 
able to treat before the last chapter (under the heading “Defective 
Combinations”), we shall wait till then before adding the details that are 
still wanting for the exact definition of and Ka. 

When the origin of all the lines is known, we shall be able to replace 
the tabulation of the lines by a mere tabulation of the limits together 
with the rules of combination that correspond to the origin of the line in 
question. Thus, in principle, the tables of this paragraph may replace 
those of the preceding paragraph. Analogous conditions hold in the 

* Bulletin of the National Besearch Council, 1, 383 (1920). 
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visible region. Whereas earlier reference books used to contain 
tables of the wave-lengths, but could add no resolution into terrxiBi the 
tables of, for example, Dunz (cf. Chap. IV, §2) furnish, in addition to 
the wave-lengths, the values of the terms which are of most to 

us, and which are of the greatest physical importance. In future, i iicieech 
it will be sufficient to know the terms alone, as long' as the oiocio of 
origin of the lines in question, that is their resolution into terms, iB firmly 
established. We actually put this point of view into practice fo*' the 
X-rays in Chapter VIII, § 6, under the heading “ Table of Term, V 

Hitherto we have dealt only with the position of the absorption Ti iinto. 
Concerning the amount of the absorption we mentioned merely its 
decrease as the wave-length decreased and its sudden increase in |JA»- 
ing the absorption edge. The amount of the absorption is 
numerically by the absorption coefficient //,. This is defined by th€3 sfcato- 
ment that for homogeneous radiation the relative decrease of intemBity ui 
the passage through a layer of depth d is From the abBOi*i»t*«m 

coefficient /x, we pass on to the true absorption coefficient JL in whioh fchii 
loss due to the coefficient of scattering 5 (cf. Chap. I, p. 81) lutiB Imhhi 
subtracted ; and from this again, if we divide it by the number of ri.toni« 
per cubic centimeter, to the true absorption coefficient per atom, whicsli wa 
shall call /Z^j. According to calculations by E. Glocker,"^ the w«i»y ill 
which the latter depends on the wave-length A of the absorbed racl ifirtioii 
and on the atomic number of the absorbing element is represen tticl for 
the neighbourhood of the K-absorption limit by the formul® (A. lieitig 
measured in cms.) : 

- _ 22*8 . 10-6 2;4*28 . X2.8 for x> Xj, i . . 

“* 1120 . 10-6 213*72 . X2-8 for X<Xk ‘ ^ ' 


We arrive at this formula if we plot the logarithms of the 
values of the absorption coefficients as ordinates, and the logarithr riB ot 
the wave-lengths or the atomic numbers, respectively, as abscissm. The 
points so obtained lie along segments of straight lines, from the po»it*ioii 
of which the factors 22*8 and 1120, and from the inclinations of wi’iioh 
the exponents 2*8, 4*28, and 3*72 are determined. The uncBi“tairity of 
the exponent 2*8 of X makes it fluctuate between 2*5 and 3*0, t aocoixlitii^ 
to experiment. The very unconvincing fractional form of the exponisul 
shows that we are dealing only with an empirical formula and 
proper theory of the process of absorption is still wanting. 

In this way we get for the dependence of log /x on log X the char^ikotcir* 
istic pictoe of Fig. 60. Suppose we are dealing, for example, witH Ag, 
at first in the vicinity of the K-absorption edge, 485 X-unifca* If 


Physical. Zeit^hr., 19, 66 (1918); the formula given above for the 
account Mndly furnished by Mr. Glooker for the purposes of 

w heloy7 the absorption limit, measurerxifiritw 

p? Hewlett, Pbys. Kev., 17 , 284 (1921), indicate that Ji is proportional fcc* a** 

Cf. m this connexion Kote 2 at the end of the book. ^ p A * 
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we start from theiless hard rays at the right end of the contirmons 

line in the figure), log /a decreases uniformly as log X decreases, as far as 
A. Ak* ^ At the latter point, on account of the excitation of the character- 
istic radiation of Ag, increased absorption begins ; the absorption co- 
efficient suddenly jumps up, and, indeed, to a value seven times 'as great 
as that before the jum|); to this there corresponds in the logarithmic 
representation a jump of the amount log 7 = 0-84. After the jump the 
uniform decrease of the absorption recommences as the absorbed radiation 
increases in hardness ; the logarithmic value of the decrease as before 



yp a y ^ oc 

I Ll.. II 1 1 1 1 

3^6 /-I I OjT 

A B, A 

I’m. 60. 


thej jump, being again determined by the exponent 2*8 of A in equation 
(2). If, on the other hand, we go towards the right into the dotted region 
(which is not corroborated by measurements in the case of Ag), we arrive 
at the L-absorption limits. The course is here, if we judge for instance 
from the example of An, similar to that for the K-absorption limit : there 
are sudden jumps, the graph having a parallel course before and after the 
jump. In the figure three such jumps, of decreasing intensity, have been 
inserted, corresponding to the three absorption limits Lj, L.^. 

Concerning the rise of the absorption at the limit in question, it is not 
quite sharp and sudden as was previously believed and 
as it appears in Pig. 60. Rather, the limit has a 
certain structure, Stenstrom showed this for the 
M-limits, G, Ilertss for the L-limits, and Pricke for 
the K-limits of the lightest elements. Mg. 61 shows 
the K-limit of sulphur, according to H. Pricke,* as a 
photometric record of the darkening of the plate. Great 
values of the ordinates denote good transmission, that is, 
little darkening of the plate measured photometrically and corresponding 
strong absorption in the absorption film placed in front of the plate. The 
photograph for the case of sulphur shows a precipitous but nevertheless 
steady rise of the absorption between k and K. The distance kK amounts 
to about 5 X-units and is a measure, so to speak, of the breadth of the 
K-edge. But the two absorption maxima behind X, called A and B in 
the figure, are still more remarkable. (The small siig-zags are due 



■»'Pb.ys. Bev„ 16, 202 (1920). 
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to the granules of the photographic plate.) In the photographs the mtar- 
vening minima appear as comparatively sharp lines of brightrxeBB- 

Kossel* accounts for the successive maxima as follows. matrt 

limit K corresponds to the energy that is necessary to transport arx 
from the K-shell to the periphery of the atom, and the succeeding tyxima 
A and B correspond to the transitions of a '' K-electron to certair^ virtua^I 
orbits, characterised by certain quantum conditions, which lie tha 

atom. The amounts of energy necessary for this are, of course, 
than that corresponding to the true Kdimit. The maxima A? 1^* * • • 
therefore lie on the side of greater vibration numbers. On Kossel*^ view 
it follows that the intervals separating these maxima from each 
from K, when measured in wave-numbers, must be of the order of xxiagni- 
tnde of the Eydberg constant R, and this is confirmed by the 
Further, it follows that the phenomenon of a band-structure is acoc^«»iM# 
to observation only in the case of very soft bands, that is, for the 
only in the case of the lightest elements. In the absorption edgeB th© 
harder region, the successive maxima, when measured in wave-long^hSi 
crowd together. 

This leads us to a fundamental question. Why is it that the visiMd 
spectral lines may he observed both in emission and in absorption^ bul 
the Eontgen rays occur only as emission lines? The ground of this »» 
according to Kossel again, to be sought in the difference between the inotr 
regions of the atom and the outer regions. In the interior the shells (tha 
possible ‘‘ quantum orbits ’*) are occupied by electrons and an electron that 
is ejected out of the interior finds no vacant orbit and must therefor 
escape to, at least, the periphery of the atom. In the oute 7 ' regio^zu of tha 
atom, however, the “quantum paths” of the electrons are free ; thesy mm 
virtual not real electronic orbits. When excited, the electron tha^t in rti- 
moved out of its natural orbit can pass over into any of these virtual 
orbits. Bach such transition corresponds to a definite acquisition of 
energy and hence, according to the Av-law, to the absorption of a. doiitiilii 
spectral line. In the Eontgen region, however, absorption lines oooiir 
only as secondary phenomena accompanying the absorption edgc^H in 
transitions that stretch beyond the periphery of the atom into tho ouUr 
region of the atom unoccupied by electrons. 

Whereas, in Fig. 60, Z was kept fixed and A was varied, the clci|iend* 
ence of the absorption coefficient on Z is obtained from a logHjr*if liinin 
graphical representation in which A is kept fixed and Z is varied. 1 If«ti 
too the course is along straight lines. According to investigatioiiH by 
Bragg and Peirce t the steepness of the descent is measured by* ffiii ex*- 
ponent 4 of Z, and whereas, according to calculations of G-locker, tUii ex* 
ponent is 4*28 or 3*72 according as A ^ A^ or A respectively. ^ It is 
interesting to note that the two latter numbers differ by the same 


Zeitschr. f. Phys., 1, 124 (1920). 


fPhil. Mag., 28, 608 (19X4=). 
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from 4.) Glocker’s determination, *which is fonnded on more compre- 
hensive material than that of Bragg and Peirce, is without doubt the safer of 
the two. The fact that the exponents of Z cannot be the same for 
as for X <; Ak already follows from the circumstance that the absorption 
jump measured by the ratio of the jCE’s before and after the jump diminishes 
systematically as Z increases, whereas if the exponents were equal, as 
given by Bragg and Peirce, it would be independent of Z. It is by no 
means necessary that the absorbing substance be present in the form of 
an element. The absorption of Eontgen rays* is, like their emission (cf. 
p. 148), an additive property of the atoms composing the substance. 

Finally, we shall make a little digression into the region of medical 
Bdntgen photograjohs* These are, as we know, whether received on a 
fluorescent screen or on the photographic plate, shadow pictures . They 
are thus concerned only with the transmissive or the absorptive power of 
the object through which the rays pass. The human body is essentially 
composed of the elements H, G, N, 0, P, Ca (for which Z = 1, 6, 7, 8, 
15, 20). Now the atomic absorption increases, as we saw, approximately 
in proportion to the fourth power of the atomic number, and the absorp- 
tion of a compound, of a mixture or of an aqueous solution is composed 
of the additive absorptions of its constituents. Thus to know the absorp- 
tion of bone-substance 0 a 3 (PO 4 ) 2 , we have only to superpose the absorp- 
tions of Ca, P, and 0, whereby each is to be counted the number of times 
it occurs in the formula (thus, 3, 2, and 8), and to find the relative absorp- 
tion of the bones with respect to the surrounding tissues, we have to 
compare them with the absorptions of H^O, which is easily the prepon- 
derant constituent of the tissues. In this way we get : 

3.20'^ -h 2.15^^ 4- 8.8^ /5V ^/15v 

As we see from this the amount for Ca considerably outweighs even that 
for P; the fluorescent screen counts, so to speak, only the Oa-atoms, 
But if a lead bullet (Pb, Z « 82) is lodged in the bone, its absorption ex- 
ceeds that of the bone to an extraordinary degree. The excellent contrast 
effect produced by a solution of bismuth that has been introduced into the 
stomach or the intestine is due to this ; for its atomic number is 83. The 
concentration of the bismuth solution need not even be high; on account 
of the ten times higher atomic number of bismuth compared with 
oxygen, a Bi-atom acts about as strongly as 10,000 0-atoms and 1 grm. 
of Bi acts about as strongly as 1 kilogrm. of water. The same explanation 
holds for the surprisingly strong absorptive action of iodine preparations 
that are photographed, for example, as iodoform in the bandages ; for 
iodine has the atomic number 5S. 

But the dependence of the absorption on the wave-length and its jump 
at the absorption edge also comes into account for the medical use of 
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Eontgen rays. For it is on this fact that one of the commonest hardness- 
gauges, that of Wehnelt and the attached Wehnelt scale is founded (or 
Benoist’s hardness-gauge, which is based on the same principle), Ite 
construction is familiar : an aluminium wedge is placed alongside^ a silver 
plate of uniform thickness. We read off that position of the aluminium 
wedge at which it absorbs just as strongly as the silver plate ^ so that 
equal brightness is caused in the fluorescent screen. Whereas A1 absorli# 
all rays regularly— for the K-edge of A1 has such a soft wave-length thfti 
it does not come into question practically — the Ag absorbs the harder 
rays for which A <485 X-units selectively and absorbs only thca softer 
rays regularly. Therefore, in the transition from soft to harder rays* %hm 
point of equal brightness moves along the scale in the direction of fea 
thicker end of the Al-wedge, as then the Ag-absorption begins for a greater 
part of the mixed rays and so the same thickness of silver beoamas 
alent to a greater thickness of the aluminium wedge. • 

This may suffice to show that iii the medical application of X-rayt 
the more refined results of physical research, in particular those conoera^ 
ing the absorption laws, come into account. 



CHAPrER IV 
THE HYDROGEN SPBGTRUK 

g 1. Introduction to the Theory of Quanta. Oscillators and Rotators 

I E we wish to penetrate further into the nature of the theory of 
quanta, we must not restrict ourselves to the special case of 
vibrational energy, which we treated alone in Chapter I, g 6. 
This case takes precedence historically ; it led Planck to formulate from, 
heat radiation a definition of his oLuantum of action h. The simple 
oscillator was used by Planck in a certain sense as a theoretical resonator 
to heat radiation ; by means of it he developed his hypothesis of energy- 
quanta (see p. 37). This hypothesis is the foundation of the photo-electric 
law of Einstein and also of its extension as Bohr's hypothesis concerning 
emitted and absorbed energy. 

Adopting a more general standpoint we shall consider instead of a 
special Planck oscillator any arbitrary mechanical system lohatsoever, or, 
for the present, a little more specially, any arbitrary moving point-mass^ 
whereby it matters little whether we assume it to be charged (an electron) 
or not. 

We find it expedient to begin by enunciating the form that Newton 
gave the mechanical laws in his Frineipia, in particular his Definitio II 
and Lex II {Definitio I defines the conception of mass ; Lex I is the 
law of inertia). 

Definitio II : Quantitas motus est mensura ejusdem, orta ex velocitate 
et quantitate materiae conjunctim. 

^‘The momentum (amount of motion) is the product of the mass and 
the velocity.'* 

Lex II : Mutationem motus proportionalem esse vi motriei impressae 
et fieri secundum lineam rectarn, qua vis ilia imprimitur. 

‘^The change in the momentum (amount of motion) is proportional to’ 
the impressed force and takes place in the direction in which that force 
acts.” 

In place of amount of motion we say momentum or impulse ; we 
denote the impulse by p, and hence by Definitio II we have : 

p ^ mv . . . . . (1) 

As usual, we designate the position of the point by rectilinear co-ordinates 
X, y, z, B''or the sake of generalisation later, we shall, however, use, 
n 193 
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instead of different letters, different suffixes attached to the sarao l-ettor 
thus: qi — x, — y, q^ = The velocity is then given in 
and direction by 

gj^where jj = a; = ^, §2 = y, etc.^ 

B,nd a Pij P 2 i Pz are the corresponding components of the momeotn *'* * o** 
impulse then, by (1), 

= mq^ ' . . . . . 

The fact that the dynamical triplet of impulse co-ordinates oocnirw 
conjointly with the geometrical triplet of the co-ordinates of positiorr iw c>f 
great importance to us. Furthermore, the above formulation of 
of motion, Newton’s Lex II, is of particular importance to iis, espc^oially 
with regard to the foundation of the theory of relativity (cf. Chap- V I 1 1 J. 
It is wrong to speak of Newton’s “Law of Acceleration.*' It 
Mnematic quantity acceleration* hut the dynamic quantity of 

momentum that is regulated by this law. In this sense we writc^i < low it 
Lex II for each co-ordinate direction (Jc = 1, 2, 3) separately : 

= . . (ii) 

In (3) we assume that the force K is derivable from a potential eri€irg“y 
'Eipot (function of q^. The kinetic, energy is : 


FAjiu— “2 (?i + qt 


^1) 


Pi +P\i+Pli 
2m 


by (2), We call the total energy, considered as a function of an cl 

HamUton’s function H. We have : 


H(g, p) = ^ ^ == 

"3* '^Pic ‘rti. 

Consequently we may write the fundamental equations (2) and (3) i tht» 
form : 

dt Dg?/ dt Sg* ■ ■ • • 

This Bamiltoman or canonical form of the equations of ixiohion in 
remarkable not only on account of its symmetry but also boe**,Tjirt «3 it 
remains preserved if any arbitrary new co-ordinates are introdiKswi (of. 
Note 4) and because it holds not only for an individual point-in shmm but 


* Oh course, -when tie mass is constant p = mo ^ mass x acceleration *t... i 

general the mass is not constant; in the thed^ of relativity it is not even 

Ldv^for^tW mechanics it is not ooS^r^or 1 nii 
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also for any arbitrary mechanical system. For arbitrary co-ordinates 
and systems * the impulse j) is defined by : 


- 


'W 


. ( 5 ) 


in which the kinetic energy is to he regarded as expressed as a function of 
the q^s and the g/s. For the individual mass-point, (5) clearly becomes 
identical with (2) if I'ectangular co-ordinates are used. 

The values of the co-ordinates q and p determine the corresponding 
state or phase (in Gibbs’ terminology) of the system. To get a vivid 
picture of the state of motion in terms of the position (q) and the velocity 
or impulse (p), respectively, we imagine, in the case of an individual 
point-mass (which has three degrees of freedom), its three position co- 
ordinates q and its three impulse co-ordinates p drawn as perpendicular 
co-ordinate axes in a space of six dimensions, so that each point of this 
space represents a pb ase of our point-mass. In a system having / degrees 
of freedom this phase-space is of 2/ dimensions. 

Fortunately, we need not frighten off the reader by discussing our 
problems in multi-dimensional space. *We may rather for the present 
restrict ourselves to systems of one degree of freedom, for which the 
general phase-space resolves into a single phase-plane. Later, too, when 
we shall have to consider systems of several degrees of freedom, we shall 
be able to arrange so that we have only to discuss two-dimensional 
sections of the phase-space, that is, again, certain simple phase-planes. 

We draw q and p as rectangular co-ordinates in the phase-plane of our 
system. In this plane we construct the phase-paths or orbits, that is, the 
sequence of those graph points that correspond to the successive states of 
motion of the system. Choosing any point as an initial state we may 
plot the phase-paths and densely cover the whole of the phase-plane. 
The characteristic feature of the quantum theory, however, is that it 
selects a discrete family of phase-orbits from the infinite manifold of 
phase-orbits. To define these selected orbits, we shall first consider the 
area of the phase-plane included between two arbitrary phase-orbits : we 
shall call such an area a phase-area. We then draw our family of orbits 
so that the phase-area between two neighbouring orbits is always equal 
to the quantum of action h. In this way h acquires the significance of 
the elementary region (or element) of the phase-area. We shall regard this 
significance as constituting the true definition of Planck’s quantum of 
action h. We shall next illustrate these rather abstract ideas by means 
of two very important special cases, that of the oscillator and that of the 
rotator. 

We give the name linear oscillator to a point-mass m that is hound 
elastically to its position of rest and that can be moved to either side of 


* Wo shall not discuss here how the definition is to be generalised for the case 
when the acting forces have no potential. 
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this central position only in a direction x ^ qox its reverse, whereby Jt 
experiences a restoring force but no damping resistance. The oseiihwr 
is the simplest instance of a centre of vibration such as is m 

Optics in the form of a quasi-elastically bound electron.’' We riBcs the 
more accurate term ‘‘harmonic oscillator” if we wish to emphaBiB€3 th%% 
the latter is capable only of a definite characteristic or natural vil>ratiori 
on account of its elastic attachment. Let the vibration numlx^r or 
frequency of the oscillator (number of its free vibrations per xmit of 
time) be v. The vibration phenomenon is then expressed Dy : 

■x — q = asin ^Trvt ... * 

In this case the impulse jp simply becomes equal to mq (accor'cli riK to 
(2), and in agreement with (5)). Hence 

= ^TTvina cos ^TTvt ... - C^) 

By eliminating t from (6) and (7) we get as our phase-orbit an ellipBO in 
the p-g-plane having the equation : 






in which the minor axis 6 is defined by 

h =: ^Trvma . 

The area of the ellipse is then : 

ahir = 


m 


m 


w 


We next assert that this same quantity is also equal to wharti W 

denotes the energy, which remains constant during the vibration. I for 
example, we calculate W at the time ^ == 0, the potential energy iB aiaro# 
and the kinetic energy is 

|a^(2,rv)^ = W .... (10) 


and hence, actually, 


ahTT = — 

V 


. . (H) 

By altering W we get in the phase-plane the phase-orbits as a, £«,mily 

b 

of sinailar ellipses since, by (9), the ratio - has the constant value 

We have now to make the selected ellipses of this family sucooeti on© 
another in such a way that the elliptic zones have each the same aftia h. 
Then h k at the same time (see Fig. 62) the area of the first (or innnr. 
most) ellipse ; the second ellipse has thus the area 2^, the the a-roa nh. 
n W„^ is the energy of the oscillator, when it describes the m 

its orbit, then according to (11) 


W,j = nhv 


(13) 
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Whereas in the classical theory all points of the phase-plane are of 
equal value and represent possible states of the oscillator, the states for 
which the graph points lie on one of the ellipses of our family are dis- 
tinguished. TLhey represent the stationary states of the oscillator, that is, 
such states as the oscillator may pass through without cessation and 
without loss of energy, in other words, in the case of a charged point- 
mass, without radiating energy. Equation (12) shows that in these orbits 
the energy is a whole multiple of the elementary quantum of energy e, 
that is, 

€ « hv, Wn nc . . . . (13) 

We thus arrive at the idea of energy-quanta that we hinted at in Jjhe 
opening paragraph of this section and that we introduced on page 37. 
When the oscillator retains its station- 
ary state with constant energy, its graph 
point traverses during one vibration an 
ellipse of the family in the phase-plane. 

From time to time, however, the energy 
of the oscillator changes, and when its 
graph point jumps over to a smaller 
ellipse it emits energy; but when its 
graph point passes over to a larger 
ellipse it absorbs energy. The emission 
and absorption occurs in multiples of the energy quantum e. 

Owing to the assumption of discrete phase-orbits and discrete energies, 
the oscillator may only describe motions of definite amplitude (of 
maximum displacement) and velocity. For from (6), (10), and (13) the 
resulting magnitude of these two amplitudes is : 



Fig. 62 . 
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We have given here the extreme form of the quantum theory, which 
recognises only discontinuous transitions between the various motions of 
the oscillator. To obviate this paradoxical idea, Planck later developed 
a form of the quantum theory in which phase-points in the interior of 
the elliptical zones may also be regarded m possible states of the oscillator, 
that is a theory in which the graph point of the oscillator is not ex- 
clusively bound to the confines of the elementary regions. When energy 
is absorbed, the graph point is to displace itself in a continuous manner 
through the interior of the elementary region and is to jump from one 
boundary curve to another only when energy is emitted. For our 
purpose, however, the first form of the quanWm theory will be more 
appropriate. We therefore make the definite assertion (for the oscillator 
and for every mechanical system of one degree of freedom) : The graph 
point {of the system) in the phase-plane is restricted to certain “ quantised'’ 
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phase-orbits {which characterise certain quanta). Between each orbit awflS 
its successor there is an elementary region of area h. The n^^^ of these oT-bits 
{if closed) has an area nh. Expressed as a formula this is : 

dpdq^nh .... 

wherein the integral is to be taken over the interior of the n^^^ orbit* If 
we carry out the integration with respect to f (corresponding to the 

elementary formula ydx for the area of a curve y — /(^^)), we get 

^pdq nh ..... ( IS) 

This integral is to be taken along the n^^ orbit itself. We shall call the 
left member of this equation phase-integral and denote it by J, i.e. 

J = (16») 

We consider the definitive forrnulation of the quantum hypothcBBie to 
consist in the postulate that the phase-integral must be a whole mtilMpl# 
of the quantum of action h. This postulate singles out ot the contiftfums 
manifold of all mechanically possible motions a discrete and infinite mwibBT 
of real motions, that is such as are possible according to the theoTj/ of 
quanta. In contradistinction to this general form of the quantum 
hypothesis, the original hypothesis of energy-quanta that was formulated 
by Planck for the phenomena of heat radiation is only a special reBult of 
the general quantum postulate adapted to the oscillator. In the preo€id- 
ing, we were relieved from the task of evaluating the phase-integra^l (15) 
only because we were able to calculate the area of the ellipses dii^eotly 
from the formula abTr. 

From the oscillator we pass on to the rotator. This term is to clciiiot© 
a point-mass which rotates about a fixed centre uniformly in au oi rol© 
of radius a. The natural co-ordinate of position is here the angla ^ 
which the radius to the point-mass makes with an arbitrary initial 
=s 0. We thus set^>"== The kinetic energy is 

% -n ^0-0 

( 18 ) 

In the case of uniform rotation the potential energy will certainly im 
independent of it is indifferent to us whether this energy depends on 
a since a is constant during the motion. Hence we may writ© 

Epot = const. 

The impulse or momentum co-ordinate in this case correspondinar to th« 
co-ordinate q is by (5) and (16) : r & 


p = ma^q 


(17) 
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It signifies the moment of momentum with respect to the centre of the 
circular orbit. Since q = const., this moment of momentum (Impuls- 
moment) p is constant during the motion ; this, in fact, follows immedi- 
ately from the equations of motion (4). Therefore the phase-orbit of the 
rotation (the orbit in the phase-plane q~p) is a straight line parallel to 
the j-axis (Tig. 63). Hence the phase-orbit is not a closed curve in this 
case. Hence we have here first to define what is to be regarded as the 
area of the phase-orbit. 

The following remark accomplishes this : the phase of the rotator 
(its position in the orbit and the direction of its momentum or impulse) 
becomes repeated after every complete 
rotation. Thus, the true phase-orbit is 
not an infinitely long straight line but 
a finite one that repeats itself. In the 
^-direction the phase-plane of the rota- 
tion has only the length Stt ; we may, 
for example, cut it along the lines 




Jl 

2;rr 


: TT and join the edges so as to form 


j 










Fig. 63 . 


a cylinder. , The surface area of the 
cylinder between the and the 

(n 1)^^^ phase-orbit, being a rectangle on the base is equal to 
2T{pfi - We have to set this surface equal to h. We then get 

for the surface between the and the zero phase-orbit, which is repre- 
sented by the g-axis, the expression 


27 rp,i ^ nh . . . . , (18) 

This is the surface that takes the place of the area of the closed curves in 
the case of the oscillator. 

Trom this we see that the rotator is to be QLuantised not in energy 
quanta but in quanta of moment of momentum. In the case of the rotator 

the moment of momentum must be a whole multiple of A. If, on the 

other hand, we calculate the energy (kinetic energy) of the rotator, then 
it follows from (16) and (17) that 

and from (18), when v = 


__ nh q _ nhv 
2 Stt 2 


(19) 


Here v denotes the rotation frequency of the rotator (number of full 
revolutions per unit of time), which appropriately takes the place of the 
vibration number of the oscillator. Hence if we wish to speak of energy- 
quanta hv in the case of the rotator, too (which is better avoided 
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altogether), we should find its energy to he not a whole multiple, hut a half- 
multiple of the energy -element hv. 

Ey quantising the oscillator and the rotator we have already laid the 
fonndation of the numerical details of Bohr's hydrogen atom. As a 
matter of fact, we shall see later that (18) determines the orbits, in 
which the electron that belongs to hydrogen circulates round the 
hydrogen nucleus. In the same way (13) determines the frequency of 
the radiation that is emitted when the electron crosses from one such 
orbit to another. But we shall even at this stage set the treatment of 
the hydrogen atom and other atomic models on a broader basis. To 
achieve this we pass on from the case of one degree of freedom, to which 
we were able to restrict ourselves, in dealing with the , oscillator and the 
rotator, to the case of any number of degrees of freedom. In this case 
we must demand not one quantum condition of the form (15) but / 
different quantum conditions, by which each of the / degrees of freedom 
in a certain sense becomes fixed. We infer this, as a general result, 
from the perfect sharpness of the spectral lines, which allows us to 
conclude that the atomic phenomena underlying their origin are 
fully determinate. Bor this purpose the author has adopted a direct 
“ heuristic" method,* which leads to the same results as those simul- 
taneously obtained by Planck t as a consequence of a more systematic 
investigation into the treatment, along quantum lines, of systems of 
several degrees of freedom. The postulate of the author is : we must 
impose the condition (15) on each individual degree of freedom of the 
system, that is, we nmst postulate the value of the phase-integral for the 
degree of freedom to be a whole multiple of h : 

Pkdqk ^ nich ( 20 ) 

A little earlier than the author, W. Wilson { developed the same 
postulate from the law of heat radiation. 

By setting nje — 1, 2 ... in turn in (20) we fix the first, second , . . 
quantised phase-orbit of the degree of freedom. Since the system is 
bound by each of its degrees of freedom to one of these orbits, the 
required definiteness of its motions is attained. In certain exceptional 
cases, so-called degenerate cases, the number of the necessary conditions 
becomes reduced : then, for / degrees of freedom, less than / quantum 
conditions already suffice to assure the sharpness of the spectral lines 
emitted by the system. 

* Zur Theorie der Balmerschen Sene,” Sitzungsbericlite d^i Miinchener Akademie, 
Dec., as also 1915, and Jan. 1916, Ann. d. Phys., 51, 1 (1916). 

t M. Planck, “ Die Struktur des Piiasenxanmes,” Ann. d. Pbys., 50, 385 (1916). 
fW. Wilson, “The Quantum Theory of Badiatibn and Line-spectra,” Phil. Mag., 
,29, 795, June, 1915.^ A histoiioal account has been given by N. Bohr, Kopenhagener , 
Akademie, 1918, Teil I, in which a work by Hn. Ishiwara, simultaneous with that of 
W. Wilson, is referred to. 
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At this stage we may already state a general property of the phase 
integral, which is of fundamental importance for all that follows : the 
phase-integral J is a necessarily positive cfuantity ; that is, the whole 
nmnher n in (20) is a podtive integer. This property really follows from 
the geometrical meaning of the phase-integral in (14) as a surface area 
(regarded positive) of the (g, p)-plane. But we may easily convince 
ourselves of this by analysis. For this, it may suffice if we take the 
case of the oscillator. Here p = mg, and hence 

mq^dt. 

In the last integral all factors, in particular also the progress of the 
time dt, are necessarily positive ; hence the phase-integral itself will also 
be a positive quantity. The proof for the other cases is exactly similar, 
if the kinetic energy of the system contains only squares (not products) 
of the velocity co-ordinates : this may always be secured by choosing 
the co-ordinates suitably, whereby the place of the mass m is taken by a 
positive function of the co-ordinates. 

Concerning the integration limits of the variable q^ in the phase- 
integral (20), we postulate that the variable is to traverse the whole 
region that serves to characterise uniquely the phases of the system. In 
the case of a cyclical co-ordinate (g = <^, rotator), this is the region from 
-TT to H-tt (cf. Pig, 63, folding of the plane into a cylinder); for a 
variable radius vector r, it is the region from r^in to sind back again 
ro rmm- Further examples of the application of this rule, which clearly 
arises quite naturally out of the idea of the phases of the motion, will be 
found in this and in the succeeding chapter. 

It is more difficult to decide the question : ivhich co-ordinates are to he 
used informing the phase integral (20)? It is clear that our general for- 
mulation of the quantum theory has a definite and unambiguous sense 
only if it is supplemented by a rule regulating the choice of the co- 
ordinates gfc pk that are to be used in equation (20) and fixing the choice ' 
uniquely. In the simplest cases, which we shall treat in the sequel, in 
particular in that of Kepler motions in the plane or in space, appropri- 
ate co-ordinates offer themselves immediately: namely, the cyclical 
azimuth and the radius vector r; but even here the condition of 
uniqueness raises difficulties (at least in the non-relativistic treatment ; 
cf. Note 8). In other cases an analytical rule of Schwarzs child and 
Epstein, which is described in Note 7, serves to determine the co- 
ordinates. But this rule, too, is restricted and applies only to a definite 
class of motions (so-called conditionally periodic motions). Howto pro- 
ceed in oases which do not fall under this heading is not yet known. 

If we recapitulate what we, arguing from the sharpness of spectral lines, 
have learned about the quantum treatment of the oscillator and the rotator 
and about the application of quantum methods to general systems, we get 
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a entirely new type of view of natural phenomena. We thereby adopt 
le extreme view of the original Planck theory, according to which th^ 
uantum favoured states lie solely at the limits of the elementary 
rhereas the interior of these regions remains quite free of phaBc-poiiits. 
hese quantised states are distinguished from all other possibilihieB as 
feationary states of the system by characteristic whole numbers ; they do 
,ot succeed each other continuously but form a net-work. In the quantum 
rbits an electron moves, if undisturbed, permanently and without re- 
istance, that is, without emitting radiation ; the electron is tlitm, so 
0 speak, rendered immune by the quantum condition as regarcls tho 
mission of radiation. The phase-s^ace, being the manifold of all cim* 
e%mhle states, including^ non-stationary states, is crossed mesh^ike % ilm 
raph-emves of the stationary orbits. The size of the meshes is delef^mmM 
)y Flanoh^s constant h. 




§ 2. Empirical Bata about the Spectra of Hydrogen. 

Principle of Combination 

Before we deal with the spectra of the simplest element H, for which 
, it may be convenient to make here some preliminary 
ibout spectra in general. 

"^ereas solid bodies emit a continuous spectrum when the^y glow, 
we 0 serve in t e case of gases and vapours (except for isolated rtwiotis 

of continuous emission) line-spectia and hand-spectra. The former belong 
0 he atom, the latter to the molecule. Hence in a Geissler tube th® 

line-spectrum can 

app^r. In the case of iodine vapour, on the other hand, tho band- 
Sests ?hfSne“ dissociation of J, into J pro. 

SmSLs^f line, fr r 7'^'* well-defined Huaa or 

M toned appear, if the dispersion m Bmall. 

but “fliitings” KanneMerurt,jen'‘)\, 

bourSflber " “ ^ of nmgh! ; 

aecordino' tn fi distances between successive lines dooroafia '' 

^ f we proceed towards th rykZ 

0% " """r '7 acooHHihS ' 

creases regularly towards this hm7o/to^ the intensity of the linoH cie- 

from the beginntogTSe 77 ‘‘“in ^ 

series character is particularly marked in the &stlLS'“*i 

periodic system (alkalies, alkaline earths, and earths) Th^Ti^ ' 

band-spectrum accumulate at the heads of the\!7 t 1 7 ^ * 

infinhely dense there as in the case of the series hues ^ W sr^ 

tie le«^ of .1, i„ae lie »■« ™ J 
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Line-spectra and band-spectra occur during emission as well as 
during absorption. Indeed, the absorption spectra, in the form of Fraun- 
hofer lines, primarily played the determining part in the historical 
development of the measurement of wave-lengths. Absorption spectra 
have a characteristic advantage over emission spectra in that they have 
a greater number of lines. Whereas, under ordinary conditions, only 
few lines of the emission series are sufficiently intense to be observed 
(for example, those of the hydrogen series are known from photographs of 
nebular clusters as far as the 33^^^ member of the series, and in vacuum- 
tubes, at the most as far as the 50^^ member), the absorption series, also 
under laboratory conditions, may be counted almost up to the series 
limit, and they number as many as 50 lines. 

In Fig. 64 we show the absorption spectrum of the so-called principal 
series of sodium according to J. Holtzmark. The wonderful consistency 
of the series law is brought into full evidence by this picture. The photo- 
graph has been cut off at the right end just at the series limit ; here the 
individual lines no longer appear separate. At the left end we see besides 
the individual absorption lines a continuous absorption band. The line 



Fig. 64 . 


on the left corresponding to the longest wave is not the first line of the 
Na-series (the well-known yellow D-line), but the line A = 2823, which 
already lies in the ultra-violet region, for the photograph was arranged 
so as to picture solely the ultra-violet lines. The D-line would lie out- 
side the figure towards the left and, provided the sensitivity of the plate 
remained the same, would be much more intense still than the darkest 
line of the photograph. 

The first lines of the visible hydrogen spectrum were measured by 
Fraunhofer as absorption lines of the solar spectrum and were called the 
C, F, /, h lines, respectively. Nowadays we call them Ha, Hs. 

Their distances apart are shown by wave-numbers (reciprocal wave- 
lengths) schematically in Fig. 65, In this case, too, we have the same 
regularity as in that of the Na-spectrum, indeed in a still purer form, 
since the law of the hydrogen series is essentially an integral law. 

It was J. J. Balraer, a teacher at a secondary school in Basel (E^le), 
who, at the instigation of Hagenbach, sought out this law and exposed 
its ideal form so clearly that We have nowadays to make only non- 
essential improvements on it (cf. the relativity correction in Chap. VIII). 
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Balmer’s formula became the model of all later rational spectral Cormul® 
and constitutes the firm foundation of the theory of spectral lin€ 3 B* 

Balmer wrote his formula * thus : 


X. — h 






( 1 ) 


The integral numbers m and n have the values = 2, m = 3, 4:, 


Ha, Hy, Hg respectively. The factor h (which must not, o f 
be confused with Planck's constant h) is, according to BaJmes>% 

o o 

measured in Angstrom units (lA = cms., cf. p. 151), equal to 
Nowadays we write Palmer's formula thus (X in cms., v in 


if A is 
2 : 1645*4 

- ») : 


1=^=4 



E = 109677-69 I 

W 

Jc = 3, 4, 5, . . ./ 


m 


Formula (2) arises from (1) (if we disregard the choice of units 

present more exact determination of the numerical factor K) l>y S€4fcitig 

in (1), 7Z = 2, and 

4 


h = 


E 




6000 


bixie 

5000 


Tiolei ultraviolet 


4000 


\ 


A. in A 




15000 


20000 

Fjg. 65. 


25000 


Here E is the Eydberg constant (Eydberg-Eitz factor) already intji'OcititMtd 
earlier. The slight difference in the numerical value of E as now M«V0l» 
and as given earlier on page 155 will be explained in § 4 of the j »rewottt . 
chapter. What accuracy comes into consideration when we writes down 
a number of eight fibres may be judged from the fact that the 
metee m^ure itself is defined only to the extent of several that ir 

to the, at the most, lO-efch part of its length. 

The fact that the accuracy of Balmer’s formula is not overdraw r» mm 
1)6 recognised from the following table which gives a comparison, for the 




4, I6h 
• 5^= 15-- 


25 , 9 ^ 36 , 


^ snoeefsive numeratoil af thi squares, 5“ *6* SiTtS 

Minces of squares, 32 - 32, 42 _ g® sa - 22’ hi ’ 02 denommatoar* h,( tin 

basic uuinW I. Balmer's formula so to spei blossomed iutre^steuca ““ 
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first seven lines of Balmer's series, of the observed and the calculated * 
wave-lengths in Angstrom units : — 


Table 24 



Z'J=:3 


h = 5 

^ = 6 

7^ = 7 

k = 8 

7j = 9 

\ calculated . 

\ observed . 

6563-07 

6563-04 

4861-52 

4861-49 

4340-64 

4340-66 

4101-90 

4101-90 

3970-24 

3970-25 

3889*21 

3889-21 

3835*54 

3835-53 


This first example also serves to give the reader an idea of the extra- 
ordinary accuracy of spectroscopic measurement— accuracy of calculation 
and of measurement — which overshadows even the famous “ astronomic 
accuracy/’ 

Balmer concluded his short account in 1885 with the remark that 
the discovery of a corresponding “ base number ’’ h for elements other 
than hydrogen would be very difficult, and would be possible only in the 
case of the most accurate measurement of wave-lengths. How astonished 
he would have been to learn that the same base numer h or, respectively 
4 

(of. 3), B = occurs in the spectra of all other elements. To have re- 
cognised this is, above all, the achievement of Eydberg, and to a lesser 
degree, of W. Bitz, who gave a more accurate expression. 

The essential feature of Balmer’s discovery is the denominator of the 
formula (1), in that he recognised it as the difference between two in- 
tegers. From this we get formula (2) giving the difference of two 
“ terms/’ the first being the constant term, which, at the same time, gives 
the series limit (4 = oo), the second being a variable term. This repre- 
sentation as the difference of two terms corresponds to the view of the 
wave-number as the difference of level between two energy-steps, which 
we treated in the preceding chapter (p. 187). There, too, we emphasised 
the point that our real interest is in the terms or energy-steps and not in 
the term-differences or wave-numbers. 

Through his simple formula Balmer showed the way to the most 
general and. most fruitful principle of spectroscopy, which was introduced' 
in 1908 by W. Bitz, who recognised its fundamental importance, under the 
name, Principle of Combination.” Bitz formulated the principle in his 
original paper t thus: “By additive or subtractive combination, whether 
of the series formulas themselves, or of the constants that occur in them, 
formulae are formed that allow us to calculate certain newly discovered 
lines from those known earlier.” But the fundamental importance of the 
principle of combination consists of the following: by expressing the 

* According to B. Dunz, Bearbeitung unserer Kenntnis von den Sehen. Dies. 
Tiibingen, 1911, p. 2. 

tW. Bitz, Gesammelte Werke, published by the Sohweizer Physikal. Gesell- 
schaft, p. 162. Paris, Gauthiers Villars, 1911. 
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wave-number of a spectral line as the difference of two terms, we define 
two different states or energy-levels of the atom in question. In this 
way several lines or series of lines determine several atomic states or 
energy-levels for the same element. The principle of combination now 
asserts that it is admissible to pass from any one of these levels to any 
lower level, and to derive from the difference of the two corrospionding 
terms a new wave-number of the element. Tliat this now wiwa- 
nnmber happens to be obtained by additive or subtractive coinl)i tuition, 
as is stated in Eitz’s original rule, is unessential. For examples If “We 
represent two lines by means of the term-differences A - B and O — 1 ^ 
we get new lines by combining the terms (BD) and (AC) wifcb tbw wiUTO- 
numbers D - B and C - A, which cannot thus be derived indxvidmiblly from 
A-B and C-D by the simple process of addition or subtraction* ft is 
only when two terms of the original lines are themselves equal that thf 
above quoted formulation of the principle of combination sufficcsB* 

The principle of combination has maintained itself in the whole region 
of spectroscopy from infra-red to X-ray spectra as an exact ph't/Hmat la>W 
with the degree of accuracy that characterises spectroscopic immsiirs* 
ment. It constitutes the foundation on which Bohr’s theory of 
rests, and is, in essence, identical with Bohr’s law (cf. Chap, T, I % 
eqn. (6)), which likewise taught us to regard the frequency of a Bpiiolr&l 
emission as the difference between two energy-levels. But not ifcll com- . 
binations that maybe formed from the terms or energy-levels are e<|Uftlly 
probable. Eather, there are certain limitations rules of selection ”) ] 
that, under certain circumstances, reject certain combinations. I t will lie , 
the object of the next chapter to found these limitations and to igivii thi ' 
conditions of excitation, under which the rules of selection may liB tmns* 
grossed and combinations may be forcefully effected that do not occur dt, I 
themselves. A first and particularly brilliant test of the prinei|,)lc of 
combination was offered by the hydrogen spectrum. Even Balmar him- 
self raised the question whether the number in bis formula nn^ht uol 
also take the value 3, but the state of spectroscopy at that time did luH 
admit an answer. That is, he suspected lines with the wave-numbers : 

“ p) ’' = etc. . . (4) 


atz demanded the existence of these lines on the ground of his prinv.iifie 
of combmation, since the first line of (4) may he obtained by forming the 
difference of the wave-numbers of Hp and H„ while the second line may 
be obtained by forming the difference of H, and and so forth. Th^ 
upon Paschen succeeded in finding in the infra-red region of the hydm- 
gen sf^ctram intense hnes of wave-lengths A = 18751-3 and 12817*fiA 
espM ive y, corresponding exactly to the previously calculated valueH 
Since then, there is no doubt that Palmer’s formula must bl w^ton. 



§ 2. Empirical Data about the Spectra of Hydrogen £07 

in conformity with the conjecture of its discoverer, with two integers, 
thus : 

.... ( 5 ) 

Paschen’s lines form the first two members of the infra-red series of 
hydrogen, which are obtained by setting ^ = 3, w = 4, 5, 6, . . . Now, 
what is the position of the series that corresponds to the values 

n = 1, =: 2, 3, 4, . . . ? 

It lies in the ultra-violet and its limit i/ ^ R is four octaves higher than 
the series limit of the ordinary Balmer spectrum v == R/4, which likewise 
lies in the ultra-violet. The existence of this wltm-violet series of hydro- 
gen was the final confirmation of Balmer’s formula by Lyman. In 
particular, the base line of this “ Lyman-series,” namely, 



appears excellently sharply defined on all photographic plates obtained 
by Millikan (cf. p. 161) for the extreme ultra-violet. Its wave-length is, 

k = 1215-7A. 

It is in a sense the prototype of all spectral lines, being the most funda- 
mental spectral line of the simplest whole numbers that can be imagined. 

Balmer’s formula (5) maintained itself in the sequel not only as a 
sufficient, but also as a necessary condition of the hydrogen lines. That 
is to say, not only are all the series of lines indicated by (5) actually 
observed in the case of hydrogen, but also no other lines belong to the 
hydrogen atom but those contained in (5). Until recently (1913, when 
Bohr’s theory was proposed) two further series were ascribed to hydro- 
gen, which were determined from the formulae 




-r<) 

• (6) 

and 

1 

11 

+ 

. . (7) 


They were called the ‘'Pri,ncipal Series*' and the ** Second Subsidiary 
Series of tlydrogen,” while Balmer’s series itself was called the “Eirst 
Subsidiary Series,” in accordance with a terminology that will be de- 
veloped in Chapter VI, §1. 

The series (6) was originally measured by A. Bowler in the spec- 
trum of a mixture of H and He ; series (7) was discovered by Pickering 
in the spectra of nebular clusters (^-Puppis). According to Bohr’s 
theory, however, both series are to be ascribed not to H but to He'*', that 
is, to ionised helium ; at the same time formulae (6) and (7) are to be 


Monthly Notices, 73 (1912). 
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remodelled and supplemented as follows (by multiplying numerator and 
denominator by 4:) : 

'■“(i-js) 8 ■ 

(i-i) . ■ w 


4E 


Written in this way, they come under Balmer s form (5), with the^ c i er- 
ence that E is replaced by 4E, a fact that points to the double 
charge of He (cf. eqn. (17) of the next paragraph), and with tbe lur ■ m 
difference that the value of E in (6a) and (7a) does not agree exactly wr 
the value of E in (5); this is explained by Bohr’s theory of motion of I # 
nucleus (cf. § 4 of the present chapter). But our reasons for aenyit^ 
hydrogen the series (6) and (7) and ascribing them to helium a»r© no 
only of a theoretical nature, but rest on experimental evidence ^iyen by 
precision measurements of A. Bowler* and F. Paschen,+ to which w# 
shall often have occasion to refer. 

Bor the present we assert that the series (6) and (7) occuxy not only 
in mixtures of hydrogen and helium, but also in quite pure helium. 

We next remark that Pickering’s series (7) includes only one-half of 
the lines represented by (7a), namely, those for which k is odd ; the 
other half coincides nearly, but not quite (on account of the above-men^ 
tioned small difference in the value of B) with the ordinary Balmer eeries* 
In reality both together form a uniform series in that the lines of th# 
one type arrange themselves according to intensity continuously among: 
the lines of the other type. It is therefore unjustifiable and arbitrary to 
detach one-half as the Pickering series and to ascribe it to hydrogen* 
The other half was overlooked earlier only because it could not 
separated from the neighbouring true hydrogen lines. Burtber detail* 
on this point are given in § 4, Big. 69. 

The same is truaof the relation between the series (6) and (6a)* Of 
the lines represented by (6a), and actually observed, the series formul** 
(6) represents only the members for which h is even. Hence, if wo regard 
the series (6a), in the, sense of (6), as the principal series of hydrogen, it 
becomes arbitrarily subdivided into two parts, of which only the onci 
fits into the terminology of the hydrogen members. Actually, as Pasohei* 
shows, both parts as regards the intensity of their lines as well as thip 
nature of their origin belong together, and form a uniform series* 

We thus finally find ouf above assertion confirmed that the aimpli 
and integral character of spectral laws expressed in Balmer* s formulf 
represents a necessary criterion of hydrogen emission. The speclrib 
laws (6) and (7) that depart from the integral type, and thus do not oomi 

Series Lines in Spark Spectra," Proc. Boy. Soc,, 90, 426 (1914t), and FMl 
OOrans 19 1^. 

t Bohr’s Helmmlinien, Ann. d. Phys., 50, 901 (1916). 
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luular Balmer's formula, do not belong to hydrogen but to ionised 
helium. Nevertheless, these laws are of the ^‘hydrogen type.” They 
will, thc^refore, be discussed with Balmer’s series in this chapter. 

rhf^ (|uostion arises whether doublets, or, more generally, multiple 
liut‘H occur in the case of hydrogen as in that of so many other elements 
(cf. (lhap. VI, § 1). Just in the case of hydrogen, this question is not 
cany to answer, since its lines, at ordinary temperatures, are very blurred, 
a nmult which is connected with its small atomic weight (and the con- 
HCHjutmt greatness of the Doppler effect, cf . Chap. VIII, § 4). Now, 
ohler obseiwations of Michelson, Babry, and Buisson, and more recent 
ones by (lehrcke and Lau have shown the lines of the Balmer series to be 
douhkitH,^ of which the difference of wave-lengths are very small (in the 
oi»S6 of i£a the doublet is of size, 0*13 A). From his precision measure- 
ments of He+, Pasohen (of. p. 208, foot-note 2) calculates the corre- 
Hpotuling difference of wave-tnumbers to be 

Av =» 0*364:5 ±0*004:5 cms. . . . (10) 

(Ooaoeming the dimensions, cf. eqn. (3) of p. 154:). The existence of 
the doublets of hydrogen cannot yet be explained in this chapter ; it led 
to the elaboration of Bohr’s theory described in Chapter VIII. There, 
too, we shall learn more details of the above-mentioned results of obser- 
' vation. 

Besides the Balmer spectrum to be understood in the general sense 
of ©ciuation (5), hydrogen possesses another spectrum of quite a different 
nature, the so-called “many-lines spectrum” (Viellinienspektrum). In 
oontradiHtinction to Balmer’s ‘'four-line, spectrum” (called so, oc- 
casionally, in view of its four lines H^, H|8, Hs in the visible), 
the many-lines spectrum is to be regarded as a band spectrum, although 
it dooH not exhibit the external signs of band-spectra, namely the accumu- 
lation of the lines at certain heads of the bands and the repetition of these 
hiuuls, constituting flutingk From the great number of lines observed, 
however, individual groups of lines n^ay be separated out, which follow 
the laws of band lines (set up by Deslandrest) and which also show 
thtnuHelvt'.rt to be related in that they behave similarly in the Zeeman 
e!Te<it. The many-line spectrum arises in the G-eissler tube at lower dis- 
(Iiarging potentials than the Balmer spectrum. The question as to the 
c^arrier of th(‘. many-lines spectrum is a subject of great controversy. The 
oewt^Ht experinumtal investigations, in particular a work by E. Gehrcke,t 
leave, no rootn for doubt that its carrier is the hydrogen molecule and not 
the hydrogen atom. From the point of view of theory, only the Hg- 
tnolcicula can com© into question at all as the carrier of the many-lines 
Hpectrum on account of the great complexity of the latter. Actually, we 


* Cf. Chat^. Vni, i 4, also for references to the literature, 
t Pulohar; Physikal Zeitsohr., 1912, p. 1140 ; Oroze, Ann. d. 
♦;Cf. l,UqK>rt» of the Physikal.-Teohn. Rexohsanstalt, 1921. 


Piiys., 1, 


37 . 
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shall see in Chapter VII that the modern theory of band-spectra, €we:n if 
it cannot predict quantitatively the frequencies of the many-lines sjKmtruBa, 

can at least completely accoimt for its 
general character qualitatively if its calcula- 
tions are based on the mass and of the 

H2-molecule. 

To give the reader at this early Btage a 
general survey of the distribution and 
density of the lines we give Iioi’o as a 
r6sum6 of the empirical data tlie^ accom- 
panying curve that has been calculated and 
drawn by K. Glitscher * At regular inter- 
vals of 100 wave-numbers it gives as orditt-^ 
ates the total intensity of the lines that hav# 
been measured in each of these interval b and 
whose intensity has been estimated* Ths 
end-points of the ordinates have l>etm eon- 
nected by a smooth curve. This curve 
p the schematic picture of the distribution of 
intensity in the many-lines spect rum and 
would be obtained directly if, foi* example, 
the action of the Ealmer lines wore elimin- 
ated and the whole spectral region worn 
photographed with a greater width of »lll 
and measured photometrically. 

If, now, we mark the frequencioH of til# 
Balmer lines Ha, H^, Hy, Hs, in their 
proper positions on a strip of paper «« 
shown on the abscissa of the figure, and if 
we then slide the strip along the absoiaik;; 
until Ha coincides with the first prinoipial 
maximum a (at about 16,600) we find ttet 
simultaneously H^, Hy, Hs also ooinoidift';!: 
with the particularly prominent maxiian) 
/3, 7 , and 8 (at about 22,000, 24,600, and 
26,000). The principal excreBccinc^i. 
(maxima) are attended by mirror axcrea- 
cences. -If we next place the strip so %hm%' 
Ha coincides with the minor maxiiiiuai 
a, H^ and Hy coincide with and y\ Per- 
haps it would be possible to find a third 
group of excrescences a'', separatt^ 

by the corresponding distances of the Balmer 
lines. Furthermore, we have grouped into pairs (shown by bmokete) 
* Sitzungsber. d. bayer. Akad., 1916, p. 125. 
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a txtimber of excrescences of which the difference of frequencies is 
fairly accurate : 


PL 


- ' f.) 


’(E = Eydberg’s number). 


A complete theory of the many-lines spectrum would also have to account 
ior the remarkable relationships here indicated between the many-lines 
spectrum and Balmer’s series. 


P^inally, hydrogen has also a continuous spectrum ; it stretches from 
the limit of Balmer’s series to the ultra-violet; its carrier is the H-atom. 
tt was first observed in stellar spectra and was then examined more 
closely by Stark* in canal-ray tubes. This spectrum is also to be in- 
terpreted theoretically in Chapter VII. . 


§ 3. Bohr’s Theory of Balmer’s Series. 

We here make the simplest assumptions possible: a nucleus of 
negligible size carrying a charge + e, an electron of charge - e is con- 
sidered likewise concentrated at a point, and the mass of the nucleus is 
considered infinitely great compared with the mass m of the electron ; 
that is, we are confronted with a ‘‘ one body problem ” instead of the 
actual ‘‘two body problem*’; Coulomb’s law is valid and likewise 
ordinary (pre-relativistic) mechanics ; the electron moves in a circle about 
the nucleus and is a simple “rotator.” Concerning these assumptions 
we remark that for hydrogen, in particular, E == 6 ; the calculation with 
E is worth doing because it also includes the case of He + and Li + 
(of. Chap. II, § 3, Nos. 4 and 6). The assumption that the nuclear mass 
is infinitely great is a good approximation even for hydrogen (according 
to earlier remarks, cf. eqn. (16) of the following section, m : r%[ == 1 : 1847) ; 
but in the next section we shall let this assumption drop. 

The orbit of the electron is fixed by two conditions, one prescribed by 
the classical theory, the other by the the quantum theory. The classical 
theory requires that the external forces be in equilibrium with the inertial 
forces. The inertial force of circular motion is the centrifugal force : 

— = rtwni =3 
(h 

{^i) =3 aw is the linear velocity, a> the angular velocity of the rotating 
electron, a the radius of the oi^'bit). The only external force is the 

eB 

(Joulomb force of electric attraction -- 2 . Hence the condition of the 

classical theory is : • ’ 

„ eE 

rridit)^ == 

or maV = eE (1) 

* Ann. d. Phys., 52 , 265, 1917. 
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The quantum condition is given by the equation for the moment of 
momentum of the rotator* namely 27rp = nh (cf. eqn. (18), g 1 of this 
chapter). 

With our present symbols the moment of momentum takes the form : 
p == mva ~ 

Hence we get the quantum condition as : 


27ma2(o = nh 


nh 

i.e. rm/di = ^ . 

(2) 

Dividing by (1) and (2) we get 


27rcE 

(3) 

-y = ao) = — f- 
nh 

Inserting this value in (2), 


87r3mc2B2 

(4) 

^ 4'7r2meB ^ 


Thanks to our two conditions, then, the two unknowns a anti <tj ar© 
determined. Both together demand that the electron move only ifz 
^'quantised'" circles on the 2"^, . . . Bohr circle” ; n is th© 
“ quantum number ” of the orbit. The radii of the circles are proportional 
to the squares of the quantum numbers : 


: ^3 : . . . = 12 : 22 : 32 : . . . 


The times of revolution (periods) r are inversely proportional to the 


angular velocities ^i.e. <0 = — j. The times of revolution in the Bohr 
circles are proportional to the cubes of the quantum numbers : 

To bring out the analogy with the planetary system still more and to 
prepare for later generalisations leading to elliptic orbits, we recapitulate 
our results so far obtained in the form of Kepler’s laws : 

4 .TL ylanei moves in a circle at the centre of whmh 

the mn u situated There is a discrete infinite number of orbits ; the 
radius of the n orbit is given by the quantum number n, -/ 

Kepler’s Second Law : The radius vector from the sun to the nlan&t dm- 
B^eguM min equal times. . The surface-constant of the w**- orbit 

Kepler’s Third Law: The squeezes of the periodic times {of revolution) 

72 (Monthly Notices, 

^ed it to interpret certain lines of the sun, Is well as o^^neSli°* o'® "-“d 

Nicholson did not determine the emitted radiation in termci nf x however* 
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are proportiofM to the vubes of the radii of tU orlits. Tor by (6) and (6) 
the time of revolution is proportional to and the orbital radius is pro- 
portional to n\ ^ 

_ As_ above remarked, for hydrogen, B = e. The radius of the first Bohr 
circle la therefore by (4) in the case of hydrogen : 

4Tr‘%e^ ' ■ • \ • ■ (7) 

We next determine the velocity in the first Bohr circle and divide it by 
the velocity of light c. We call the ratio ~ simply o. By (3), we get : 


^ 2x^2 

c ch 


(8) 


Using the values^: e « 4-77 . t = 1*77 . 10^ . 0, = 6*55 . 10- 27 

(cl p, 87), we get by calculation 

- 0*632 . 10-s cms. a « 7*29 . 10 a? = 5*31 . (9) 

The valpe of a will be the determining factor, in the last chapter — as the 
constant of the BtTUotwc of spectral lines. Prom the value of <x-^ we 
get for the diameter 2a of the hydrogen atom in its normal state ” the 
order of magnitude 10-^ cms., corresponding to the ideas that were gained 
about atomic sisse in other ways (kinetic theory of gases, etc.). 

The calculations just giren supplement numerically our general data 
about the hydrogen atom stated in Chapter 11, § 3, no. 1. As an illustra- 
tion we refer to I^ig, 18 there drawn. In it we see the first three Bohr 
circles of radii =» 4ai, = 9^^^, represented. The arrows at these 

circles denote the velocities of revolution (of. eqn. (3)) ; 

the increasing time of revolution is indicated by the decreasing lengths of 
the arrows outwards. These quantum-favoured orhits must exist as 
ituMona/rf states of motion of the atom ; an electron moving in any one 
of them must not radiate. 

We next calculate the energy of the electron in its various orbits and 
take this opportunity to explain why we just now called the first orbit the, 
normal state of the atom. We again designate the nuclear charge by E, 
The energy is composed of potential and kinetic energy. The potential 
(Coulomb) energy is, in view of (4): 




- «B 
a 


^TT^me^W 


( 10 ) 


^Here&twiln the sequel eis to bo taken as measured in electric “electrostatic ’* 
unlti, as is ©vidaiit from the above statement for Ooulonab’s law. According to tbe oon- 
oliiding remark of Ohap. I, § 8, we should therefore multiply the given values of e and 

by 0 - 800 . t0«. 

m 
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The negative sign indicates attraction. In the case of repulsion w» should 
have to exert work in bringing the electron from infinity up to the riuoleus, 
as in the case of a spring that we set ; this would correspond to tho posi- 
tive sign. When the force is attractive, we correspondingly gain enei^y, 
and have thus to exert negative work. 

In general we have the rule in a Coulomb field (see Note 5) tnat . 

Bun= ■ ■ ■ • 

We can immediately confirm this rule here. Tor, by (3), 

m ^ ( 12 ) 

= 2 ^ ~ ■ • • 


and this is, by (10), actually identical with half of the negative piofcontiftl 
energy with the sign reversed. If W denotes the total energy then by 
(10) and (12) 


W — '^iciin H" — 




1 


(IS) 


Thus we may supplement our third Kepler law by stating that iJi*i** 
constants of the mrmis orbits are inversely proportional to the stiiMten 
the corresponding quantum numbers. 

Our way of counting the energy entails that we give to an in finitely 
great orbit the energy zero. As a result of this the energy conBtant for 
all finite paths comes out negative. As we are concerned later only with 
differences of energy the negative sign causes no difficulty wli^i^tsoevor, 
although it appears to contradict the nature of energy. But, as Hlimtiy 
remarked on page 158, we should immediately arrive at a positive value for 
the energy if we were really to calculate the total energy of the^ moving 
electron, and thus count besides the kinetic and potential ener^i«^» 
for example, the “proper*’ energy contained in the field of the ©loctroti. 
According to the view of the theory of relativity (of. Chap. VIII, § 1, or 
Chap. II, § 6, p. 95) the latter energy is simply equal to that in^ 

equal to an amount of energy, which is many times greater than •fell© ofchiir 
parts of the energy and which would therefore make the sign of "felie total 
amount positive. In the same way, we could include the still oo nsidi^r* 
ably greater positive proper energy of the nucleus. But since these pro|>l*r 
energies are constant, they naturally cancel when- we form enarg^y -clitTor** 
ences and they are, therefore, more conveniently left out of account from 
the very outset. 



Our energy-constant W has the algebraically smallest value in the 
first (innermost) orbit. If we call it Wi, then in the 2nd and 3r<i orbite^^ 
respectively, we have Wg = These amounts are W|, 

since 0. Hence the electron can be lifted from an inneF to aa 

outer orbit only by an addition of ener^. It can fall from an outer to 
an inner orbit when it loses energy. The innermost orbit is therefor© 
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most Htabld aiul represents, as we said earlier, the normal state of the 
rotatijig eU'otrotu 

liolir’s thf'ory has two quantum sources ; it arises, as we stated in § 1 
of this chapter, out of the quantum condition for the rotator, on the one 
liaiid, and the, oscillator, on the other. So far, we have used only the 
Ih-Ht condition. The quantum condition for the oscillator comes into 
forw now wlitin we turn our attention to the radiation of the atom. 

We arrive at our goal by the shortest route, which is also essentially 
th«\ most exjicdii'iit one, by referring to photo-electric phenomena. These 
wore lu'ought together under Einstein’s law (of. Chap. I, § 6) and were 
('xtenried as far as Bohr’s frequency condition for spectral emission 
{he. cit. ecpi. (B)) : 

hv = W„ - W.. ... . . (14) 

This tupiation states that if the atom passes over from an initial state of 
energy W„ to a final state of lesser energy W„, then the excess of energy 
is radiated out in the form of a monochromatic wave of light, the fre- 
quency V of which is determined by just this eqn. (14). Bach such 
transition thus causes an emission of well-defined light and is observed 
as a sharqr spectral line. How the change of the liberated atomic energy 
into light-energy is effected is still a matter of mystery. In the next 
chapter wq shall, indeed, investigate this phenomenon more olosely from 
the point of view of Maxwell’s theory and shall draw from it inferences 
about the polarisation of the resulting light-wave. In doing so, however, 
we do not dmive eqn. (14) in our reasoning but use it as our basis of 
argument. As we already emphasised earlier in dealing with Einstein’s 
law, it is impossible to derive this equation from the idea of continuous 
electromagnetic fields. 

Merely to satisfy the wish for a physical interpretation we give an 
account of a view of eqn. (14) that is taken from an essay by L. Elamm.* 
Hilt this view is in no wise to be regarded as a necessary foundation 
of the equation, as is already evident from the auxiliary assumptions 
that are to ho noted specially in what follows, but merely as a means of 
viatjalising the phenomenon involved. 

In addition to the atom, which excites the radiation, we suppose an 
•'otheu*” to exist, which transmits the radiation. Nowadays we like to 
avoid speaking of the other, since the theory of relativity has deprived it 
of its matiirial existence in the older sense (of. Chap. VIII, § 1). Here 
we tiH(* the word ether to signify no more than that ‘ ‘ states of vibration ” are 
poBsible that are propagated with the velocity c, as they are presented to 
us on all in experienoo and are described more closely in the theory 
of eleotrodynamic optics. In this sense we define the ether as an 
oscillator, Hut the oscillator “ether” differs (apart from the spatial 
and the space-time distribution of its vibrations, with -wmeh 

« Physikal Uoitsobr., 19, 116 (1918) ; of., in particular, p. 125. 
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we are not concerned here), from the harmonic oscillator introduced on 
page 196, essentially in that it is capable of executing vibration o . any 
frequency v, that is, it can transmit radiation of any colour. The €%th©r 
therefore represents not one oscillator but an infinite system of OBCillators 
in which the proper frequency varies continuously from oscillii»tor to 
oscillator ; it is, so to speak, a system of organ pipes with infinitely small 
differences of pitch. 

We suppose such a system of oscillators to be placed next to mi atom. 
When the atom radiates, it is linked with this system of oscills#tois iiud 
transfers energy to it. The atom does not, indeed, radiate wban in ite 
Stationary states of motion ; but when an electron jumps from, one orbll 
to another, when it passes from an orbit further removed from thi 
nucleus to one that is nearer, energy is liberated. The sharpness of ^Ihi 
spectral lines points to the fact that this energy becomes cotwei'tocl into 
monocJiromatio of vibration (first assumption), that is, that it 

excites only one definite ether oscillator of our system. Which oscillatof 
is this ? The answer is given by the quantum condition of the osoillator : 
that oscillator will respond, for which the energy set free by tdra atom 
equals a whole multiple (integral number) of its energy elements. Aasiim* 
ing this integral number to be 1 (second assumption), we have to ast th© 
energy element of our ether oscillator equal to the energy W„ W„ ael 
free by thfe atom. Thus we again arrive at our eqn. (14). 

In (14) we insert the value of (13) for the energy, tjet n be the 
quantum number for the final orbit, and ^(> n) that of the initial orlitL 


We then get : 


27r%c^/EY/ 1 1\ 


(Ifi) 


Now E = e in the case of hydrogen, and if we set 


(i»| 


we get from (16) exactly Balmer's series in its general firrni (5) on 

page 207. For other atoms of the hydrogen type (He Li etc.) E » 

where Z is, as earlier, the nuclear charge or the atomic numl>€ir of tlie 
atom. For such atoms we get, correspondingly, from (15) : 

--Ms-s) . ■ . ■ (17) 


But the sweeping success of Bohr’s theory is not founded only on 
derivation of Balmer’s formula, but especially on the numerical oiiloiilE* 
tion of the Bydberg-Eitz constant E that occurs in it. Before Bohr, 
A. E. Haas,* in particular, had already proved the universal tiatiir® of 
this constant, and had shown how it was very probable that it oonld ^ 


Siteungsber. -Wiener Akad., March, 1900. 
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expressed in terms of % and electronic data. But Bohr’s theory first 
brought complete clearness by giving the relation (16). If we use the 
values given on page 21 3 ; 


6 « 4-77. 10-10 e/m = 1-77. 10^c 6*55. 10- 2 t 

then it follows that 

E - 3-27. 1015 sec.' 1 .... (18) 


Hereby it is to be noted that when we set the energy- element of the 
oscillator equal to Jiv, we take v to mean the vibration number in the 
ordinary sense, having dimensions sec. 'i. But, for spectroscopic reasons, 
we have wished to take v as meaning the wave-number, i.e. the reciprocar 
of the wave-length, having dimensions cm.'i. We therefore contrast as 
on page 164 in eqns. (3) and (4) : 

the proper vibration number or frequency, sec. “ i 

the improper frequency or the wave-number, cm. ”i 

Accordingly we have yet to divide our formulae (15) and (16) by 
c »« 3 . 1015, to get from the proper vibration number to the spectroscopic 
wave-number. Consequently, there results from (16) and (18) 



271^ ^ 109 105 cins.-i . . . (19) 

This value of E agrees, except for the last, not quite certain, figure with 
the observed value in eqn. (2) of page 204, in which E = 1'09678 . 10®. 
Bohr’s theory is thus confirmed very strikingly. 

We al'g.ll now continue to reverse the sequence of results and use the 
theoretical formula for Eydberg’s constant to correct one of the data 
occurring in it, namely e, mov h. We actually know Eydberg s number 
to a degree of accuracy that we can never hope to attain in measurements 

of 6, -■ or h. This leads us to the problem of spectroscopic 'units, which 

’ m . t j.- 

we shall, however, be able to solve only when in the next section we 

have deepened the theory of Eydberg’s constant. The problem is tq 
calculate the universal constants e, i, h from purely spectroscopic data 


with "spectroscopic accuracy.” , ■ n mu 

In Eie. 67 we once more summarise Bohr’s theory graphically. ±ne 
ultra-violet (Lyman) series (w = 1), the visible Balmer senes {n = ), 
and the infra-red Pasohen-Eit. series (« = 3) appear in it 
to the K-, L-, M-series of the X-ray spectra m Pig. 47. The fact that 
Fig. 67 requires, on account of the “ Principle of Selection, a co^ection 
(namely elliptic orbits in place of circular orbits) will be accounted for i 

kapter V. at the close of § 2. The figure shows, 1^^* ^ ° ^^m 

(eqm (4) of this section) how greatly the size of the hydrogen atom 
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increases with the value of the quantum number n. Bohr * recognised 
in this an explanation of the fact that the higher members of Balmer s 
series, even in highly evacuated tubes, are most often not to be observed^ 
but are only known through spectra of nebulae. He argued in this way . 
the mean distance between the atoms (which is essentially their mefin 
free path) must be greater than the diameter of the outer orbit of tha 
electron concerned in the production of the spectral line, if it is to b© 
possible for this line to be emitted at all at the gas-density in qiiCBtion, 
For the 33rd line of Balmer’s series this distance would have to b© 


greater than 1*2 . 10"^ cms. and this would correspond to a gas piresaure 
of less than 0-02 mm. of mercury. In this way it seemed posBible^lo 
find an upper limit for the pressure of the hydrogen gas in nebulas whioh 
radiate out Balmer^s series. 

More recent observations, however, as J. Franck t points out, have 
demolished this view and its cosmological inference. The appearance of 
*the higher lines of the series is dependent above all on the ancsrgy of 
excitation of these lines, which is 


nhrfcviolct 



iMwir' 


necessary according to the /iv-law, 
being supplied to the atom. When 
the pressure is not very small, how- 
ever, the frequent collisions prevent 
larger amounts of energy from being 
collected in the exciting atom, unless 
the collisions, as in the case of He, 

Ng and other gases of small electro- 
affinity, take place without loss of 
energy. Under such circumstances 
(e.g. if we have very little Hg in He 

of, say, 40 mm. pressure) we find that in spite of the small freci 
and frequent disturbances of the paths, the series lines are emitted wtj' 
richly. 

The wealth of lines of the absorption series to which wo onlled 
attention on page 203 and represented in Fig. 64, is explained in the Earn# 
way ; in the beam of light that is absorbed all wave-lengths and therefore 
all quantities of energy hv are present. Hence all absorption linoH ocetir 
at the same time. 


lTvf3r«.«ir«<l 
?uoh«A S«ri«* 

Fia. (>7. 


§ 4. Relative Motion of the Nucleus 

Our confidence in the theory of the hydrogen spectrum devolopficl in 
the preceding paragraph becomes strengthened if we can nhow that 
certain more detailed inferences that result, from Bohr’s piofeura of the 
phenomenon of emission are confirmed by experience. 

In the preceding section the nuclear mass was assumed to bcs infinitei 


* Phil. Mag., 26, 9 (1913). 


tMtsohr. f. Phys., 1, 1 (1920), 
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and the nucleus itself was assumed to be at rest. We now take info 
account that the mass of the nucleus is finite and then see that it, too, 
will move. Our first Kepler Law on page 212 
will now accordingly be enunciated thus : 

The planet and the $tm each mcve in a circle 
akmt their common centre of gravity. 

In Rig. 68 let m be the mass of the planet, 

M that of the sun. According to the law of con- 
servation of the centre of gravity, the centre of 
gravity S of m and M remains at rest, m and M 
move on their circles at the ends of a common 
diameter with the common angular velocity o). 

Let a be the distance Sw, A the distance SM. Then 



am = AM 


from which it follows 

a = (a + A) 


M . 
M 4- ‘Wt’ 


A = (a + A) 


M + w 


( 1 ) 

( 2 ) 


The classical condition (p. 211) now requires that the Coulomb attraction 
is equal not only to the centrifugal force of the planet, hut also to that of 


the sun. Thus 

MAw^ = - — 

{a 4- A)- 


This double equation reduces, on account of (1), to a simple equation. 
By substituting a from (2) and by using ^ as the “ resultant mass of 
m and M, namely 


we get 


— 

^ ” M 4- ni 
^{a 4* A)^a>2 == cB 


( 3 ) 


We have also the following definition equivalent to (3) 


1 



( 5 ) 


The g%antwm condition next becomes added to the classical condition. 
This deals with the moment of momentum p of the rotator. The latter 
quantity is composed of the moment of momentum of the planet ma o 
and that of the sun MA^w, thus : 

p s= 4- MA^o). 


By eqns. (1), (2), and (3) we write for p successively : 
p = ma{a + A)<o = 
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The quantum condition requires that : %rp = nh, thus we get 

/ , A \2 . (^») 

/.(a + A)2<« = ^ . 

Equations (4) and (6) agree with equations (1) and (2) of the prect nliuK 
section, with the exception that /a and a + A tahes the place of m *utu <t. 
Consequently we may use the solutions for these equations obtained fi'om 
(4) of the previous section. The result is : 




(7) 


The potential energy between the sun and the planet is now (of. 
of the preceding section) : 


(m 


^ eE 47r‘V‘-'E2 


The kinetic energy is again half the potential energy with 
sign (this theorem is proved in Note 5 at the end of the book for moving 
nuclei, too), hence the total energy is : 


W a= E^£ji + Epot — 


27r^jU,6*^E^ 


(B) 


The circumstance that /x, the “resultant” mass of the sun and jjlfitiffi 
enters into this equation, points to the fact that we are now concorti«^i 
with the energy-constant of the common motion of both inaBBe3B {thwsir 
relative motion). For this common motion there is a discrete Bcsriafi 
of quantised states of motion that are singled out of the manifold of 
all states of motion by the quantum number, in exactly the Barn a way 
as previously for the cases in which the planetary orbits were ats^lotiii 
considered. 

We now consider a transition from an initial state of motion (witti 
the energy-constant W«, quantum number h) to a final state of motion 
(with the energy-constant W^, quantum number n < k) and assume thill 
the energy set free again becomes transformed into monochromatic ra*ci in- 
tion, according to eqn. (14) of the previous section. The energy mil 
free is derived now, not only from the planet but also from tlia 
during the transition ; the sun’s orbit alters simultaneously with that of 
the planet in a ratio definitely fixed by the change in the qimritiitn 
numbers. The spectral formula obtained in this way is clearly again 
eqn. (15) of the previous section, but with /x in place of w. 
sequently we get for Eydberg’s constant 




^TT^me^ 



E. 


1 + 


m 

M 


( 11 ) 
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Here we have inserted the value of out of eqn. (3), whereby the 
denominator was divided by M. The symbol recalls the earlier 
value of E in eqn. (16) of the previous paragraph, which was actually 
obtained under the assumption that M == oo . Eqn. (9) contains the 
following remarkable result : — 

Owing to the relative motion of the nucleus Eydberg’s constant be- 
comes reduced in the ratio ^1 + : 1. Eydberg’s constant is least for 

hydrogen, for which its value is 

Eh = -^ 


1 + 

Its value for helium is greater, being 

E^ 


m 


E 


E^ 


^He = 


1 + ~ 
^He 


1 + 4 


m 

wh 


( 10 ) 


( 11 ) 


(13) 


and, for increasing atomic weight, approaches the universal limit 
which is independent of the atomic weight, and which was designated as 
Eydberg’s constant simply by E in the previous section. 

" This result, too, we owe to Bohr. He remarked at once that from 
the spectroscopic determination of Eh and E^, or, what is easier to carry 
out in practice, from the determination of Eh and Ene, the quantity mjm^ 
could be obtained. It actually follows from (10) and (11) that 

m _ Eho - 
mH Bjj — iBiHe 

The determination of m/mH in eqn. (12) is equivalent to the de- 
termination of the specific electronic charge ejwi. We actually have 

m _ e/mH 

Now, e/wiH is the specific ionic charge, the electrochemical equivalent* 
of § 2, Chapter I, that is, a quantity that is very accurately known (its value 
is 96,494 Coulombs). An exact spectroscopic determination of to/wih de- 
notes at the same time an exact knowledge of ejm, one that is presumab y 

* Strictly speaking, tke difference between toh anf = I'OOSmH 
taken into account ; we called attention to this differ^oe m the foot-note a iHa 

siohof Chapter III, § 8. In the relative motion of the nucleus we are dealing mth the 
true mass toh of the hydrogen atom, not with the mass of the m^ginaiy y g 
atom mil = ‘l/L, to which we refer our quantities in electrolysis wken we d^^the 
chemical equivalent charge. Consequently in eqn. (13) .(-g ^’]^the 

replaced by nA, and e/mjj would have to be taken equal to 9649 4/1 008. 
way, in eqm (10 , we should have to write in place of ma. but not “ 
the^true atondo weight of He is equal to four times the ideal, not 
weight of H. As a result of this a correction should also be 
and^this has to be taken into account if we are oamymg out exact numenca 
tioBS, but we may express this .correction in the text. 
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more accurate than can ever be obtained from experiments on the dafltJOj 
tion of cathode rays. We have thereby come a step nearer to the fow 
that we set up as the problem of spectroscopic units in the priHieclirif 
section: Instead of using the one value of R == in eqn. (Id) o ^ 
previous section, we use the two values Rh and Bue out of » xwii 

eqns. (10) and (11), and we get, instead of one, two equations for 
mining the three universal units c, ^/m, and h. The necessary thi «uc 
relation we shall get to know in the last chapter. 

We must next broach the question how the difference het\vi*«ni 
and Rse niay be made evident in practice. This is made pOBsiljh^ i»y ttiii 
series of ionised He, of which we spoke in § 2. 

Ionised helium is of the type of hydrogen {was8BrMoff<ihnlkh » 
hydrogen-like). It consists, like the H-atom, of a nucleus and of wt 
electron and differs from it, at first sight, only in having a doublo iiiiolimr 
charge. Accordingly its spectral lines are contained in the 
formula (17) of Balmer’s type, mentioned in the previous Bectlori, if wt 
set Z — 2 in it. But on closer inspection a finer difference, which is 

k = 6 =7 =8 =9 =10 = 11= 



Fro. 69. 


present of essential importance to us, is the difference in thcB iiuoliifcr 
mass. This mass is not, as in the case of hydrogen, m,!, but 
Consequently the earlier R = E^ is to be replaced by Frciiti 

eqn. (17) of the previous paragraph, there thus arises in this way, if wp 
set n = i: 


!V = 4:RHe(p 





r.) 


{m + i)' 


k sa 2m 
. h =* 2m 4- 1 


<I4| 


The subdivision into two parts (which is not really contained in tit# 
nature of the matter in question) brings into evidence the circum8toii«i 
that the component for which k is even (k = 2m) coincides very iiimrly 
with Balmer’s series, whereas the other part (k =* 2w + 1) ha« tliii 
form of Pickering’s series that was given earlier in eqn. (7) of pagci 3(17. 
The combination of the two partial series (which conforms with tliii 
nature of the matter in hand) into one uniform series corr©S|>oiifli 
to the earlier formula (7a) on page 208. 
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In Rg. 69 we exhibit the positions of the He +-lines relatively to the 
Balmer lines. The length of the lines is to denote diagrammatically 
their intensity, on the assumption that we are dealing with a mixture of 
He and of H. Tor this reason the Balmer lines are drawn shorter than 
the neighbouring He^--lines. The difference in the position of the two 
series corresponds to the difference between Ese and Eh. Since Ene > Eh, 
the helium lines, as compared with the Balmer lines are displaced a little 
towards the violet end. The lines P of Pickering^s series, that is, the 
helium lines h = + 1, arrange themselves between the helium lines 

h = 2m, and, as emphasised on page 208 in order of steadily increasing 
intensity. 

The researches of Paschen mentioned on page 208 give for the wave- 
lengths of the helium lines and the neighbouring Balmer lines the 
following values (here cut short at the first decimal place) in Angstrom 
units, which confirm the displacement towards the violet, as predicted 
by theory. 


Table 25 



He+ 

H 

6 . . . 

6560*1 

6562*8 (Ha) 

1 . 

5411-6 



?c= 8 . 

4859*3 

4861*3 (H;5) 

7c = 9 . 

4561*6 



7c = 10 . 

4338*7 

4340*5 (Hy) 

7c = 11 . 

4199*9 

— 

7c = 12 . 

4100*0 

4101*7 (Hs) 


According to our whole development of the question, this violet shift 
of the helium lines with respect to the Balmer lines may be regarded as 
a certain indication of the relative motion of the nuclei during the 
stationary forms of motion of the atom, or, more accurately, of the 
slightly different relative motion of the heavier helium nucleus compared 
with that of the lighter hydrogen nucleus. The differences bekveen the 
lines, as exhibited in Fig, 69, depict the small distances between the centres 
of gravity shown in Fig, 68. At the same time they give us definite 
information, to the effect that in our intra-atomic planetary system the 
latv concerning the persistence of the common centre of gravity remains 
in force. 

It need hardly be mentioned that this exhaustive test of our atomic 
model is possible only thanks to the extraordinary accuracy of spectro- 
scopic methods, by means of which differences of wave-length of ^ in 
a million can still be determined with absolute certainty. 

Of the series of ionised helium we have considered in detail that 
which has the final quantum number w = 4 (Pickering’s series), in § 2 
that with the final quantum number == 3 (Fowler’s series) was touched 
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on lightly. Also some of the representatives of the series with the Inal 
quantum number ^ = 21 have been measured. The succession of Ws 
lines is identical with that of the ordinary Balmer series except for the 

factor lines in question therefore lie in the extreme 

ultra-violet ; their wave-lengths are obtained from Ha, * * hy 

dividing by 4 (as long as we disregard the small difference in lha 
constants E, thus : 





The wave-lengths 1640 and 1215A have been found by Lyman in 
the spectrum of helium. On the other hand, the prospects of proving 
the existence of the He +-lines with the final quantum number *** 1 a» 
unfavourable, since their wave-lengths are only a quarter of those of thft 
Lyman series, which themselves already lie in the extreme ultra-violet. 

From the difference in the wave-lengths of the He -lines and the K- 
lines, or from the wave-lengths of all the He “^-lines that he measiirtidi^ 
Paschen determined the value of Ene and Eh. He found (we here pur- 
posely give all the decimal places of the numbers) : 

Ese = 109722*144 ± 0*04\ 

Eh = 109677*691 ± 0*06J ^ ‘ ^ ^ 

According to eqn. (12), we may calculate t from these values (of, also the 
correction remarked on in the footnote to eqn. (13)) : 

^ = 1847, -1 = 1-769 . lO^c . . . (16) 

The latter value is almost identical -witli one obtained from tb® 
Zeeman effect, that is by a semi-spectroscopic method (measurement of 
a wave-length + the measurement ' of a magnetic field) and probably 
represents the at present most accurate value of this quantity. Aooording 
eqns. (10) or (11) we follow Paschen or Flamm, respectively, in de- 
ducing from Eh or Eh. that 


E„ = 109737-11 + 0-06 


( 17 ) 


lintS Sth T the hydrogen type there would now become 

hnM with the H- and the He+-spectrum that of Li ++, namely of 
doubly ionised lithium. THs Li ++ again consists of a nucleus and one 


*3Srature, I 04 . 565 (1920). 

T. I’hysikal. Zsitsohr. 

Paschen Mer from those given above 
weight of He as 3*99 instead of 4*00. 


18, 618 (1917). The values oaloulated by 
some millionths, since he takes the afeomte 
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electron ; its spectrum falls under the general category of the form given 
by eqn. (17) of the previous section, but with Z = 3. Taking account of 
the relative motion of the Li-nucleus, that is : 


6-94: Wh 

we write this equation in the two f ornas : 

v = 9E,,(l-i) 

(pp) 



(18) 


The first of these forms is the more natural one ; in the second, the 
triple nuclear charge of the Li causes the deceptive occurrence of the 
denominator 3 in the series formula, just as that of the denominator 2 in 
the case of He +, which led to its lines being wrongly interpreted as the 
principal series'’ and “second subsidiary series” of hydrogen. Un- 
fortunately, these series of Li++ have not yet been observed in the 
laboratory. Bohr has, however, shown that it is probable that individual 
lines in certain nebulae of the Wolf-Eayet type may have this ^origin. 
These constellations show characteristically Pickering’s series particularly 
intensely. Their physical state therefore seems to favour the ionisation 
of the atoms and might therefore lead to the production of Li^”^. But 
since these series have not yet been discovered completely in these 
nebulae, we shall not enter into the numerical calculations of Bohr’s 
conjecture here. 


§ 5. The Ka-line of Rontgen Spectra. The Model of the He-nucleus 

Continuing from the preceding reflections on the spectra of He + and 
Li ++, we proceed further in the sectnence of spectra of the hydrogen 
type, ’and, indeed, at once as far as elements of any arbitrary atomic 
weight. Let us assume for a moment that the element of atomic number 
Z had been depriyed of all its electrons except one hy intensbe ionisa- 
tion or, what comes to the same thing, suppose all its electrons but one 
had 'been removed from the neighbourhood of the nucleus to the periphery 
of the atom, then the orbits described by this remaining electron m the 
vicinity of the nucleus would be governed by the same simple laws as m 
the case of the hydrogen electron, and the spectra that result from the 
iumns between these orbits would again be determined by eqn. (17) of 
page 216 We shall be able to identify the Eydberg number E that 
occurs here with our Ea, . For the quantum numbers and & > » we 
shall insert the simplest values » = 1, 11: = 2. We then get 



15 



^26 
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In this we first call attention to the fact that the factor especially 
in the case of the heavier elements, brings this vibration number out of 
the visible region far into the ultra-violet. Even in the case of hydrogen 
(Z == 1), the line defined by (1) belongs to the Lyman ultra-violet series 
(cf. p. 207). As Z increases, the corresponding line passes over into the 
Bontgen or X-ray region. As an actual fact, eqn. (1) represents essentially 
the principal line of the K-series of the X-ray spectrum, namely the Ka- 
line. In Chapter III, § 5, we deduced for this line, by an empirical 
method”, Moseley’s formula (7) of page 157 : 

i-(z-iKi-i)- ■ ■ ■ « 

The difference between the eqns. (1) and (2) consists essentially in th^ 
substitution of Z - 1 for Z. Without attaching importance to this for the 
present, we shall rather direct our attention to the general agreement 
between what our theory led us to expect, leading to eqn. (1), and the 
empirical datum expressed in eqn. (2). We may then make the assertion : 
Independently of the more detailed structure of the atom, the field of the 
nuclear charge predominates in its interior. The electron tvhich produces 
the 'Ka.-line behaves in the main as if it confronted the nucleus alone. The 
spectral formula of the Ka4ine is essentially of the simplest type, that of 
hydrogen. 

To arrive at a closer understanding of the Ka-emission, we shall follow 
the example of Debye * and drop the assumption that all electrons except 
one have been removed from the vicinity of the nucleus. Eather, we 
know from § 4 of the preceding chapter that in the excitation preparatory 
tp the K-emission, only one electron is taken out of the K-shell and 
removed to the periphery of the atom. This one missing electron is then 
replaced in the K-ring from the next following L-ring when the Ka-line 
is produced. Let p be the normal number of electrons in the K-shell, q 
that in the L-shell. We imagine both as circular rings and suppose the 
p or g electrons, respectively, distributed at equidistant intervals along 
them. The initial and final state of the atom in the K-emission may then 
be characterised by the following scheme : — 

K-ring L-ring 

Initial state . . . . p - 1 q 

Pinal state . . . . p q — 1 

The outer rings that follow the L-ring are to be left out of considera- 
tion in this, since they are no.t (or at least not eissentially) brought into 
question by the Ka-emission, 

Our next step is to evaluate the energy constants W for the K- and 
the L-ring, at first for the normal distribution of the electrons. We 
assert that they are given by : 

*P]iysikaL Zeitsohr., 18, 276 (1917). 
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K-riBg: W = - Z^= Z - s, 

L-ring: W = - ^ Z - p ~ s. 
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(3) 


and that at the same time the radii of the rings, as calenlated from eqn. 
(6) on page 74 are given by : • 


R-ring : a = 

T ■ 

L-rmg: a = 


Z — Sjj 

= z ~ ^ 




^2 


(4) 


in which is the radius of the first Bohr circle for hydrogen, and 5 ^,, s^, 
denote the quantities introduced on page 75. 

To prove our assertions we set up, exactly as on page 211, the classical 
and the quantum condition for the determination of a and w, the radius 
and the angular velocity, whether in the K-ring or the L-ring. In deriv- 
ing the classical condition, we fix on any one electron of those in the ring 
for which we are making the calculation and let this he subject not only 
to the centrifugal force and the attraction of the nucleus but also to the 
repulsion exerted by electrons of the same ring as that to which the 
selected electron belongs. The latter repulsion, by eqns. (9) and (10) of 
page 75 (n == p or q, for the K- or L-ring respectively) amounts to : 




e* 1 V 1 

^2 - 4 2 . • ' 


7rk' 
Sin — 


In the case of the L-ring there becomes added also the repulsion 
exerted by the inner K-ring on the selected electron of the L-ring. If we 
suppose the K-ring, as an approximation, contracted into the nucleus, 

the repulsion is expressed simply by The classical condition there- 


fore becomes 

for the K-ring : mao)^ = 

for the L-ring: ma(J ^ 


e^Z 


__ 

■\ 

ft'-* 




^Z 



e^Z^- 

a? 


_ _ 



(5) 


in which Z^ has the same significance as in (3) and (4). 

Let the quantum condition be the same as in the case of hydrogen; 
it requires that every electron of the K-ring rotate with one quantum of 
moment of momentum, and every electron of the L-ring with two such 
. quanta. Thus 

K-rmg : ma^<D — ^ 

2 

L-ring : 



m 
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As is evident, the present conditions (5) and (6) arise from the earlier 
eqn. (1) of page 211, and (2) of page 212, if we set in the latter 

E = fiZej and w = 1, or = 2, respectively . . (7) 


For this reason we may also take the value of a for this equation out of 
the eqn. (4) of § 3. But the latter becomes our present eqn. (4), if we 
compare our present and the former eqn. (7). Our eqn. (4) is thereby 
proved. 

To pass on to eqn. (3), that is, to calculate the energy, we first write 
down the potential energy of the nucleus and (in the case of the L~ring) 
that of the K-electrons (that are nearer the nucleus) for the individual 
electron, namely: 


a 


and -4- 




Next, the potential energy of the electrons of the ring under consideration 
with respect to the selected electron (belonging to the same ring) is, by 
eqn. (12) of page lb {n = f ot q for the K- and L-ring, respectively : 


a 


The potential energy with respect to all the electrons of the ring in 
question therefore becomes (of. also eqn. (13) of p. 75) : 


K-ring: = 




eff 


L-ring : - q 


e^Z e^p e% 

+ + q — 

a ^ a ^ a 






( 8 ) 


But the expressions to be proved, contained in (3), arise from these if 
we insert the value of (a) from (4) and take into account that here, too 
(cf. Note 5) the total energy is equal to one-half of the potential energy. 

The radiation emitted when the atom passes from the initial state to 
the final state is governed by Bohr’s frequency condition : 

/jv = - W, (9) 

By inserting here the values from (3), the terms relating to the final state 
appear with a positive sign, those relating to the initial state appear with 
a negative sign. Concerning the different meaning of Z^ for the initial 
and the final state, we refer to the above scheme for the generation of the 
Ka-radiation. We get from (9) : 

1/ (Z 
1=^ 

{Z - p- ^ [Z - p + 1 ~ S,,)^ 


12 


ii- 


+ (?-!) 


22 


22 


( 10 ) 


The result so obtained looks much more complicated than our eqn. (1), 
to which we were led by generalising directly Balmer’s formula. The 
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fact that a closer relationship holds between (10) and (1) in spite of this 
becomes clear when we develop (10) in powers of Z. We get 



in which we use the abbreviations : 

Dp = ~ 1) D, = ^ [q -l) 

C - 1) 4-1 "h - 1) - q 

Thus we see : eqn (1) is the f/rst member of the development of eqn. (10) 
in potmrs of Z. The fa»ct that the K-emission is of the hydrogen type, is 
explained not only if we assume provisionally as above, that, as in tfm case 
of hydrogen, a single electron effects this emission, but also if we assume our 
present picture of electronic rings that are occupied by several electrons. 

Our next step would be to choose our integers p and ^ so as to obtain 
as close a connexion as possible betw^een eqn. (10) and the observations 
of the Ka-line. According to J. Kroo* this is attained by using the 
values : 

P = 3, q = 9 (12) 

This connection is noteworthy hut it is not perfect. We show this in the 
following table calculated by Siegbahn.t The first column contains the 


Table 26 


z 

Theor. 

Exper. 

A 

17 01 

192-73 

193-12 

- 0*39 

19 K ... 

24:3*76 

244-06 

- 0*30 

20 Oa 

271*60 

271-86 

- 0*26 

21 So 

300*99 

301-22 

- 0*23 

2i Or 

398*65 

398-78 

- 0-23 

26 Fe 

471-49 

471-58 

-0*09 

27 Oo 

510*34 

510-45 

» 0*11 

28 Ni 

550-80 

550-73 

4- 0-07 

29 Ou 

592-85 

592-75 

4-0-10 


elements and their atomic numbers ; the second contains the theoretical 

values of g according to Kroo’s assumption (12), in which, however, the 

relativity correction is taken into account, which was abeady men- 
tioned on page 158 but which will not be set on a firm foundation till we 
get to the final chapter. The formulse, completed in this way, are con- 
structed quite analogously to eqns. (10) and (11), but differ from them by 


+ is ^he same essay as that already olti^ on 

page 15Mn which Sieg^ahfi doscUes the method of his precision mea^renmnfe. 
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terms of small numerical value, that contain higher powers of 12 and that 
are due to the chsi^nge of the electronic mass with high velocities. The 
third column contains the experimental values of v/E in agreement with 
our Table 11. The fourth column contains the difference A t>etween the 
theoretical and the experimental values. It showsihat tb.e course of the 
values is regular and increases linearly with Z. It is impossible to 
eliminate A by choosing other values for p and g. I^ it possible to ex- 
plain it by refining further the above scheme of calculations ? 

Continuing from Kroo’s essay, the author has pointed out that, 
strictly speaking, not only the proper energies of the K-ring and the 
L-ring, but also the mutual action between these rings tlieinselves and 
also with respect to the outer rings have to be taken into Ujccount, and 
that the outer rings, which were neglected in our calculation, by con- 
tracting or expanding, according to the electrons present in the inner 
rings, likewise contribute amounts of energy to the emission of Eontgen 
rays. Moreover, these energies, due to mutual action, depend on whether 
the rings are imagined co-planar (lying in one plane), or with, their planes 
inclined to one another in space. It was possible to prove, however, 
that, although these amounts of energy were not negligible in themselves, 
they, for the most part, cancelled one another. 

On the other hand the question arises, whether the notion of plane 
rings can be more than a rough approximation of the true arrangements. 
We are inclined, at the outset, to answer in the negative. Wo shall ex- 
pect, not plane rings, but spatial shells (e.g. S-shells, cf. p. 203). From 
the point of view of the periodic ' system, the numbers ==» 3, =» 9 cer- 
tainly do not inspire confidence. Eather, in conformity with the whole 
structure of the system of elements, we must demand that p = 2 for the 
K-shell, and g = 8 for the L-shelL Furthermore, we must demand that 
the same numbers p and g, with which we represent the Ka-emission, 
and the corresponding and fixed distribution numbers for the outer shells 
account for not oialy the Ka-line, but also for the remaining lines of the 
K-spectrum as well as those of the L- and M-spectrum. Many tentative 
calculations in this direction, in particular by L. Yegard, show that this 
is impossible even if moderate accuracy and completeness is aimed at. 

But there is another fundamental feature that must, prevent us from 
proceeding along the way that we have started along. The whole calcu- 
lation of this paragraph depends on the assumption that the g- electrons 
of the L-shell are equivalent as regards their energy. This assumption 
is certainly not right, as our later critical investigation of the elliptic 
complex” {UlUpsenverein) in Chapter VIII, § 5, will show, and it 
leads to absurd consequences. 

As a result of this, the detailed explanation of the K<x-line here at- 
tempted has only limited importance. The similarity between Balmer’s 

*Pliysikal. Zeitsokr., 19, 299 ( 1918 ). 
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and Moseley’s formula demands an explanation. We showed that the 
term in furnishes the clue^ whetlier we consider only the motion of 
a single electron^ or whether we consider the transition of an electron 
between shells occupied by several electrons. The similarity of X-ray 
spectra with those of the hydrogen type extends thus far ; but it does not 
furnish a complete theory of the energy-levels of Ronbgen rays. 

Nor can we claim to have obtained final results in the next matter of 
discussion, in which we are concerned with an experiment leading into 
the region of nuclear physics, namely, in finding the (quantum elaboration 
of our model of the helium nucleus. Tollowing the suggestion of Lenz, 
we described this on page 97 as an inverse oxygen model, of which an 
illustration was given in Fig. 23. It has two negative electrons separated 
by a distance surrounded by four positive electrons or H-nuclei 
(protons), the latter being distributed at equal distances along a circle of 
radius a, and rotating with the uniform angular velocity . 

We have two classical and one quantum condition for determining 
the three unknowns a, b, w. 

E^irst, we have the condition of equilibrium for the negative electrons 
under the action of their mutual repulsion, and of their attraction towards 
the four positive electrons (protons), both according to Coulomb’s law. 
The repulsion amounts to e^l4:h^; the attraction due to a single H- nucleus 
is e^/{a^ + and has the component e^/{a'^ -h in the axial direction. 
Hence the condition of equilibrium when four nuclei are present is : 

462 "" (a2 + Z)2)r 

Prom this it follows that : 


(a2 + 
62 = 


= 166^ 
16t 1’ 


q- 62 = 16162 

0.2 -h 62 = 


16i - 1 


• ( 13 ) 


Then we have the mechanical condition of eqilibrium for one of the 
rotating positive electrons. Its centrifugal force is The com- 

ponent of attraction, due to the individual negative electron, in the radial 
direction amounts to e^ajia^ *4- 62)'''; it must be doubled owing to the 
presence of the two negative electrons. The repulsion due to the three 
remaining electrons likewise -acts in the radial direction, and is given, 
according to eqns. (9) and (10) on page 75, by e^sja^, where has the 
value 0*957, according to Table 3. Hence the condition of equilibrium 
of the positive electrons in the radial direction is : 

. 2e% e^ 

4 - b^)i ^ 

If we insert the value of from (13), it follows that 

mnaV = e2[|(16t - 1)5 - = O-SSe^ 


■ (15) 



2S2 Chapter IV. The Hydrogen Spectrum 


Finally, we apply the quantum condition for the rotation of the 
positive electrons (or protons). As in eqn: (G), we assume in the case of 
the K-iing that each electron rotates with an amount of energy equal to 
one rotation-quantum. We then have 

. . . . (16) 

The essential difference between this and the determination of the size 
of the hydrogen atom in § 3 consists in the fact that the mass m of the 
negative electron is replaced by the 2000 times greater mass Wh of the 
positive electron. TM remit is that the radios a of our 'model of the helium 
nucleus is abo 2 it 1000 times smaller than the radius of our model of the 
'hydrogen atom. For we get from (15) and (16), by eliminating (t> : 

1 h^ 

^ - 0-58 4 


or, taking into consideration the significance and the size of the hydro- 
gen radius in eqns. (7) and (9) on page 218, and the value of ^ in 
eqn. (16) on p. 224, we get 


m _ 1 • 19 "^ 

“ ^ 0 ^ “1847 ■ 0^58 


5-0 . 10~^^ cms. 


( 17 ) 


The same qioantum condition that determined the correct atomic size of 
the model of the hydrogen atom leads to the result that our model of the 
helium nucleus becomes of sub-atomic size and that it shrinhs, compared 

toith the former model in the ratio 

According to Rutherford’s experiments on defllections of a-rays, 
certainly, the true extent of the helium nucleus is markedly smaller, 
namely 3 . 10"^® cms. We may explain our different result on the ground 
that at such small distances and with such concentrations of ener^ 
Coulomb’s law no longer remains valid (cf. p. 97), or by admitting that 
the details of our model are not yet correct. In any case, our calculation 
is worthy of notice, since it gives a hint as to how the smallness of the 
dimensions of the nucleus and the holding together of the nuclear parts 
comes about. As a matter of fact we have the firm conviction that the 
quantum theory holds sway even in the interior of the nuclei, and that the 
structure of the nuclei is governed by the same quantum laws as govern 
the structure of the atoms. 


§ 6- Elliptic Orbits in the Case of Hydrogen. 

In § 4 we subjected the model of the hydrogen atom to a first test by 
demanding that the law of the persistence of the common centre of 
gravity should hold for the two-body problem : nucleus + electron. This 
leads to an elaboration of the first Kepler law and to a refinement of the 
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definition of Eydberg’s number. We next apply a second test to our 
hydrogen model, by asserting that ellijotic orbits are possible as well as 
circular orbits. In this sense we enunciate Kepler’s first law in its 
complete astronomical form : 

The planet moves in an ellipse at one focus of which the sun is 
situated. 

In this formulation of Kepler’s law we have for the present disregarded 
the relative motion of the nucleus ; we can easily make up for this little 
imperfection later. 

Our chief concern is to select from the manifold of all mechanically 
possible elliptic orbits those that are possible according to the quantum 
theory. The motion in the elliptic path represents a problem of two 
degrees of freedom^ since the position of the electron is determined by two 
co-ordinates, most simply by the polar co-ordinates measured from the 
nucleus, namely the azimuth and the radius vector r. We then get for 
the element of orbit ds of the electron 

ds^ — dr^ -f r^d<j>^. 

Hence the kinetic energy becomes 

+ ... (I) 

and the potential energy becomes (we here again denote the nuclear 
charge for the present E) 

■ .... ( 2 ) 


Corresponding to the position co-ordinates q and ^ = r, respectively, 
we define the corresponding impulse co-ordinates (momentum co-ordinates) 
in accordance with § 1 of this Chapter (p. 195), namely 

dl^Un /QN 

P^-dT 

We denote these impulse co-ordinates by and prr and then we get, on 
account of (1) and (3), 

pr = mr . . . . (4) 

where is the moment of the momentum mv, namely the product of 
the perpendicular distance r and the azimuthal component mr^ of the 
momentum, and p^ is directly the radial component mr of the momentum 
(cf. Fig. 70, in which the component r of the velocity in the direction of 
the radius vector and the component r<l> perpendicular to it in the direction 
of (fi increasing are shown). According to Kepler’s second law (“ the 
radius vector sweeps out equal areas in equal times is a constant 

during the motion, the so-called “ areal constant.” We indicate this by 
setting in future 

■ ■ • • • ( 5 ) 
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In our general formulation of the quantum theory, § 1 of this Chapter, 
eqn. (20), the quantum conditions for our system of two degrees of freedom 
are : 

= 27r <Ji) = Ett 

= nh ['PTdr ^ n'h . . . ( 6 ) 

<> = 0 <|) = 0 


The limits of the integrals correspond to the rule for limits given on ^ 
p. 201. They include the full range of values of the position co-ordinates, 
namely, in the case of <^, the region from <j(> = 0 to <5!) = 2??, and, in the 

case of r, the region from Tuin to 
Tmax and then back to again, 
for which in the case of the closed 
elliptic orbit, too (but not in the case 
of an open orbit, such as we shall 
later have to consider), we may^ 
again write cl> = 0 and => Stt, 
Tor we want to ascribe to the 
perihelion '^min the azimuth ^ = 0 . 
(cf. Tig. 70) ; = TT then corre- ‘ 

spends to the aphelion r^iax- In the return to the perihelion <jf) again in- 
creases to the value <jE> = 27r. The first equation (6) will be called the 
azimuthal quantum condition, the second equation (6) will be called the 
radial quantum .condition. 

On account of (5) the first equation (6) becomes 

2'ir‘p = nh . . . . . ( 7 ) 

namely, the quantum condition of the rotator given earlier (eqn. (18) on 
p. 199). The second equation (6) has to be restated in terms of the 
orbital equation of the ellipse. 

According to elementary analytical geometry we write this equation 
in, polar co-ordinates thus : 

“ . 1 , • - 

- = 0^ + C2 cos . . . . (8) 

To determine the constants and Og that have for the present been 
left indeterminate, the following relations are used (cf. Fig. 70) : 

Major axis a ^ MP = MA, 

Eccentricity ac = OM, 

Numerical value of the eccentricity c == 

Minor axis • h = MQ = a i 

Perihelion <;(> = 0, r = = OP (1 - c), - 

hence, on account of (8), 

a{l - c) = 



(9] 
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< 5 ^ = TT, ^ = Ty^mx, — OA = <x(l -4- c), 


Aphelion 

and hence, on account of (8), 


+ e) 

From (9) and (10) we get 

0 ^ ^ 

■ 1 “ a 1 ~ 


-0, 


1 


( 10 ) 


^2 - 'a, 1 _ c2> 


and eqn. (8) becomes : 


1 

r 


1 1 -{- € cos 
CL 1 ~ ^ 


( 11 ) 


From this it follows iby logarithmic differentiation with respect to : 

1 dr __ € sin 

r d<^ 1 + € cos <j> 

In the radial quantum condition (6) we now write, in view of (4) and (5), 

= nvr = m ■ 

dr 1 , 
dr=^dcl> 

On account of (11a) we therefore get 


dr : p dr] 


d<^> 


r^ dj> 


(lla) 


( 12 ) 


$r 




7 d<5!)/ 


(1 + € cos ' 


and onr radial quantum condition becomes 

27r 

sin^ 




(1 + e cos <^)^ 


or, on account of (7), 


Sir 


sin^ 4 


27rJ (1 + € cos <f>y 


d<j> = rr'Jz. 




(13) 


The left side depends only on the eccentricity e. That is, c is determined 
by the two integral quantum numbers n and nf. In Note 6, eqn. (7), at 
the end of the book, it is shown that by carrying out the integration in 
(13) we get 

(14) 


JT 


1 = ^ that is, 1 ~ ^ 

n (n-^ n. y 


The areal constant p determines the size of the ellipse, the eccentricity c 
determines its form. Hence, through the azimuthal and radial quantum 

^ W. Wilson derived the above eqns. (13) a,nd <14) a 
from his general formulation of the quantum 
essay in Phil. Mag., 31, 161 (1916) was completed m 

finished in Deo. 1915). But no application of these equations to Balmex s senes 
been made by Wilson . . 
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condition, eqns. (7) and (14), the size and form of the elliptic orbit is fixed 
in accordance with the quantum theory. From the continuous manifoM 
of alljoossihle ellipses there are thus selected a family of quantised elUpim^ 
given by the two positive integers n and n'. 

We next turn to the calculation of the energy. The kinetic energy i% 
by (1), (4:), (5) and (12). 

B.,. -=.(? + m i + g'l - Ar (i + I I ( 16 ) 

If we here use (11) and (11a), we get 




^kin = ^ sin2 ^ + (1 + € cos <^)^] 


2ma^(l - 

p2 


ma'\l ~ €2)^( 2 


1 + €2 


+ €COS 


<a) 


(l^) 


On the other hand we have, by (2) and (11), 


E- 


^pot 


eE 1 + e COS cj> 

' 72 ' 


( 16 ) 


eE _ _ 

r a 1 - 

The sum of the kinetic and the potentiaf energy must be independent of 
the time, and hence also of namely it must equal the ^energy constanl 
W. From this it follows that the factor of c cos </> in this sxarn mu»l 
vanish. This gives 

^2 _ eE ^ p2 


ma\l - €2)2 a{l - 


meB(l - e‘^) 


(17) 


The value of a obtained in this somewhat indirect and artifioial way 
might have been obtained more directly from differential equations of 
the problem, but we wished to avoid writing down the latter. 'By rt- 
writing the val ue of a by means of (7) and (14) and adding the value of 
h{= ajl- €2), we get 

On the other hand, by using (15a) in (17) and then adding (16), we get 


If we insert in this the value of a from (18), we have 


eB 

2a 


W = - 


2Tfime^'E? 


(% + n')^ 


m 


(30) 


This result is of the greatest consequence and is superlatively simple ; 
mkave fow^for tU emrgy of the elliptic orbits the same value as in sqn, 
[16) mp. 214/or cwoular orbits, with the one difference that the auaato 
number M ^n the latter case is replaced by the quantum sum, m 
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jRriiitIf. ri/ Urn qtmnii$$d $UipBBs of our family has an amount of energy 
iqukmkni to Umi of a dsfmita Bohr circle. 

Wo nmi consider an ellipse of the family as the initial orbit— let its 
fjwiiiitiim tnimbiira b© k and , and another as the final orbit— with 
llif^ qitanlum numbers n and n\ In order that the transition may be 
free iind ftccsomimnied by the emission of energy, we must certainly have 
k 4* k*>n 4- (of. CM|n. (20), in particular as regards the signs). We 
cialciukte the energy radiated out according to the /^v-law (Bohr’s 
Freijiienoy Condition). Wa get a result quite analogous to eqn. (15), 
page 216: 

. .. (21) 
/t* \e)\{n + n'y {h + hj) ' ‘ ^ ’ 

For hydrogen K » a, this simplifies, if we introduce Eydberg’s 

anm'ber R, to : , 

((« + «? “ (FTly) ■ ■ ■ 

iVom thi) point of view of practical results, this spectral formula 
again gives only BalmeFs series, hv^it has a dee'pened theoretical signifi- 
mwm and ik origin fms now muUi 2 )le roots. By the admission of om 
Mipi'ie orbik the serim has gained no extra lines and has lost none of its 

simrpnmB. 

When the author, early in 1916, developed the above theory, he 
referred at the outsat to a series of indices* by which the various possi- 
bllilifis of generation contained in a Balmer line may be made manifest. 

1. In the natural state of the H-atom without a super-imposed field 
the various possibilitieH of generation coincide only accidentally, as it 
were, in one line. But it we allow an electric field to act on the lumin- 
escent atom, in the manner practised by Stark, the original quantum 
orbits will be disturbed. It is evident that the disturbance will affect 
thii various ellipses differently ; it will therefore alter the energy of the 
various orbits differently in each case. The result is the so-called 
Stark afect, to which we shall return in the next chapter. 2. Similar 
consiquences follow from the application of a magnetic field and the 
result is the Zeeman effect. Here, too — ^both in our theory and in the 
older view based on th(^ classical theory — ^the resolution of the lines is 
not duo to now possibilititm of vibration being generated but to the cir- 
cuunHianco that litum which were originally coincident are differently 
ciisplamd and hanoc separated by the magnetic field. We shall also 
study the Zeeman effect in the next chapter for the case of the hydrogen 
iitom. II The nmst beautiful and most instructive manifestation of the 
ViU*ious elliptic orbits that belong to the same Balmer line is, however, 
given by Nature herself without our agency in the fine structure of space- 
time conditions as reflected in the fine structure of spectral lines. The 

d«r MilMhener Akademia, 1915, p. 425, of., in particular, § 6. 
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last chapter will deal with this subject. 4. The coincident lines in thi 
case of hydrogen may be separated by an inner atomic field in place o 
an external electric or magnetic field. Such an inner atomic doei 

not, indeed, occur in the case of hydrogen itself or atoms of the hyclrogar 
type (an electron and a nucleus, singly or multiply charged) bii& in thi 
case of all other, atoms (neutral He, Li, etc.). In the next chapter Imi 
one we shall see that such atomic fields are the cause of the on© i Jalrncii 
series of hydrogen in the elements not of the hydrogen type splitting Uj 
into the series systems : Principal Series, First and Second Snbsidiarj 
Series, etc. 

We now enumerate the various possibilities of circular and csllipfew 
orbits that belong to a given value of ri + n'. To begin with, we remari 
that : {a) — 0 denotes a circular orbit. For when %' =« 0, then % 

eqn. (14), € = 0, and the focus and centre of the ellipse coincide, that 
is, the ellipse degenerates into a circle. This could also be rend oK 
more directly from the radial quantum condition (6), which shows thftl 
when 7i' vanishes, that is r, also vanishes, and hence r must hm eon* 
staht. 

(b) = 0 denotes a degenerate ellipse ; it is the focal distance ooiinted 

twice. For when % == 0 we get from (14), c = 1, i.e. the perihelion ftnd 
the aphelion coincide with the two foci. This follows more directly, too, 
from the azimuthal quantum condition (6) and its connection with the 
areal constant p. This denotes the area swept out by the radius vector 
in the unit of time. If this is to vanish,* the orbit must degenerate into 
a double line with a zero areal content. But the electron, in desorihing 
this orbit woutd fall into the nucleus. Owing to the permanenc© of 
atoms we regard this as impossible. Thus we declare the orbit « 0 to 
be impossible and do not include it among the following orbits. In Fig* 
71 it is indicated by a dotted line. 

The number of possibilities that belong to a given value of % Hh for 
example, n n =3, is obtained from the apparently not very siibll© 
equation of resolution : 


3 = 7z + 72' = 3 + 0 = 2+1 = 1 + 2. 


We thus have three possibilities; the fourth, 3 = 0 + 3 is exoltuitwl iw 
being fictitious by what was said under (6). In all three cases wa httvo 

for hydrogen, by eqn. (18) (E = e, = radius of the first Bohr 

circle), the same a, namely a = . 32 . 

On the Other hand, b, by the same eqn. (18), changes in steps thus : 

6 = ai . 3 . 3, b = a^. 2. B, 5 = . 1 . 3. 


suppose tie uuoleus to be peneU W ^ tf V, 

equal distanoes on the other side and back mo^n? pe“dulum-likn to 

both the orbits linep = 0 and^y^ 
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After this, the following tabulation with the illustrations of Eig. 71 
will be immediately intelligible : — 

n + = 1, one possibility. 

n = 1 n' =0 a = = & 

Circle. 

n + n' 2, two possibilities. 
n ^ 2 n == 0 a == h = a 

« 1 n' 1 a = 2\ h = a^2 

/q 

A circle, or an ellipse of eccentricity e = 

A 


n + n' = 3, three possibilities. 


= 3 

7l' 

= 0 

a = 


b ^ a 

n = 2 

'll 

= 1 

' 

CO 

II 


b = |a 

= 1 

'll' 

= 2 

CO 

II 


b == fa 

Circle, or 

ellipses 

of eccentricities c =* 

V5 

3 

J8 

or*=-r. 

a. 


b. 

^c. 


d. 



a, 4a, 9a, 18a, 

Fig. 71 


n -h 'll =4, four possibilities. 


n = i 'll' — 0 

n — 3 'll' = 1 

w- == 2 'll' ^ 2 

1 n' = 3 


a = 4:^a^ b = a 

a — b 

a « 42 ^ 3 ^ & = fa 

a = 4:^aj & == f a 


Circle or ellipses of eccentricities c 




€ — 


Jib 

4 


The figures here drawn do not exactly correspond with reality : in the 
first place, for the sake of economising space, we haye not drawn them to 
the same scale (cf. the accompanying arrows 4ai, etc.) ; secondly, to 
giye a better survey of the curves we have drawn them concentrically 
instead of confocally. But if we keep the position of the nucleus fixed in 
the figure, then, not the centres, but the foci in which the nucleus (at rest) 
is situated, coincide. In this way there result from Fig. 71 the following 
figures which bring out the true conditions better. 

Now that we have investigated the various possibilities for the single 
prbit when w + n' is given, we can immediately state the number of 
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possibilities for the transition from an initial orbit (with a given Hh ^ ) 
and a final orbit (with a given n + n'). In general this number is equft 
to the product (n + n') {k + k')^ for example, in the case of the He * -Iinet 

it is equal to the product 3 . 4 =* 12 (combination of one of 

the four initial orbits of the fourth drawing of Fig. 72 with one of Iti8 
three final orbits of the third drawing of Fig. 72). In the same^ way w© 
get for the Balmer series the following number of possibiliticss of 
generation : — 

H, H, Hg 

2.3 2.4 2.5 2.6 

In thus enumerating all these possibilities of production wa do nol 
wish to affirm that they are all realised in nature. In the next ohiiptor 
we shall develop a “Principle of Selection” which separates out froifi th© 
totality of the possible transitions between orbits those that can excite the 
emission of radiation. So far our enumeration has started purely from 
the possibilities in the atom. Through the linking up of the atom with 

b. c. d. 

c@ 

Fig. 72. 

the “ether” both in respect to energy and impulse, several of theic 
possibilities become fictitious. 

The relative motion of the nucleus that has so far been disragai^f^ 
rnay be added in the case of elliptic paths just as easily as in tlml of 
circular orbits. From the equations of motion of the nucleus and th® 
electron separately we form, as for the astronomical Kepler problem, the 
equations for the relative motion of the electron with respsot to tlifi 
nuclens. These differ from the equations of motion for when the nuolciis 
is at rest, in that the “resultant mass” ijl (eqn. (3) on p. 220) takes the 
place of the electronic mass on. The same holds for the azimuthal and 
the radial quantum condition. We first postulate that the sum of the 
phase-integrals calculated for the motion of the electron and for that of 
the nucleus, both for the ^ as for the r co-ordinate, is equal to a multiple 
(n or n') of h, and therein we express the corresponding distances bet woiitt 
the centre of gravity in terms of the distance between the electron anil 
the nucleus in the relative motion. The result is the same quantum 
conditions as in eqn. (6) of this section but with fx instead of m. Con- 
sequently IX also takes the place of m in the expression for the energy. 
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The result of this for the spectral formula is that Eh, Eae, etc., tate the 
place of Eoo, whereby these symbols have the same mAaning as in ecus 
(9). (10), (11) of I 4. We may conveniently refrain from carrying out 
the calculations here sketched. Perhaps we may finally mfl,VA two 
observations regarding the method of calculation. 

The above treatment of Kepler’s problem was kept as elementary as 
passible. But by using the methods of higher mechanics in our dis- 
cussion of the same problem in Note 8 at the end of the book, we shall 
not only reduce the amount of calculation hut also gain in precision. 
Bor we shall be able to present points of views to show that the polar 
co-ordinates here used are prescribed by the very nature of the problem 
and thereby give an answer to the question which was raised in g 1 of 
this chapter on page 201. The method that is to be developed later is 
unquestionably superior to that used in this paragraph. Moreover, the 
method of treatment of this paragraph cannot quite escape the reproach 
that it leaves a certain gap in not giving reasons for the choice of co- 
ordinates. Nevertheless it was inevitable that we should begin with the 
visual methods of this section ; they form the proper introduction to the 
more abstract method of Note 8. 

Our second remark, too, concerns a certain gap in the preceding 
representation. For Kepler’s problem belongs to those exceptional cases 
of which we spoke on page 200; it is a so-called degenerate problem. 
The external characteristic of a degenerate problem consists in the 
circumstance that in it the choice of co-ordinates is not unique and 
that, therefore, the quantum conditions, too, that depend on the choice of 
co-ordinates, may be applied in various ways. In the case of our JKIepler 
problem, the so-called parabolic co-ordinates that we shall use in § 4 of 
the next chapter, are in principle admissible as well as polar co-ordi- 
nates. By making use of these parabolic co-ordinates we should 
get quantised ellipses selected from the group of Kepler orbits differ- 
ent from those which we get when polar co-ordinates are used. 
The justification for favouring the latter is offered only when we have 
performed a passage to a limit, namely, by treating our problem first 
according to the laws of relativistic mechanics (cf. § 2 of Chap. VIII) and 
then, by ^neglecting the relativistic variability of mass, passing over to> 
olassicarmechanics. The result obtained in this circuitous way agrees 
exactly with the result of our above treatment. On the other hand, the 
internal criterion for the degeneration of a problem consists in this, that, 
to fix the energy and hence also to obtain sharp spectral lines, fewer 
quantum numbers are necessary than there are degrees of freedom 
involved in the problem. W^e have already characterised degenerate 
systems in this way on page 200. In our case the quantum numbers n 
and n' do not actually enter into the expression (20) for the energy 
individually, but only the quantum sum n -f nl. Thus, from the view of 
quanta, our problem has, so to speak, not two, but one degree of freedomi 
16 
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From the point of view of his own principles, Bohr^ acoorditvgiy 
denies that both conditions (6) are necessary for the treatment 
non-relativistic Kepler problem. We must of course admit tlcimt t 
view is incontestable, but, on the other hand, we can point to tm^ 
that, from the physical point of view, our problem is to be regardaH oti^y 
as the limiting case of the non-degenerate relativistic problem, in 'Winc \ 
both quantum conditions, the azimuthal and the radial conditions ooma 
fully into their own. 

§ 7. Quantising of the Spatial Position of Kepler Orbits. Tlioory 
of the Magneton 

In the preceding section we quantised the Kepler orbits with r*espeofe 
to size and form, by means of the azimuthal quantum number n auncl tha 
radial quantum number n\ We wish to show that the quantsu cmn 
perform still more : they also determine the position of the orbits to 
that is, they select frbm the continuous manifold of all possible positions 
of the orbits in space a discrete number of orbits that conform with 
certain quantum conditions. 

It is possible to quantise spatially only, of course, 'when a certain 

favoured direction is given with re- 
spect to which we may measure th© 
orientation of the orbits. Such a 
favoured direction may be 
either by an external field of force or 
by an internal atomic field. The firat 
case is simpler and will be consicleml 
here. But in this case, too, we have 
no longer, even for the hydrogen 
atom, pure Kepler orbits. Ita.thar, 
these are deformed through the ex- 
ternal field of force. If we wish to 
manage with the Kepler orbits^ not- 
withstanding this, we must pauss on 
to the “limit when the force tends 
to zero.” In this passage to th© 
limit, on the one hand the disturbance of the orbits by the field of faro© 
vanishes, but on the other hand "the possibility of their orientation with 
respect to the field of force remains. The reason for this is that, whereas 
the disturbance of the orbits is a phenomenon which varies contmtd.aUMl$ 
with the field of force, the orientation of the orbits is restricted to oertiiiin 
possibilities. That is why the latter remains after the passag© 
to the limit, whereas the former vanishes. 

* Of., for example, wbat be says on page xv of his introduction to his cbllecsted 
essays on atomic structure, published in German by Tieweg & Son, Brauns olr*w«ig, 
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We take the direction of the lines of force as the axis of a spatial 
polar co-ordinate system rOil / ; in Pig. 73 this is the axis SN. We as- 
sume the nucleus to be at rest in 0 ; we draw the unit sphere (i.e. one 
of unit radius) about 0 as centre. Let the variable radius OP point to 
the present position of the electron. Let OK be called the common line 
(** Knotenlinie *’) ; it is the line of intersection of the equatorial plane 
OltQ and the orbital plane OKP. The great circle KPAB is the trace 
the orbital plane on the unit sphere. The “ latitude ” 0 is represented 
in the figure by PN, the longitude i/r, reckoned from the common line, 
is represented by KQ ; in addition, we consider the “ orbital azimuth 
which is given by KP. Let a be the angle between the direction ON of 
the lines of force and the normals OM to the orbital plane ; a appears 
in the figure as the arc MN, and at the same time as the angle at K in 
the spherical triangle KQP, which is shaded in the figure. 

Corresponding to our three degrees of freedom rOif/j we have now three 
quantum conditions : 




p,dT =» 'nlh ; 




( 1 ) 


The integration with respect to ij/ is from 0 to 2'7r. The integration for 
& stretches (cf. p. 201) from 9mn = beyond back to Omim 

the integration for r is as formerly (cf. p. 201) from rmin over r^nax back to 
Tallin* Thus the radial quantum integral is not different from that in the 
two-dimensional point of view. As in the preceding section, eqn. (14), it 
gives us : 

= . . . . ( 2 ) 


and determines as before, through the eccentricity e, the form of the 
orbit, p is the areal constant for the orbital azimuth (^>. The corres- 
ponding quantum condition is : 



• ( 3 ) 


Let n be called as before, the azimuthal quantum number; as a means of 
distinguishing Mj, let it be called the equatorial quantum number. We 
now assert that the azimuthal quantum number is equal to the sum of 
the equatorial number ni and the ^‘latitudinal quantum number . 

n = Ui + • • - • • W 


The proof 
the following 
ordinates qp : 


is contained in the definition of p, p^, and pe- In general 
holds (cf. 6qn. (5), § 1 of this chapter) for any arbitrary co- 


IP 


hf’ 


Bjw« 
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The latter holds because is a homogeneous quadratic form of the ^ s 
(cf. also Note 4, eqn. (5)). , In our case this yields, according as "we las© 
plane polar co-ordinates rcj), or spatial polar co-ordinates rdif/ : 

iljprr 4 - pi) = iiprT + peO )r p^i). 


From this it follows : 

pi = ped + pyi,i 

or, integrated with respect to the time for the whole duration of ii' com- 
plete period : 

^pd<i> = ^podO + . . - * 

The integrals here indicated are our phase-integrals of eqns. (3) sauxid {!) I 
their values are, in turn,<w7i, n-Ji, and nji. Thus eqn. (5) is identical 
with eqn. (4). 

But between the quantum nTfmbers n and nj^ there is also the relation 

— n cos a . . . . * 

Bor is the whole moment of momentum of the rotating electron ; is 
its component in the equatorial plane. The former is, ih Fig. 73, drawn 
as the vector in the direction of the normal OM to the orbital plane, 
the latter as the normal ON to the equatorial plane. As Fig. 73 shows : 
we have 

p^ — p cos a . . . . . ( 7 > 

According to this, just like p, is constant during the motion. The 
equatorial quantum condition (1) becomes on calculation 


^TTp^i, = nji .... • (S) 

In virtue of this equation and of eqn. (3), (7) is shown to be identical 
with (6). 

Eqn. (6) already contains the remarkable result that there are certain 
quantum favoured spatial positions of the orbital plane characterised by 
integral numbers. Combined with eqn. (4) it states : 

... . (9) 

We consider in turn the cases = 1, 2, 3, , . . and represent them 
by the. Figs. 74a, b, o. In them, the direction of the lines of force is, as 
in the preceding figure, supposed to run from the top to the bottom. The 
sense of rotation in the orbital plane is arbitrary, but is to be considered 
the same in each part of Fig, 74. 

n == 1. In this case there are, according to eqns. (4) and (9), only 
two possibilities : ^ 


^1 = 1 


cos a == 1 


and 


% « 0 
^2 == 1 


cos a = 0 
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Hence the orbital plane is either the equatorial plane (a = 0) or a 
meridian plane through the direction of the lines of force (a == tt/S). 
Pig. 74a exhibits sections of both planes. 

TO. 2, According to eqns. (4) and (9) we have here three pos- 
sibilities : 

= 2 % = 0 cos a = 1 

— 1 -^2 = 1 COS a = -I 

111 — 0 == 2 cos a ~ 0 

Besides the equatorial plane (a = 0) and the meridian plane 
(a = 7r/2), there is a third possible inclination of the orbital plane, 
namely, that making an angle of 60° with the equatorial plane (a = tt/S). 
Pig, 74b shows those three positions in section. The orbital plane, in- 
clined at 60°, can of course be rotated arbitrarily about the direction of 
the lines of force ; in the figure this is indicated by drawing the optical 
image of the one plane. 


X B 0 



nssl n«2 n«3 

Pig. 7L 


jfj 3. Here there are fo'ur possibilities : 


= 

3 

Wg = 0 

cos a = 

1 


2 

Wj = 1 

COS a = 

1 


1 

^2 = 2 

COS a == 

i 

Wj = 

0 

= 3 

cos a = 

0 


These four ‘positions of the orbital plane may he constructed, as has 
been done in Pig. 74o, by dividing the radius into three equal parts. The 
positions corresponding to the values cos a = | and cos a = |- have been 
drawn twice, to indicate that the corresponding orbital planes may be 
rotated about the direction of the lines of force. 

So the process continues. In each of these orbital planes in space 
the electron may clearly describe, besides the circular orbit indicated by 
n, a series of elliptic orbits ; for example, in the case n = 3, it m’ay 
describe, besides the circular orbit -n = 3, n' — 0, also the elliptic orbits 
« 3 , » 1 ; w « 3, n' « 2 ; = 3, = 3, . . . In the order of 

sequence of Pig, 72, these are orbits, each of which is^ represented by 
a different picture among those given ; the circular orbit is represented 
by Pig, 72o ; the first elliptic orbit by the ellipse of Pig. 72 d that has the 
smallest eccentricity, and so forth. 
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Without doubt this spatial quantising is one of the most surpriaiag 
results of the quantum theory. When we consider the simplicity with 
which the positions are derived and how simple is the result, it seems 
almost like magic. 

Spatial quantising, as long as we atop at the limiting case of the 
external force tending to zero, has of course no effect on the calciilation 
of the energy of the orbits and the spectral consequences following there- 
from. The two quantum numbers and n,. then enter into the ex- 
pression for the energy only in the form of the snm : n = «j + ; that 

is, the expression for the energy and the spectral frequencies that are to 
be derived from it remain the same as in the case of simple quantising 
in the plane. 


It is in connexion with this that the spatial Kepler problem in one 
degree more “ degenerate ” than the plane Kepler problem. Whoreas we 
describe it mechanically by three co-ordinates as a problem involving 
three degrees of freedom and determine it, according to quantum con- 
siderations, by three quantum conditions, only the quantum sum 
% + ^ occurs in the expression for the energy. The iieooHaity 
of using three quantum conditions may therefore be disputed (of. fche 
(inclusion of the last section). But if we pass on from the case “ in the 
limit the force tends to zero,” to a true field of force, the degenemte 

character is eliminated and the existence of three quantum conditioim 
becomes essential. 

corritior5“l°''^ the latter transition, we get at the same time a 
i enumerated above: in each case 

in our emm position 

(Js -TT characterised by n, ^ 0. 

a 0, drops out. The reason is similar to that which in the 
previous section led us to declare as fictitious the ellipses that hiMi 

forces in § 7 of the same chafer foioes other than electrical 

But we must take the result^ Hypotfuisig. 
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a radius of the equator of the unit sphere into n equal parts and erecting 
on the dividing points {excluding the centre of the unit sphere) right-angled 
triangles according to the example given in Fig. 74. These figures them- 
selves are to be corrected by removing the diameter which is at right angles 
to the equatorial plane from the series of the projections of the orbital 
planes. 

From this point of view we next return again to Fig. 71 of the 
previous paragraph. Each part of it was drawn for a given quantum 
sum s = n + n\ and consisted of s orbits, namely, a circular orbit {n = 5, 
= 0) and s - 1 elliptic orbits (?^ = s ~ 1, = 1 ; = 5 ~ 2, 5 ' = 2 ; 

n — s - = 3, respectively, and so forth). By now adding the 

spatial position of the orbits and taking into account the above theorem, 
we see that each of these orbits may in their turn be produced in as many 
ways as the numerical value of their azimuthal quantum number n ; that 
is, the circular orbit may be produced in s different ways, the first elliptic 
orbit in 5 - 1 ways, the second in s - 2 ways, and so forth. Owing to 
the lack of detailed knowledge, we regard all these spatial modes of 
generation as equally probable and as occurring equally often empirically ; 
we thus arrive at the conclusion that the probability of the circular orbit 
to that of the first, second, . . . elliptic orbit is as 

, 9 : s - 1 : 5 2 : . . . 2 : 1 . . . (10) 

We call this probability the a priori probability.” We hereby as- 
sume as in this whole section the presence of some direction of force or of 
orientation in space, but on the other hand we assume that the force 
that is present in no wise essentially affects the character of the Kepler 
orbits. 

Our ‘‘a priori probability” will later give us a certain support in 
dealing with the difficult question of the intensity of spectral lines. 
Even now, however, it may already be remarked that this does not 
suffice to settle the question finally, but that the ‘‘probability of tran- 
sition” between the initial and the final orbit plays an essential part in it. 

To conclude this chapter we shall briefly consider a very important 
but as yet very obscure problem of physics on which the spatial quantis- 
ing of electronic orbits promises to throw light, the problem of the 
magneton. 

The view that every paramagnetic substance (i.e. susceptibility > 0) 
has a definite magnetic molecular moment is old established among 
physicists. It was elaborated in particular by Wilhelm Weber, and was 
rendered certain by Langevin’s theory of the dependence of paramagnet- 
ism on temperature. Within the last decades P. Weiss* has set out to 
prove by means of a great number of detailed measurements that this 

* Summaries are given by P. Weiss, Pbysikal. Zeitsohr., 12, 935 (1911), or Verb, 
d. D. Pbys. Ges., 13, 718 (1911) ; R. H. Weber, Jabrbuob ftir Rad. u. Elektr., 12, 74 
(1916); B. Cabrera, J. de Ohimie Physique (Guye), 16, M2 (1918). 
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moment occurs not as an arbitrary quantity but an a whok ofm 

certain elementary moment. The value of this elementary th« 

“ magneton ” is, according to him : 

M =» 1123'6 gauss x cm. jwr tnol . . < • 

The value of the elementary moment of the individual atom rtr. in 
the case of compounds, of the individual molecule is obtained l»y 
(11) by Loschmidt’s number, L «= 6-07 . 10'^*, and is ; 

1123*13 ^ y, 

n 1 - 80 . 10-''* gauHH X cm. 


The assumption immediately forced itself on physinista that tbi* 
elementary magnetic quantum was no new constant but waa piolml*)) 
connected with the elementary eleotrio quantum r and the (|tiansiim 
action h. Let us endeavour to find this connexion as simply as (toaaibln, 
As we know, a magnetic moment is equivalent to an oleotrici mirrimt ; 
Weber’s electromagnetic measureof current in O.G.B. units de{H-n»la just «n 
the fact that the current strength times the enclosed surfacii aroiiml w limb 
the current flows is equal to the moment of the elementary 
placed at right angles to the current surface, that produces.' iit « «rml 
distance, the same magnetic field as the ourmnt. last the curtt’iil b»* m 
circular current of radius a and let it bo productxl fjy the mjvoIuUmh ud 
an electron about the atom. If (o is the angular velocity of the *4iwlr»w, 

then <o/2,r is its number of revolutions per second and is ihi. mirrtml 

strength, calculated as the quantity of electricity that imsses thTOtigh iHe 
cross-section per second. Hence the magnetic moment ^ of our rimular 
current, calculated from the intensity of currant and the circular 

/X - - gwis .... (laj 

^ Our rotating electron is a rotator. Its moment of momontom is 
determined on the quantum theory by the condition 


. nh 
ima^ - g- 




Hence the mechanical moment of momentum and the 
moment are expressed by . and o in the same way and their 

ing to Te auantlth “n'l ib* valu.i 

of mthaniS rIZaS 7' “ «"«““b‘ry qti,.nt««, 

elementary - 

Trom (12) and (13) there follows 

fi nfe 
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The theoretical elementary quantum of magnetic moment is, therefore, 

Il 

mhr 

or, referred to the mol (or gramme-atom, respectively) 

M = 1 Al . . . . . (14) 

m 47r ' ^ 

that is, if we insert the known values of elm, h, and L : 

M ^ 5584 gauss x cm (15) 

that is almost exactly five times as great as Weiss’ magneton (11). We 
shall call the value (15) the Bohr magneton. 

Now, how does it happen that Weiss appears to get the smaller unit 
in his measurements? What value is to be attached in particular to 
the methods of calculation by which he obtains the value (11)? We 
accept as the answer to this question an investigation by W. Pauli, jr., 
which we shall now describe.* 

Concerning solid paramagnetic substances first, we must, in interpret- 
ing the measurements in question — at all events — ^take into consideration 
their crystalline structure. The same applies to ferromagnetic substances, 
all of which occur only in the crystalline or micro-crystalline form. 
Whereas Weiss assumes that, in the state of saturation, all atomic 
magnets point in the same direction, the crystal structure would seem 
to favour a distribution of these directions among directions prescribed 
by the symmetry of the crystal. 

In the case of paramagnetic liquids, too, the theoretical interpretation 
is rendered difficult by the complicated character of the liquid state and 
by the question as to how the diamagnetism of the solvent is to be taken 
into consideration. In this case there is to be added that the magneton 
numbers determined by Weiss are by po means exact multiples of his 
fundamental unit. 

There then remain the patamagnetio gases, o£ which measurements 
have hitherto been possible only for the oases 0^ and NO. In this case 
Langevin’s theory of paramagnetism seems to ensure a trustworthy 
calculation of the magnetic moment to be ascribed to the individual gas 
molecule* Langevin^s theory asserts that the Curie constant C, that is, 
the product of the absolute temperature and the susceptibility calculated 
for a mol of the gas, is given t by : 

C = . . • ■ • (16) 

M is the magnetic moment of the mol ; that is, L times the magnetic 
moment /a of the individual gas molecule ; E is the gas constant referred 

* W. Pauli, Qitmknmorie wnd Magneton, Physikal. Zeitsote, 21, 615 (1920). 

+ 01, for emmple, M. Abraham, Theorie der JSlehtrmtat, Bd* 2, 4, Aun., §81, 

p.20a* 



250 


Chapter IV, The Hydrogen Spectrum 


to a mol ; 6 denotes the inclination of the magnetic axis of a gas molecule 
to the direction of the magnetic field ; the horizontal bar drawn above 
the expression denotes that the average is taken for all angles of 
inclination. 

Of course, before the advent of the quantum theory, Langevin^s 
theory assumed 6 to be continuously variable. By treating, in addition, 
all positions as equally probable (it is admissible to disregard favouring 
the direction of the magnetic lines of force in the process of adjustment, 
since it requires only a correction that is proportional to the intensity of 
field), the theory set 

(17) 

that is, made it just as great for the direction of the lines of force as for 
two axes perpendicular to this direction. Bzct, from the 'point of view of 
spatial quantising^ this is nc longer admissible, Eather, we now have : — 

For n = 1. All orbits place themselves at right angles to the direc- 
tion of the lines of force, cf. Fig. 74a; we have excluded the other 
theoretical possibility, the meridian position of the orbital plane. Hence, 
for all orbits cos ^ = 1, and therefore 

=1 (17a) 

For n = 2. The orbital planes set themselves partly at right angles 
and partly at angles of 30° to the lines of force ; cf. Fig. 74b. Either 
cos ^ == 1 or cos ^ ~ ^ ; the theoretical possibility cos ^ = 0 is again to 
be excluded. As on page 247 we regard both these possibilities as 
equally probable. Consequently, 

= i[l + m = 1 . . ■ (17b) 

For n = 3. There are three and only three cases, namely, cos ^ = 1, 
cos ^ cos 0 = f ; all three are equally probable. Accordingly 

= i[i + iw + m - 14 . ' . . (17c) 

In general. Foir the quantum number n, we have n equally probable 
positions, and we get 

cos^ $ = 


+ +(I) 

1 {n + 1) {2n + 1) 
3 2n^ 


Equal distribution (equi-partition) among all directions, in the 
manner assumed by Langevin’s formula (17), comes about, then, only in 
the limit when oo, as was to be foreseen. But this circumstance 
has a considerable influence on the calculation of the value of the 
magneton. As a matter of fact, Weiss bases his determinations of M 


along the reasoning of Langevin on the following 


from (16) and (17) 


formula which arises 


M= V3EO . 


(18) 
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Taking into consideration spatial quantising, he should base them on 
the formulae : 

In the case w « 1 [eqn. (16) and (17a) M = VeG . (18a) 

In the case n = 2 [eqn. (16) and (17b) M = V|EC . (18b) 

and so forth. 

In the case = 1, for which the magnetic moment amounts to 1 
Bohr, that is 5 Weiss, magnetons, Weiss would obtain a value according 
to eqn. (18) that is \/3 times too great, namely : 

5\/3 == 8*7 instead of 5 Weiss magnetons . . (19a) 

In the case % « 2, for which the magnetic moment amounts to 2 

Bohr and hence 10 Weiss magnetons, a comparison of (18) and (18b) 

shows that Weiss’ method of calculation leads to a value that is too great 
in the proportion Jd : n/|, thus 

10 yO 13-7 instead of 10 Weiss magnetons . . (19b) 

Thus if we calculate by Weiss’ method, not taking into account the 
position of the magnetic orbits of rotation, we cannot obtain integral 
multiples of magnetons, whether we use the Bohr or the (live times too 
small) Weiss unit. Actually, observations seem to show, too, that the 
integral character affirmed by Weiss is not in general true. 

In the case of the gases NO and 0^, the number of magnetons'^ 
amounts, according to Weiss, Piccard and Bauer, to 9 and li- (more 
recent measurements have given the values 9*2 and 13*9 or 14*2). It is 
worthy of note that these values lie in the neighbourhood of our numbers 
8*7 and 13*7 in (I9a) and (i9b). We are therefore inclined to surmise 
that, in the case of these two very simple paramagnetic gases, we are 
dealing with the two simplest cases of one and two Bohr magnetons, 
whereby each 0-atom, in NO as well as in Ojj, would have one Bohr 
magneton. We do not wish to assert that in the case of these gases 
our numbers 8*7 and 13*7 should be accurately true, that is, that measure- 
ments free from error, when inserted in the Weiss-Langevin formula, 
should lead exactly to the values 8*7 and 13*7. Our spatial quantising 
refers in the first place to the orbits of the hydrogen atom; it may, 
indeed, be straightway applied to other momtomie gases, whereby the 
so-called invariable plane, that is, the plane of the total resultant moment 
of momentum takes the place of the orbital plane. But the application 
to diatomic gases is very doubtful. The molecular models of such gases 
are entirely unknown to us ; according to their geometric structure, the 
spatial quantising may come out differently from that of the hydrogen 
atom, and then the energy of rotation may affect its orbital positions 
variously. When we just now concluded from the approximate number 

^ Weiss and Piooard, Oompt. rend., 156 , 1234 (1912); 157/J16 (1913); Bauer and 
Piccard, Joum. de Phys-, 1920, p. 97. 
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of magnetons 9 and 14 that there were one and two Bohr magnetons, 
resp« 3 tively, present, we did so under the assumption that the behaviour 
of diatomic gases, too, will not differ markedly from that of hydrogen 
and that here, too, the ideal case of hydrogen allows us to predict in 
general outline the approximate behaviour of the complicated cases* 
Moreover, we did so, in the conviction that the true unit is the 33ohr 
magneton, not the Weiss magneton. 

The object of the above discussion was clearly more negative than 
positive. We wished to show that up to the present measurements have 
not been able to contradict the quantum value (Bohr’s) of the magneton, 
particularly not when it has been evaluated on the basis of Langevin's 
formula, which takes no account of spatial quantising. On the other 
hand, we could not ’adduce a Qeridum. positive contribution towards evalu- 
ating magnetic measurements either for crystalline paramagnetic solid, 
or paramagnetic gases. The natural conclusion that there is a Bohr 
magneton for every 0-atom was fraught with uncertainty on account of 
our ignorance of the molecular models concerned. We have no doubt, 
however, that, some day, the abundance of magnetic observations will 
allow us to recognise unmistakably the existence of the Bohr magnston 
or, what amounts to the same, Planck’s quantum of action and that it, 
just like the data of spectral observations, will bear striking testimony to 
the quantum structure of matter. 


CHAPTEE Y 

WAVE THEORY AND QUANTUM THEORY 

§ 1. The Spherical Wave and its Propagation. Conservation of 
Energy and Momentum 

H einrich HEETJZ,'^ in Ms discourse at the Heidelberg Session 
of the Science Research Society (Naturforschergesellschcoft) in 
1889, drew certain general conclusions from his experiments 
on electric waves and made the following remarks about the nature of 
light : — 

“What is light? Since the time of Young and Fresnel we know 
that it is a wave motion. We know the velocity of the waves, we know 
their lengths, and we know that they are transverse ; in short, our 
knowledge of the geometrical conditions of the motion is complete. A 
doubt about these things is no longer possible; a refutation of these 
views is inconceivable to the physicist. The wave theory of light is, from 
the point of view of human beings, certainty.” 

Has this certainty meanwhile been shattered? Yes and no I In all 
questions of interference and diffraction, the wave theory has not only 
maintained its position but has, indeed, gained new ground ; it has ex- 
tended its range of influence towards the side of small wave-lengths as 
far down as Edntgen and y-rays, and- towards the side of great wave- 
lengths as far as the waves of wireless telegraphy, whose length is 
measured in kilometres. In all questions, however, which, to use 
Einstein’s language (cf. p. 38), concern the production and transformation 
of light, we have the firm conviction that the optics of the undulatory 
theory is, at least in its present form, insufficient. The appropriate and 
natural point of view to adopt towards these phenomena (photo-electricity, 
secondary radiation, absorption and excitation limits) is that of propa- 
gation not in spherical waves hut in light-quanta Jiv, in the manner ex- 
pressed by Einstein’s photo-electric law. In these phenomena amounts 
of energy occur such as the wave theory simply cannot place at our 
disposal, not even if we enlist the help of an artificial accumulation of 
energy (p. 44). The mildest modification that must be applied to the 
wave theory is, therefore, that of disavowing the energy theorem for the 
single radiation phenomenon and allowing it to be valid only on the 
average for many processes. How this new type of localisation of 


G-esanimelte Werke, 1, 340. 
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energy or this denial of every localisation of energy is to be brought into 
harmony with the laws of the electromagnetic field is still wrapt in ob- 
scurity. On the other hand, the most extreme view is that which regards 
the field laws themselves, that is, Maxwell’s equations, only as statistical 
approximations and to consider the elementary phenomenon of individual 
emission as a continual succession of light-quanta, which have a definite 
direction. The connexion between these two views would then be 
similar to that in the gas theory, in which the continuous equation of 
state, is only a rough approximation, and the proper elementary procesa, 
however, by which the gas pressure is produced takes place discontinu- 
ously and in impulses. But whereas we have been able to carry out the 
statistical calculations for gas molecules and from it the contiruioui 
equation of state quite rigorously, we are still far from carrying out the 
corresponding statistical calculations for light- quanta. Only Eiinstein,** 
again, has succeeded in taking a first step in this direction, in deriviag 
Planck’s law of heat radiation by starting from elementary phenoman® 
of a markedly one-sided and discontinuous character. The phenomena ol 
light absorption and light transformation receive a natural interpretation 
in this theory ; but the phenomena of interference and difiraction find ac 
place in it. In particular, the spherical wave of optics becomes a oon- 
figmation that is incoherent in itself, for it comes about as a result of avsr 
aging over elementary processes that are all independent of one another 
Both points of view, the classical continuous wave theory and thi 
discontinuous-statistical theory of light-quanta, each offer at present onl; 
one-half of the truth. How the dilemma will be overcome finally, eanno 
yet be gauged. At all events the classical wave theory in its appMoatioi 
to the phenomena of light propagation has not yet been sui^planted h 
something better. It is, indeed, astonishing how much of th© wav 
theory still remains even in spectroscopic processes of a deoideil 
quantum character. Bohr has formulated this very definitely in hi 
Pnfw^plB of Correspondence (cf. the end of § 3). For example, in dmonl 

radiation of X-rays, we pointed out the effeofciven®* 
of the classical wave theory (cf. p. 34). 

_ In the sequel we shall take the view, as far as the propagation of lie! 

IS concerned of the classical wave theory. We shall thus repress 
doubts about the idea of a spherical wave that is coherent in itself an 

A.V = w. - w. . . _ , 

(1917). E 
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This equation determines the frequency of the wave according to the 
theory of quanta. Besides frequency, however, a light wave possesses 
intensity, polarisation, and a certain measure of coherence (ability to inter- 
fere). The quantum theory seems at present unable to answer the finer 
questions touching the form of the vibrations, their arrangement in space 
and the space-time disposition of the train of waves. Here that is true, 
which may be said of every purely energetic treatment : the equating of 
energy— as is performed in our equation (1)— can never furnish more 
than one equation determining the course of the phenomenon. In the 
case of more than one degree of freedom the energetic view must be sup- 
plemented by a deeper dynamical treatment. 

Let us next enumerate the determining factors, accessible to observa- 
tion, of a monochromatic spherical wave (or one practically monochrom- 
atic) starting out from the point at which emitting atom is situated. The 
wave-length (or vibration number or frequency) is one determining factor, 
the length of the train of waves, the ‘‘coherence length (number of 
successive wave-lengths up to the point of perceptible extinction of the 
phenomenon of “vibration”) is a second determining factor. (Strictly 
speaking, of course, a finite coherence length is not compatible with 
exact monochromatism ; we here mean the kind of approximate mono- 
chromatism such as is presented by a sharp but, of course, not infinitely 
narrow spectral line.) Three further determining factors are presented by 
considerations of intensity and polarisation. For if we draw two mutually 
perpendicular planes througbta direction of emission, chosen at random, 
we have in both of them a definite amplitude of the alternating electro- 
magnetic field and between both there is a certain phase difference of the 
partial vibrations. With these three data, the observable intensity and 
the character of the polarisation (linear, circular, or elliptic) is fixed for 
one direction. But it is not suTficient to furnish these data for any arbi- 
trary direction of emission, but rather this direction must be a unique 
axis for the spherical wave, in order that through it the distribution of 
intensity and the polarisation is determined for the whole spherical wave. 

At first sight it would appear that the existence of a unique axis con- 
tradicts the notion of a spherical wave. For a spherical wave is usually 
understood to mean a phenomenon that is propagated from the centre 
^ of the source of light symmetrically in all directions and in every respect. 
■This view corresponds to our rough optical experiences but not to refined 
observation such as forms the basis of the theory of light. According to 
Maxwell’s equations (as well as the older ideas of elasticity) a spherical 
wave has always a unique axis both for the distribution of intensity as for 
polarisation. Only the phase of the light is distributed with spherical 
symmetry ; and only the wave surfaces, that is the surfaces of points in 
the same phase, in the case of a spherical wave, form a system of con- 
centric spherical surfaces. On the other hand the surfaces of points of 
the same intensity are by no means spherical surfaces. Let us recall, for 
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example, the simplest case, in which, in, the language of the classical 
wave theory a linearly vibrating electron emits the spherical wave. On 
account of the general character of transversality of the light vibrations 
no intensity is emitted in the direction of vibration of the electron ; the 
intensity is a maximum at right angles to this direction (cf. in this con- 
nexion the innermost curve in Fig. 11, which depicts this case of emitted 
radiation). The surfaces of equal intensity have therefore by no means a 
spherical shape, but, rather, the direction of vibration of the electron is at 
the same time a unique axis of the distribution of intensity. The same is 
true in the case, which, in the language of the classical theory, corre- 
sponds to an electron that executes circular vibrations. Here the axis 
perpendicular to the vibration circle is a unique axis of polarisation, 
namely, the direction in which circular polarisation is observed, whereas 
in every direction inclined to this elliptic polarisation occurs, and in 
directions perpendicular to it, linear polarisation takes place. At the 
same time the axis mentioned is a unique axis of distribution of intensity. 
In this axis the intensity is a maximum, being, namely, twice as great as, 
for example, in the two directions at right angles to it. 

Now, an axis that starts out from the centre of the sphere is defined 
by two determining factors, for example, two angular measurements. If 
we add to these the three determining factors which define the amplitude 
and the phase of the vibrations for this axis, and also the two first-men- 
tioned data relating to frequency and coherence, we get in all : 2 4-3 + 2 
= 7 determining factors or elements of definition for the spherical wave. 
(We give quantitative details of this in Note 9.) 

We require just as many equations of definition which will connect 
the light emission in the spherical wave with the changes of state in the 
emitting atom. Hereby we draw special attention to the following point : 
in general, according to the quantum view the atom and the “ ether” are 
not connected with one another ; * it is only during the process of 
emission that they are coupled together. In contradistinction to this, on 
the ordinary view of the wave theory, the electrons in the atom are 
permanently coupled with the ether: every change of motion of the 
electron produces wave radiation. According to this view we consider an 
electron active at the origin of every spherical wave, which generates iti 
unison with the rhythm of its own motion the electromagnetic spherical 
wave. However convenient and however much accepted this view may 
be, yet we must free our minds of it. We must speak not of an electron 
but of a solution of Maxyrell’s equations, which is determined by con- 
ditions of coupling in the process of emission between the atom and the 
ether. The more abstract mode of expression, to which we are forced, is 

* The objection has been raised against the account gi^'en here that in the stationary 
paths, too, the coupling between the atom and the ether cannot be entirely detached : 
both the inner forces acting between the nuclei and electrons, as well as the external 
forces of a possibly added electric or magnetic field are transmitted in the “ether.” 
The author finds himself compelled to admit that this objection is justified. 
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inevitable if we wish to follow out logically the view of the quantum 
theory. 

Let us now collect together the necessary conditions of coupling that 
naay serve to determine the parameters of the spherical wave that enter 
into the solution, 

In eqn. (1) we have so far only one such determining equation, or 
two, if we take into account that hv determines not only the frequency 
but also the total energy of the spherical wave, that is, that eqn. (1) 
contains also a statement about the observable total intensity of each 
process of emission. 

To arrive at further determining equations we consider, besides the 
energy, the impulse or momentum of the atom, on the one hand, and of 
the radiation on the other. In mechanics the fundamental law is that of 
the conservation of momentum (Galileo’s and Newton’s law of inertia), 
or, respectively, the law of change of momentum by external forces 
(Newton’s second law). The law of conservation of energy is derived in 
raeohanics as a consequence of the law of momentum. 

In mechanics there follows, further, from the law of momentum the 
law of monoent of momentum, in particular, the law of areas, which 
aisserts the conservation of the moment of momentum for vanishing 
moments of the external forces. When, in the process of emission, the 
aitom is coupled with the surrounding ether, we demanded by eqn. (1) the 
conservation of energy. The energy that is made available by the atom 
sbotild be entirely accounted for in the energy of radiation v, which is, 
according to the quantum theory of the oscillatoi'*, equal to hv. With 
tlie same right, we now demand the conservation of momentum and of 
»tb.e moment of momentum : if in a change of configuration of the alom^ 
'its momenhtm or moment of momenUcm alters, thenjhese q^iantitm are to 
he reproduced entirely and unweakened in the momentum and moment of 
'momentum of the radiation. This postulate will furnish us with three 
fxiriher determining equations of the spherical wave. 

The conservation of momentum and of moment of momentum holds 
hereby, as in mechanics, only when the atom is subject to no external 
forces. If the atom happens to be in an external field of force, this in 
general changes the !momenta and reacts with them. The momenta may 
then, instead of being transferred to the radiation, be partly passed on to 
the external field of force. We show this in the third section. 

To develop the equations in question— here for the case unem- 
ciarnbered by external forces — we must talk of momentum and moment 
of momentum of the atom, and then also of the momentum and moment 
of momentum of the “ ether.” 

The momenhom of the atom does not mean the momentum of a single 
electron, which primarily brings about the emission of light through its 
change of motion, but the whole momentum of the atomic configuration. 

In the c^se of hydrogen, too, with its one electron, we are concerned 

17 . . " ■ 
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not with the partial momentum of this electron, but with the whole 
momentum of the electron and the nucleus. This is zero, if the oeuir# 
of gravity remains at rest while the electron rotates, no matter whc^lher 
we regard the mass of the nucleus as finite and take into account the 
relative motion of the nucleus, or whether we consider the liraitinu 
of an infinitely heavy nucleus at rest. The same is true for an atom ooo* 
taining any number of electrons moving in any manner: im arvnunl mf 
tJie law of the 'persistence of the centre of gravity y the total niwmentnm it/lks 
atom is zero in its initial configuratio7i ; we assume that it m also zero ia 
its final configuration, that is, that the atom does not, in omitting ritclia* 
tion, acquire a velocity as a whole due to a sort of rebound. As a rrmtfc#r 
of fact there is no sufficient reason why the atom, when it csiTiits ft 
spherical wave, should favour one direction of velocity more than Any 
other.* Hence the change of 'momentum as the atom passes from m 
mUial to the fiml conflgtcration vanishes. No momentu/m is 
from the atom to the ether. 

The position is, however, different in the case of the moment of 
to. We designated this for the single electron, for example, the h ydmixen 

In°the IS allocated to the aximuth ^ of the rotation). 

In the case of the nucleus at rest, it was equal to wA/2,r; when w« took 
into consideration the relative motion of the nucleus we had to snt the 

(cf ChaT^ « of the electron + the nucleus equal to nJt/2ir 

(Of. Ohap. IV, .§ 4, eqn. (6), and also § 5, p. 227). But also in the oaea 

cannot be lost but must be tramfen-fi/J i of moment of monmntimt 

toity of a universal ether transmiSng iSt 
favoured more than any other. None Lt i ^ u 
own. If. in the interests of a conveL^t p ® 

^rarre not to give up the term ether we must ‘o™inology, w« 

torence Its own ether, which enjoys’no nmff system of 

other system. We hereby merely exureL ti r.'' ^ny 

‘Aocordins to th “‘“"oly. 
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Maxwell’s equations. This is true in particular of the system of reference 
in which the emitting atom is at rest. We need not think of a material 
substratum when we use the word ether ; in our interpretation, the ether 
has no properties other than such as light itself possesses and such as 
arise out of the laws of the optical field. 

■ Eegarded from this angle, what interpretation are we to place on the 
momentum of the ether when we talk of radiation ? Every one is aware 
of the fact that light has energy which, taken from the source of light, is 
radiated out with the velocity of light. Thus the conception of energy 
becomes extended from material systems to the electromagnetic system 
of the ether. The necessity of ascribing to the electromagnetic field not 
only energy but also momentum was pointed put by Lorentz and later 
by Poincar^* and Abraham.t We shall give two grounds for this 
necessity, one that is experimental, and one that is theoretical. The 
pressure of light may be regarded as an experimentally established fact. 
A ray of light that falls on an absorbing body exerts on it a pressure in 
the direction of the ray ; a ray of light that is emitted by an emitting 
body exerts a reaction on the latter, like that of a cannon-ball on the 
cannon. The most striking theoretical evidence for the necessity of the 
conception of momentum in radiation is furnished by the relativistic law 
of the inertia of energy (of. Chap. VIII, 1). If energy has inertia and 
is equivalent to a certain mass, being equal to the energy divided by 
the energy radiated out has momentum ; the mass that is equivalent to 
the energy here moves with the velocity c, hence the momentum, being 
mass times velocity, is equal to the energy divided by c. 

From this step we may conveniently arrive at the quantitative 
expression for the momentum of the radiation. The electromagnetic 
energy is, if measured in appropriate (so-caBed rational) units, per unit 
of volume, 

W, = + im. 

In the field of radiation E is numerically equal to H but perpendicular 
to it in direction, the direction of both being perpendicular to the 
direction of the ray. In place of we may, therefore, also write 

= E2 = H2 == EH. 

Let. us denote the momentum, calculated for the unit of volume 0*. 
According to the law of the inertia of energy, we have numerically 

W, _ EH 


The direction of the momentum is the same as that of the propagation 
of energy, that is the direction of the ray. We express this by writing 

C W 


a 


* Arch. N6er., 5, 262 (1900) (Lorentz-I’estsohrift). 
t Ann. d. Phys., 10, 106 (1903). 
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In neeordanee with Not. 1 at the end of the book fEH] the vootor 

of E a,nd H, or S, is the so-called Poynting vector of energy-flui. 
By including (as in Note 1) the factor in the 

from our rational to the ordinary conventional units. (2) ih »« 

expression of how closely connected momentum and radiation m, and 
likewise the mameBtum vector G and Poynting’s vector S. ^ ^ 

Hitherto we have spoken of the raomentnm in the single direction of 
the ray, and now we must consider the. momentum of the wholes wave. 
B is certain that the process of emission in the spherical wave ^ is m 
spherically symmetrical process: in spite of the above-mentioned differ- 
ences of intensity and polarisation within the spherical wave the mdiatioa 
is in every radius equal and opposite to that in the correBponcling dia- 
metral radius. From this it follows that the totcvl impulse of the sphermai 
wavs is z&ro, not only for unpolarised radiation hut also foi any arlMtiftry 
state of polarisation. This result concurs with our above assiimptioa 
that the atom, too, does not furnish the ether with momentum whein 
they are coupled. Thus the conservation of mommkm imposes no fMfmt 
condition on the radiation produced than that it must be a spfmrieMll§ 
symmetrical spherical warn. The corresponding equation of oondUhn i#» 
so to speak, satisfied identically. 

The position is different, however, in the case of the^ momtMt qf 
momentum of the spherical wave. The moment of momentum per unit 
volume of the ether is calculated as the product of the momentum G and 
the perpendicular from the centr^ of the spherical wave. It is mosi 
simply expressed analytically, both in magnitude and direction, by fchti 
vector prod.uct (cf. Note 1) : 

^ M = (3) 

'w 

where r is the radius vector from the centre to the unit volume uniler 
consideration. Prom the moment of momentum of unit volume wci pii»i 
on to the moment of momentum that is radiated out in all direotioris in 
the spherical wave, by forming 

r r 




d<rM 


in which the first integra,! is taien over the whole time of the emission, 
and the second over the whole spherical surface of radius r. 

It certainly seems at first sight as if the moment M must vanish for 
each individual direction, and hence also the total moment N. For if, m 
we said, G has the same direction as the ray and if this were the radial 
direction the perpendicular from the centre of the sphere to G woii lcl l» 

dmtm- 

mmation of the direction of the ray and the momentum is only asyRip- 

m ^ accurately for a finite r. Hence, in the integral 

(4) Mdifferefrom zero when r has finite values; when r increase* to- 

V,1.», Ha,», to'.™ 
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time the region of integration increases in proportion to the square of the 
radius of the sphere. This allows us to understand that both influences 
may compensate one another and that, in the limit for infinitely great 
distances, as well as for finite distances, N may have a finite value. Thus 
the total moment of momentum of the spherical loave is in general not egtcal 
to zero hit is finite in value. It is able to take tip and heep the amount of 
moment of momentum furnished by the atom. 

The considerations here sketched already show that the calculation of 
the moment of momentum of the radiation renders necessary the carry- 
ing out of a more elaborate passage to the limit ; we have done this in 
Note 9. The result is this : we calculate the moment of momentum N, 
which is radiated out, from the emitted energy W and the vibration 
number v, by means of the formula 


W 2ab sin y 
^ === 2irv 


( 5 ) 


To define a, b, and y, we first remark that a moment of momentum 
has an axis and hence defines a plane that is perpendicular to it. The 
axis of the moment of momentum is identical with what we called above 
the tmigue axis of the spherical wave. If we represent the state of motion 
by a vector potential (designated by n in Note 9), this vector potential 
may be resolved into two perpendicular components that are contained 
in the unique plane of the momentum. Then a and b denote the ampli- 
tudes of vibration of these two components of the vector potential, and y 
is the phase difference between them f a, b, and y define what is called in the 
usual wave theory the vibration ellipse of the exciting electron. Pollov/- 
the usual terminology, we should call the unique plane of the moment of 
momentum the vibration plane. We must ^p^refully note, however, that 
even if we adopt the convenient terms vibration ellipse (or vibration circle) 
and vibration' plane, because we are familiar with them, we associate with 
them a different meaning from that in the wave theory. As already 
pointed out on page 256, we do not speak of an electron that describes 
the vibration ellipse and that circulates in the vibration plane ; in our 
account, the vibration ellipse occurs only as a characteristic of the 
phenomenon of emission and the vibration plane occurs only as the 
favoured plane of this process or of the corresponding vector potential. 
This potential itself is calculated, not from the motion of an electron, but 
from the conditions of coupling of the atom and the ether. 

How our view differs from the usual one based on the wave theory 
manifests itself, too, in the way in which we define the different special 
cases of polarisation. It is appropriate to our standpoint that we base 
this defipition not on the particular forms of motion of a vibrating 
electron, but on the special values of the moment of momentum N, which, 
according to our view, determines the phenomenon of radiation. 

We thus state": the light is linearly polarised when the moment of 
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momentum N vanishes. By (5) this occurs when either a or & or sin y 
vanishes. The vibration ellipse then degenerates to a straight line, which 
has either the same direction as ^ (if a = 0) or of a (if Z) = 0) or of the 
one or the other diagonal of the rectangle ah (if sin y = 0). The straight 
line is the axis of symmetry of the spherical wave. Its position allows 
us to determine for each radius of the spherical wave the direction of the 
electric force and the observable plane of polarisation according to the 
rules of the wave theory. 

The light is circularly polarised when the moment of momentum N 
attains its maximum for a fixed intensity of the light [d^ + remains 
fixed), the values of a, 6, and y being otherwise variable. This maximum 
occurs when a = b and sin y = +1 (phase angle y = + 7 r/ 2 ) ; hereby, the 
factor depending on Z>, y in (5) becomes equal to + 1- The vibration 
ellipse becomes a vibration circle. Along the axis of the moment of 
momentum, we have the circularly polarised light, being left or right 
polarisation according as y = + 7r/2, or y = - 7r/2. In all other direc- 
tions the light is polarised elliptically or, in particular, lineaidy (namely, 
perpendicularly to the axis of the moment of momentum). 

By setting the moment of momentum, calculated in (5), of the radia- 
tion equal to the moment of momentum (by the principle of the con- 
servation of the moment of moinentum) which is placed at the disposal 
of the ether by the atom when the latter changes its configuration, and 
indeed, setting it equal both in direction and magnitude, we get three 
determining equations of the geometric character of the resultant 
emission. We thus get one equation by equating the magnitude, and 
two by equating the directions of the two moments of momentum. If 
one of the above-mentioned special cases occur, we also get a statement 
concerning the character of .^e polarisation. The complete determination 
of the defining factors enumerated in this section is, however, not yet 
hereby attained. Whereas we enumerated seven such elements above, 
we have here only five determining equations, namely, two in (1) and 
three in (5). Concerning the “coherence length'’ in particular, which 
we counted as one of the determining elements of the spherical wave, it 
has been proved by interference effects of light for great differences of 
path, that such a coherence length must exist and must have a perceptible 
siise. Important evidence on this question is furnished by the quantita- 
tive measurements of the dying down (“ AhMingen ’) of the luminescence 
of canal rays carried out by W. Wiess.* Whether we have from this to 
deduce the duration of luminescence of the individual elementary pheno- 
mena or rather the so-called “ length of stay ” (“ Verioeilzeit ”), that is the 
time that the excited electron persists in its initial orbit, is still undecided. 

The problem of determining fully the elementary ^process of emission 
has, indeed, been partially unravelled in the foregoing but it is not yet 


Ann. d. Phys., 60, 597 (1919). 
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fully solved ; we may say that ''^/^ths of it are solved and the remaining 
Y-ths are still in darkness. But even if the whole seven of the deters 
mining elements were discovered, we should still have to investigate the 
probability of the elementary processes, which alone defines the observ- 
able intensity of the spectral lines. This is a statistical question which 
we touched on in Chapter lY, § 7, page 247, and shall consider more 
thoroughly in Note 10 ; the steps here enumerated disclose nothing on 
this subject. 

In conclusion we shall point out those features in which our treatment 
and the classical wave theory agree and those in which they differ. 

They agree in their views of the phenomena that occur in the ether. 
According to the wave theory, as well as ours, the ether vibrates, that is, 
it propagates alternating electromagnetic fields. We take over Maxwell’s 
equations, which define the ether and regulate its vibrations, directly 
from the wave theory. 

They differ in their views of the excitation of the states of vibration. 
According to the wave theory, the electron that excites the ether also 
vibrates. It is forcibly coupled with the ether and impresses its time of 
vibration on the latter, which, according to the wave theory, is prescribed 
by the nature of the bond between the electron and the atom. According 
to the view of the quantum theory, however, the coupling between the 
ether and the electron is less strong or more superficial. In its stationary 
orbits, the electron does not excite the ether at all, but is coupled to it 
only during the transition from one stationary orbit to another. The 
duration of vibration of the radiation has nothing to do with the revolu- 
tion of the electron in its stationary paths. Even during the transition 
there is nothing in the atom that occurs in rhythm with the vibration 
number v. The ether demands its hv, the atom furnishes it by giving up 
an amount of energy W,, - W«. The duration of vibration follows if these 
two quantities are equated ; at the same time, the polarisation follows if 
we equate the two corresponding moments of momentum. It has, indeed, 
been suggested that the transition from the stationary initial orbit to the 
stationary final orbit takes -place along a spiral, which is traversed with 
the frequency v. This too specialised picture seems to us unfruitful. It 
is not the atom that mbrates, but the ether. The coupling between the 
atom and the ether is, as we said, more provisional in the quantum theory 
than in the wave theory. The atom gives the ether a certain amount of 
energy and moment of momentum. The ether does with this, what its 
nature compels it to do, namely, it transforms these amounts into vibra- 
tions of a definite state of polarisation. The coupling is of an integral 
kind, not of a differential kind that determines the infinitesimal elements 
, of the process of vibration. 

Is this state of the theory only transitory, or does it denote an actual 
advantage of the quantum theory ? A theory should, indeed, determine 
the observable phenomena, but must not over-determine them. There 
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are in the spherical wave, as we saw, only a definite number of deter- 
mining elements or factors. Consequently a definite number of deter- 
mining equations also suffices. Our integral equations of coupling for 
the energy and the moment of momentum do not, indeed, furnish a 
sufficient number of such equations. But they determine several essential 
factors of the ether vibration and allow the atom on the one side, and 
the ether on the other, the necessary freedom to behave in their appro- 
priate manners, respectively, that is so that the atom suffers Ohanges in 
stationary electronic orbits, and the ether undergoes vibrations. Of 
course, from the moment new empirical factors occur which do not fit 
into the scheme of the spherical wave with its finite numbers of para- 
meters, effects such as one-sided emission or similar phenomena, the 
theory must at once give up its general standpoint and must adopt new 
and cautious hypotheses, also, for example, about the nature of the 
transition from the initial to the final orbit. 


§ 2. Principle of Selection and Rule of Polarisation 

In the preceding section we quoted the moment of momentum of the 
radiation of a spherical wave and we have derived it in Note 9. It was 

. . .. w 2a&siny 

«•■' + 6 ^ ■ ■ ■ • 

where W is the energy of the spherical wave ; as we have to set the latter 
quantity equal to hv, we get 

j, ^ 2a6 sin y • 

■ Stt • • • ■ (^) 


where a, 5, and y denote amplitudes of vibration and the phase difference 
of two mutually perpendicular directions in the plane which is at right 
angles to the axis of N (“ vibration plane ”). Herein that which vibrates is 
not the atom nor an electron in the atom, but the electromagnetic field 
in the ether, which we described by means of a vector potential in Note 9. 

The moment of momentum of the radiation must be equal to the 
change which the moment of momentum of the atom undergoes during 
the transition from its initial to its final configuration. The afom is a 
closed mechanical system in which only internal forces act. Conse- 
quently the law of sectorial areas holds for each of its stationary forms 
of motion ; that is, the moment of momentum of the whole system re- 
mains constant during the motion ; there is a so-called invariable plane, 
whose normal is the axis of the moment of momentum. As in the case ^ 
of the hydrogen atom this total moment of momentum p is fixed in terms 
of whole numbers by the quantum condition of the rotator 27 rp = nh. 
Thus the change of the moraent of momentum Ap is connected with, the 
change of the azimuthal quantum number by the equation 

/V ^ . 


( 3 ) 


§ Principle of Selection and Rule of Polarisation 

By equating (2) and (3), it accordingly follows that 

^ 2ab sin y 

An = — 5 


S65 

(^) 


This equation holds with respect to both magnitude and direction. 

The numerical value of the right-hand side of eqn. (4) is less than or at 
most as great as 1. We have actually, since {a - 5)2' > 0 : 

a^ + > 2ah .... (5) 

so much the more is 

2ab sin y . . . . (5a) 

In place of this inequality we have the equality 

q- ^2 ^ 2ab sin y . . . . (5b) 

only in the case a ^ b, and sin y = + 1, that is, y = + 7r/2. In this 
'particular case the right-hand side of (4) becoViBS equal to ± 1. Hence the 
absolute value of the left-hand side of (4) -is, at the most, equal to 1 : 

I An i ^ 1 (6) 

We first assume that the plane of the moment of momentum in the. 
atom (the invariable plane) is the same before and after the transition. 
The vector p of the moment of momentum which is perpendicular to this 
plane has therefore the same direction before and after the transition. 
Its change Ap is equal to the algebraic difference of the two similarly 
directed vectors pa and p^. Just like Apj An is calculated from the 
algebraic difference of the two integral quantum numbers n,, and and 
is thus itself also necessarily integral. 

There are only three integers whose absolute value is not greater than 
1, namely, the numbers 

Aw- = + 1, An = 0, An ^ - 1. 

In the cases An == +1, eqn. (5b) holds ; the corresponding values of a, 
5, and y are fully determined and already given by eqn. (5b). In the 
case An = 0, the numerator of the right-hand side must, by eqn. (4), 
vanish. iBrom this it follows that we must have either a = 0, or 6 « 0, 
or sin y ~ 0 (i.e. y == 0 or tt). 

For integral values of An we thus have three possibilities : 

'4- 1 a == 6 and y « 4- 7r/2 

An = - 0 = 0 or & =« 0 or y = 0, i.e. tt = 0 . (7) 

* . , I ~ 1 a = & and y ~ - 7r/2. 

According to the remarks on pages 261 and 262 of the previous para- 
graph the emitted light is left-circularly and right-circularly polarised 

respectively in the first and third cases, but linearly polarised in the 

second case. 

In this way, by a remarkably rigorous process of deduction, reminis- 
cent of the incontrovertable logic of numerical calculation, we have 
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arrived from the principle of the conservation of moment of momentum 
at B> princi]) I e of selection and a r^de of 'polarisation. 

The principle of selection states : the azimuthal quantum number 
can at the most alter onl'y by one unit at a time in changes of configuration 
of the atom. 

The rule of polarisation demands that if the azimuthal quantum 
mmiber alters by 1, the light is circularly polarised ; if the quantum 
number remains constant, the light is linearly polarised. 

The principle of selection and the rule of polarisation, as well as the 
present method of deducing them are due to A. Eubinowicz * 

In the case of circular polarisation (A% = + 1) there is a unique 
direction of the ray (normal to the vibration plane, axis of the moment 
of momentum in the ether) in which the polarisation appears circular, 
whereas in the gradually inclining directions of the ray it appears as 
more or less elliptic and finally linear. This unique axis of polarisation, 
too, is fixed by our argument. For eqn. (4) holds, as we said, not only as 
regards quantity but also as regards direction. On account of the 
equality of direction the axis of the moment of 
momentum N, that is the axis of the circular 
polarisation must coincide with the normal to 
the invariable plane of the atom before and after 
the transition. 

On the other hand, in the case of linear 
polarisation = 0) the direction of polarisa- 
tion remains indeterminate ; our determining 
eqn. (4) assumes the form 0 = 0 and gives no 
clue about the direction. The conclusion which 
at once suggests itself, although it is not inevi- 
table, that where the direction of polarisation is 
thus indeterminate, nothing at all happens, that is that the case An = 0 
which could theoretically lead to linear polarisation can lead to no emission. 

Hitherto we have assumed that the moment of momentum p of the 
atom retains its axis during the change of configuration. We shall now " 
make the more general assumption that this axis, and hence also the 
invariable plane of the atom (the orbital plane of the electron in the simple 
Kepler motions) changes. Then Ap is to be constructed vectorially from 
the moments of momentum p^ and p^ before and after the transition, as 
shown in Fig. 75. Let @ be the angle between the axes of the two,. 



Fig. 75. 


moments of momentum before and after the transition, 
theorem, we get 

Ap = x/p,; + pf - 2paPe COS ©. 


By Pythagoras' 




* Bohrsche Brequenzbedingung und Brhalhmg des Immilsmonientes, PhyBikal. 
Zeitschi., 19, Ml and 465 (1918). 
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IVIoreover, on account of the relationship between p, and n, An, ex- 
pressed in the figure, we also have 

An = \/n,? + nf - 2njio qos ® . . • (8) 

At the same time, in the triangle formed from p^^Pe ^^^d Aj?, the one 
side Ap is in general, according to Euclid, greater than the difference 
between the other two sides and thus 

Aji ^ i - Pe I 

for which, on account of the proportionality between p and n, we may 
also write 

An ^ I n,, - n,. 1 (9) 

The sign of equality holds only when the triangle degenerates to a double 
straight line, that is ® = 0 ; this is the case which we have already 
considered, namely, in which p^ and are in the same direction. 

The axis of the moment of momentum N* of the spherical wave 
coincides with the direction of Ap, as is indicated in the figure. At the 
same time the vibration plane SS has been drawn in as a normal plane to 
this direction. 

According to eqn. (6) we now have 

A7i<l (10) 

and, by (9), still more is 

( 11 ) 

Thus our principle of selection still holds exactly as before under the 
present general assumption, that is : the azimuthal quantum mtmber can 
change by at most one unit during a change of configuration. 

In the first and third cases, n^ - n, +1, we also have An = 1 owing 
to the following double equation, arising out of (9) and (10) : 

1 ■“ I ^ Ari ^ 1 

hence we have, as remarked in the case of (9), © =: 0. The relative 
position of the vectors p^ and is, therefore, actually not shown correctly 
in Pig. 75 ; rather, this figure degenerates into one in which p„ and p,,, 
Ap and N all have the same direction. We then find ourselves again 
confronted with the conditions above considered and our rule of polari- 
sation is also valid unchanged, that is : the light is circularly polarised and 
the vibration plane coincides with the invariable plane before and after the 
transition. 

The position of things is not so simple in the second case n^ - n^ » 0, 
which is represented in Eig.'76. If we denote the common value of 
and n^ by n, them, as a result of (8), 

An — n ■“ ^os ©) = sin 0/2 . ' 


( 12 ) 
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Hence from - w. = 0, it does not now follow that Aw = 0. In Fig. 
76, the vector N represents the axis of the moment of momentum of the 
spherical wave, which coincides with the direction of Ap. The corra- 
s^nding plane of vibration SS is then the plane of symmetry between 
p, andp.. From (10) and (12), we see that half the angle betwoon the 
directions of p« and p, is subject to the limitation 

sin ®/2 ^ i .... (Id) 

Jill 

But we further wish to show that we now also return to tht! oiwe 
initially considered in which and the same direction^ that is, 

in which the angle of inclination ® = 0. To do this we refer to tha 
spatial quantising of the orbits, which was treated in the last Hootioii of 
the preceding chapter. As the spatial quantising could there bo carried 
out only for Kepler paths, we shall here also speak only of the orbitn#! plan® 
of a single electron instead of the invariable plane of any arbitrary atomio 
S 3 ^stem, but we shall finally allow ourselves to extend this result to the 
general case. 

We certainly have not now, in conformity with our aBsuinpiion* aa 

external field of force to which w© 
may refer the orientation of tho orbital 
plane. In the absence of such a fiold, 
we shall adopt the standpoint (otsf" 
tainly rather risky) that the itiitkl 
position of the orbital planc^j ii#!roiMiy 
defines a favoured direction in Bpaoe. 

, , ^ The normal of the initial orbit tlien 

takes the place of the direction of the lines of force, of which W €3 
m Chapter IV, § 7, and the equation which formerly detemiiriad tim 
mjmabon of the orbital plane to the field of force, now applies to the 
^hnatma of the final orbit to the initial orbit. By oorrtsponclioKly 
^Imng the former symbol a for the angle by ®, and takiuK rifto 

^t totbSr “hT '' orientation with 

respect to the initial orbit, we may write the equation referred to thus ; 



Pig. 76. 


cos ® 


From this, it follows 


1-2 sin2 ® = _ 

2 n. 


+ 


+ Wjj 


sin^ — = 


On the other hand, by eqn. (13) : 


Wo 


12 

2n 


sm^ 


0 


2 ” — " 4^2 

From (15) and (16) it follows that : 


(14) 


(15) 


(m 


n, 
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Now is a proper fraction, and is an integer. Hence the only mine 

of %2 that is possible under these conditions is n.;^ = 0. But eqn. (14) then 
states that 

cos ® = 1, 0 “ 0. 

Thus the plane of the final orbit coincides with that of the initial orbit. 
Accordingly, the more general case in which and are in different 
directions reduces to the previous case in which they had the same 
direction, and this happens not only for changing quantum numbers 
n^ - n^ = ± but also for quantum numbers that remain equal, i.e. 
n^ - n, ^ 0. 

On the whole we have the remarkable result : the invariable plane of 

the atomic planetary system (in the simplest Kepler case this is the orbital 
plane) remains the same {is ^'invariable'') not only in the case of the 
stationary motions themselves^ but also in the transitions from one such 
motion to another. If, in these transitions, the azimuthal quankm 
number changes by one unit, the light emitted is circularly polarised. If 
the azimuthal quantum number is to remaimmaltered, only linear polari- 
sation can occur ; hut since the direction of the latter is indeterminate, toe 
conclude that such transitions are not connected with emission. The general 
case of elliptic polarisation is suppressed by the quantum conditions {if the 
spatial quantising is applied).' 

In the whole of this section we have spoken solely of such transitions 
in the atom as may give rise to naonochromatic emission. It is only for 
these that the preceding limitations and exclusions hold. Only when we 
assumed the coupling between the atom and the ether, did we arrive at 
our principle of selection and so forth, and only the combination of the 
two postulates that energy and moment of momentum are transferred to 
the ether, led to the eqn. (1) on page 264, from which we made our later 
inferences. Phenomena that have nothing to do with monochromatic 
wave radiation are not subject to the principle of selection. These 
include, for example, electronic impacts which throw an atom from its 
natural state into an excited state. In such a case we are dealing not 
with the combination, atom and ether, but with the combination, atom 
and impinging electron. Such occurrences have nothing to do with the 
principle of selection. 

How far have we got with the experimental proof of these results ? 

It is evident that in an atom not subject to forces the rule of polarisa- 
tion eludes experimental proof. In this case every position in space is of 
equal value with every other. Hence if the individual occurrence exhibits 
polarisation in conformity with the position of the atom, the observable 
total phenomena will still appear tot^ly free from^ polarisation. This 
holds for hydrogen as well as for every other atom. 

The position is more favourable as regards the rule of selection. In 



£70 


Chapter V. Wave Theory and Quantum Theory 


the case of atoms other than hydrogen, it leads to important restriotioos 
of the principle of combination, which we shall get to know in the mm% 
B«jtion, and thus finds clear expression in the general series scli€3me of 
these atoms. But in the case of the hydrogen spectrum, too, the riilo of 
selection is accompanied by surprising consequences. The aiwinnitliftl 
quantum number n can change only into n + 1. Hence it follows thal, 
for example, when or Hy are emitted, a circtdar orbit mn ftmmt 
transform into a circular orbit. For the initial orbit, if it 

takes the form of a circle, would have the azimuthal quantum run tiller 
lift = 4, the final orbit the azimuthal number = 2. This triiriBition 
cannot lead to an emission; the ‘"ether” would not be able to takci up 
the moment of momentum An =2. Thus the initial orbit of II^ and 
likewise of H5, . . . must be an elliptic orbit ; only in the oi%i© 
of (3 2) can a circular orbit be transformed into a circular orbik 

The final orbit in the cases . . . may be a circle, hut nur^cl nol 

so. From this we see that the various possible origins, wliioh we 
counted up on page 239, for Ealmer’s lines, are considerably rediictd bf 
the principle of selection, and that Fig. 67 on page 218, which ttmkm » 
circular orbit pass into a circular orbit for all Balmer lines, is incorrect* 

The possibility of proving the principle of selection experimentftlly is 
certainly as yet not offered as long as we maintain the standpoint adoptefi 
in the preceding chapter. From that standpoint all possililo irfuisitions 
coincide in one line and the differentiation between circular aiHl ollipti© 
orbits seems at first sight impossible. This is different, however, if we 
adopt the relativistic standpoint, as we shall do in the final ohaptor; 
m this case each transition corresponds to a different componeiit of a 
fim structure, B,nd then it also becomes possible to test the prinoipla of 
selection quantitatively by spectroscopic experiments. 

But the rule of polarisation and the principle of Beleotion enter fully 

an external field of force is present, as in the Stark 

ei»c6 ana the Zeeman effect. The neyt, I’a . 

^ ^ . j-xie iiexc seemon is to servo as an infem. 

doefaon to these phenomena. intro- 


3S.EmlMo.maKdd ofrorc,. ftmcipte of 

magnitude and the samT’directlV^ W^^^^^ 

fome for a fixed point 0 of the atom’, forexatSrfrtht' 

at an arbitrary initial point P, ank reSS it J nucleus B.tuat«l 

angles to the plane through 0 P and ^ V 

The component of this vector in tW li««H of forot,). 

««>. A^rdingto rclaScs — 

et^ge in the moment of momentum • the^ deternaiueg tha 

»o be calculated as the sum of thTm^ “o^ent of momentum is Imra 
sum of the moments of momentum of all fcha 
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particles of mass of the atom with respect to the same point 0 and is 
likewise to be represented by a vector. Its component in the direction 
of the lines of force now remains constant on account of the vanishing 
of the corresponding component of the moment of the force, whereas the 
perpendicular component in the plane continually changes. Thus the 
law of areas holds, in its special form as the law of the conservation of 
the sectorial velocity, only for the direction of the lines of force. It is 
only for this direction that we have an areal (sectorial) constant. 

Consequently, we may demand the conservation of the moment of 
momentum during the coupling of the atom with the ether only for this 
special direction. This already allows us to see that we can assign to 
the components of the moment of momentum that are perpendicular to 
the lines of force no definite constant amounts that would be transferred 
from the atom to the ether during the process of emission. For these 
components change in the atom with the phase of the motion, and hence 
their difference in the initial and the final configuration would depend on 
that phase of the motion, in which we imagine the initial configuration 
to have ceased and the final configuration to have started. But in reality 
the process of emission must be definite and free from such arbitrariness. 
Hence we conclude that only the constant component of the moment of 
momenturn in the direction of the force can determine the emission. 

This component of the moment of momentum, and not the whole 
moment of momentum will now be equal to nhl^rr, according to the 
quantum theory. Let n be called the equatorial quantum number. We 
take the direction of the lines of force as our jg-axis, and the perpendicular 
iT^-plane will be called the equatorial plane. Our present quantum 
number n refers to the circulatory motion in the equatorial plane and 
not as before to that in the invariable plane. Accordingly, kit N, be the 
component, in the direction of the lines of force, of the moment of 
momentum of the emitted spherical wave. We take its mode of repre- 
sentation in terms of the amplitude and phase constants of the spherical 
wave from eqn. (23) of Note 9. Since we have now defined our co- 
ordinate system with reference to the field of force, and not, as before, 
with respect to the plane of vibration, three amplitude constants a, h, c, 
now occur, of which the third, c, refers to the z-Skxis, whereas in our 
former orientation with respect to the plane of vibration this third 
amplitude constant dropped out. Moreover, there occurs in the quoted 
eqn. (23) a phase constant y, which denotes the phase difference between 
the a-vibration and the 5-vibration (the x- and the ;^-component). Our 
representation of N, now becomes 

^ _ A 2ab sin y , I v 

This ^-component of the moment of momentum of the ether must be 
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eaual to the change in the corresponding component of the atomic 
moment of momentam. We thus demand that 


where An is the change in our present equatorial quantum nurnber, that 
is, simply the algebraic difference between its initial value n, and its tmal 

From (1) and (2) it follows that 


= 


^db sin y 

0 ,^ 4 - 4 - d 


( 8 ) 


Just as in the previous section we may now conclude : the numerioal 
value of the right-hand side of (3) is necessarily < 1, for. as in oqn. (S) 

m page 265, 

a'-^ + b^>2ad 


hence so much the more is 

+ 6^ 4 - > 2ab sin y. 

Thus the right-hand side of (3) can be equal to ± 1 only if simuh 
tanecasiy 

a — b, 0 = 0 , sin 7 = ± 1. 

Accordingly the left-hand side of (3) must necessarily lie between tha 
limits ± 1. As it is itself an integer:, being the difference of two intagenii 
it can have only the values 

An = 4 - 1 , 0 , - 1 . 

When An = ± 1, we get 


a ^ b, c = 0, sin 7 = ± 1. 

We have a circularly polarised spherical wave (left or right). Mm 
plane is the equatorial plane (perpendicular to the direction of 
the lin^ of force), and its unique uxis coincides with the dwectioft of the 
fmm. The component of the vibration in the direction of the form, 
by the amplitude c, vanishes. The vibratiou ellipse beeomts 
» vibration circle that is perpendicular to the direction of the force* 

When A» = 0, we get, by (3), either a = 0, or 5 = 0, or sin y - 0, 
xnis si^^ts the conclnsion that only the z-com^oneni of the •omtor 
potefMmn U present, that is, that both « = 0 and d = 0, whereas only 
€ f a To determine this, we set up the following line of argument that 
M n^, however, inevitable. The polarisation must be fully determined 
in this ease as in every other. On account of the field of force the ir-axis 
Md the eqnatonal plane oiy are uniquely determined, but within this 

St °*^®**- w 

.. ’ 2 /-axis would be favoured as a direotion of 

^femfeon as compart with the .-axis. If = 0 and u ^ 0. the 
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would be favoured. If sin 7 = 0, we should have a linear vibration in 
the direction of the resultant of the two amplitude vectors a and b, and 
this direction would then be favoured above all other directions of the 
equatorial plane. There is no physical reason that this should be so. 
But the necessary equality of value (equivalence) of all equatorial 
directions is, however, brought about if we set a = & = 0, whereby the 
eqn. (3) is likewise satisfied for the ease An = 0. Thus we are left with 
only the amplitude of vibration e, which is actually favoured by being in 
the direction of the lines of force. The spherical wave produced is then 
linearly polarised and the direction of the force is the axis of symmetry of 
the linear polafisatioii. 

The difference in this result and in the naode of inference compared 
with the case in which there is no field of force (p. 267) is to be noted. 
In the latter case, the Tibration vector (a, h) lay in the orbital plane (in- 
variable plane) of the atom ; in accordance with the definition there was 
no G component perpendicular to this plane. The equivalence of all 
directions within this plane therefore led to the conclusion : a = & 
= <3 = 0, that is to no emission. In the present case, on the other hand, 
the c-component is favoured by being in the direction of the lines of 
force. Our corresponding conclusion is here, therefore, a ^ h — 0 , 

G ^ 0, that is, Imear jjolarisatio7z along the z-axis. 

Moreover, whereas in the case in which no forces were present, we 
could prove that the orbital plane (or the invariable plane, respectively) 
was preserved during the transition from the initial to the final state, 
there is no question of this in the present case. Under the influence of 
an electric field the orbit of the hydrogen electron is not plane, and a 
more general type of atom has no invariable plane. But even under the 
influence of a magnetic field, in which we can, in a certain sense (cf. ^ 6^ 
speak of a plane orbit of the hydrogen electron, tins plane is 7iot pre- 
served in the transition. 

Summing up, then, we may say that also in the presence of an ex- 
ternal field of force the r'ule of polarisation and the principle of selection 
is confirmed provided the appropriate changes are introduced which are 
given by the existence of a unique direction of the force. The rule of 
polarisation states that the axis of symmetry of the linear or the unique 
axis of the circular polarisation, respectively, now coincide wit,h the 
direction of the force, whereas, earlier, the same axes were only relatively 
orientated to the state of motion of atom, but could have any arbitrary 
position in spjace. The principle of selection now refers simply to the 
equatorial quantum number, which is associated with the component of 
the moment of momentum of the atom in the direction of the lines of 
force, just as earlier the azimuthal quantum number was allocated to the 
whole moment of momentum. 

Through the restriction to one direction of the components the effect of 
the principle of selection is clearly weakened. This is seen very simply if 
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llie assumptions are as in § 7 of ChaperlV (limiting case of a field of force 
of intensity zero). There the azimuthal quantum number u allowed 
itself to be resolved into two parts, the equatorial and the latitudinal 
quantum number’' Wg. By merely taking over this resolution and the 
consequent change in terminology (% in place of the previous n for the 
equatorial quantum number, and tl for the quantum sum -f 7k,} ^ wa 
may say: our principle of selection restricts only leaving frcifs* 
But through this the limitation of n is partly removeid. instead of 
1 A» I < 1 in the case without forces, we have now | Aii^ | < I, whin’em« 

An = A% -f A^2 = 

On account of the freedom of A?^ 2 , An, too, is now capable of asaitrriiug 
also values above ! (or below — 1, respectively). 

We apply this to an actual case by passing from the field with a 
definite direction of the lines of force, as hitherto considered, to a iiald in 
which the direction of the lines of force are unknown and change from 
atom to atom. 

Electrically such a field is realised by a discharge tube of high ctirrent 
density. Free charges occur in it which produce spherical fields of foroe 
distributed arbitrarily. Different atoms are then under the inllucuice of 
foices which differ in direction, and one and the same atom is sub loot 
to forces that vary with the time. 

la this case the component of the moment of momentum in the 
direction of the lines of force and the corresponding equatorial qiuxntuin 
number are not observable since the direction of the lines of force is not 

fw V ? restricted by 

&e principle of selection. In the case of the azimuthal quantum num- 

\ observahle, the principle of selection does not oorne 

^?entt^ ;on WdT® conclusion which has been ex- 

f experiment (cf., for example, §2 of the next 

.hi.h'Boy'LTS 'IT iTL* 

®ieory and the Quantum T^orv” 'Wn.vm 

tbeory as something foreign to its nature qua-ntum 

*be simplest case of purely periodic orbits'- we^ 

to® in Note 10. ' ^ ^ orbits, we give its general formula- 
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In a meclianical system that periodically executes a cycle there 
belong to the stationary orbits of infinitely great quantum numbers a 
rotation number Umlaufzahl'') that agrees with the vibration number 
(frequency) calculated according to the quantum theory for the transition 
of the electron from one such stationary path to a neighbouring path (cf.. 
Note 10, in which the proof is straightway given for the general case of 
a conditionally periodic system). Since, according to classical electro- 
dynamics, the rotation number of an electron coincides with the vibration 
number of the light- wave which it emits, we may say that in the region 
of infinitely great quantum numbers, the vibration frequencies coincide 
in the classical and the quantum theory. Moreover, since in atomic 
systems of the Bohr type the rotation number decreases to ^ero as the 
quantum number increases, this is in harmony with the theory of heat 
radiation for which, likewise, in the region of infinitely slow vibrations 
the results of the classical theory are confirmed by the quantum theory 
as well as by experiment. But the classical theory makes definite state- 
ments not only about the frequency but also about the polarisation and 
the intensity of the emitted vibrations. We can raise no objection, in 
the light of what we have just said, to regarding these statements as 
trustworthy, too, in the region of infinitely slow vibrations. Now, Bohr 
extends these statements, by extrapolation, to the region of rapid vibra- 
tions, too, that is he passes from infinitely great to finite quantum num- 
bers. The justification for this can be found only by agreement with 
experiment. And experiment does, indeed, give convincing evidence in 
favour of Bohr’s extrapolation. For Bohr derives by this means not 
only the rule of polarisation and the principle of selection as well as their 
non-validity for cases in which external forces are superimposed, but he 
and his pupil Kramers,* respectively, also find that when the intensity 
of the spectral linos is determined in the above way the results agree 
remarkably well with experiment. 

Our object in the above discussion was the reverse of Bohr’s. In 
leaving incomplete our process of finding the determining elements, in 
the wave theory, of the process of emission, we wished to fit wave theory 
and quantum theory together according to the immediately evident 
maxim of the conservation of energy and momentum and to prove that 
the conception of two views are compatible with each other. On the 
other hand, Bohr has discovered • in his primipk of correspondenGe a 
magic wand (which he himself calls a, ''formal” principle), which allows 
us immediately to make use of the results of the classical wave theory in 
the quantum theory. For the rest, in his discussion of the results, he 
also refers to the conservation of the moment of momentum, as a 
possible means of explanation, quite independently of, although simul- 
taneously with, Rubinowicz. It is a source of satisfaction that Bohr*s 

*H. A. Kramers, “Intensities of Spectral Lines, Kopenhagener ALademie, 1919, 
p. 287. 
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method and our own, in spite of their opposite starting-points, agree in 
their essential results. 

Hereby Bohr's method is not only of greater consequence in the 
question of intensity, but also leads to sharper and more definite results 
as regards the question of polarisation. Whereas we, in the case An 0 
(cf. pp. 266 and 272), attained our object only as a result of plausible re- 
iections, the principle of correspondence comes to its decisions by un- 
ambiguous analytical criteria, namely, that in the case in which forces are 
absent the radiation is absent, and that when there is a field of force 
there is linear polarisation in the direction of the lines of force (details 
in Note 10). 

In the matter of method the principle of correspondence has the great 
advantage that it postulates that Maxwell’s theory be generally valid for 
long waves (Hertzian vibrations of wireless telegraphy), and that it does 
not throw overboard the many useful results, which the classical theory 
gives for optical waves and Eontgsn rays, but makes fundamental use 
of them. Brom this point of view the quantum theory seems, as Bohr 
has several times emphasised, not to deny the classical wave theorv but 
systematically to extend it. 

We have to recognise the complete superiority of the principle of 
correspondence in the matter of atomic models. For here Bohr seems 
to have succeeded (cf. pp. 59 and 109), by using classical mechanics and 
electrodynamics, in arriving at definite statements about the periodic 

Ser^ouS inaccessible by any 
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with experiment that it was no longer possible to doubt the correctness 
and unambiguity of the solution found. 

We shall just shortly remark on the experimental difficulties of the 
problem. The object was to subject hydrogen atoms during their emis- 
sion to a powerful electric field of, say, 100,000 volts per cm. This was 
not possible with the ordinary arrangement of the Geissler tube, in which 
the hydrogen lines are usually produced. Geissler tubes are compara- 
tively good conductors ; an electric field in it simply collapses. Stark, 
therefore, used in place of the Geissler tube the luminescence of a canal- 
ray tube in a layer directly behind the perforated cathode. By using an 
oppositely charged electrode placed parallel and close to the cathode, he 
was able to generate a uniform and measurable electric field in a space 
of a few millimeters. The shortness of the space between the electrodes 
of this additional field not only favours the production of the resulting 
great potential drop but also prevents (in accordance with the peculiar 
laws of the production of the dark space in discharge tubes) the occur- 
rence of a spontaneous discharge between the electrodes. The potential 
difference is great enough to influence effectively the canal-ray ions that 
fly through the perforated cathode in the usual way and to distort per- 
ceptibly the elec ronic orbits which are being traversed in them. 

In contradistinction to Stark, Lo Surdo* uses as a means of influenc- 
ing the phenomenon of luminescence no additional field but the field of 
the discharge tube itself, and, indeed, the part within the dark space of 
the cathode. Thus his method sacrifices quantitative definiteness and 
homogeneity of field but offers special advantages for the purpose of 
qualitative observations. 

The general experimental results of Stark and Lo Sardo, respectively, 
were : — 

1. Every Balmer line becomes split up into a number of components. 

2. The number of components increases with the series number of the 
line. 

3. The components are linearly polarised when vietued transver sally 
(transverse effect), being polarised partly parallel to the field (p-compon- 
ents) and partly perpendicularly to it (s-components). 

We must then first define clearly what these terms usually signify. 
In the case of the jp- components the direction of the electric vibration in 
the light ray at the point of observation is parallel to the lines of force 
of the external field ; in that of the s-components, the direction of the 
electric vibration is perpendicular to these lines of force. Thus it is not 
the position of the optical plane of polarisation, as shown by a NicoTs 
prism, that is to serve to distinguish ''p*' and s.” Since, as we know, 
the plane of polarisation in the light ray is perpendicular to the direction 
of electrical vibration (or, what is the same, it passes through the plane of 
magnetic vibration), we should have to transpose the terms p and tS* if we 

* Aocad. dei Linoei, 23, 88, 117, 143, 252, 326 (1914). 
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Judged them according to the plane of polarisation. The use of the 
words “parallel” and “perpendicular,” as here applied, arose historically 
out of the ideas of the classical wave theoi-y. If we imagine a vibrating 
electron to be added to the place at which the emitting atom is situated, 
then the wave emitted by this electron would have, according to the 
classical view, a direction of electric vibration that would have the same 
direction as the component of acceleration of the electron in I?ig, 7) 
that is effective in the direction of emission in question. The p- and the 
^-components thus arise, in classical language, from vibrations of an ex- 
citing electron, which take place parallel or perpendicularly to the line 
of force of the external field. 

4. When viewed longitudinally (longitudinal effect) the p-components 
are invisible and the 5-components are unpolarised. 

5. The intense ^-components in general lie on the outside, and the 
intense 5-components on the inside. 

6. In the case of hydrogen the resolution and the polarisation are 
distributed symmetrically on both sides of the original line, but in the 
oase of other atoms, the distribution is largely u?isymmet7'icaL 

7. The distances of the components from the centre are, in tlie caea 
of hydrogen, whole multiplies of a certain smallest distance letweeM the 
Ums, and indeed, measured in the scale of vibration numbers, there is 
the same line-interval for the various hydrogen lines. 

8. The resolution (in particular, this smallest line-interval) increases 
praportumally with the field. 

We ^ve already formed in Chapter IV, page 237, a general theoretical 
1 ea of the cause of the Stark effect. We spoke there of the various 
^ible ways in which one and the same Balmer line may be produced 

fiMstthat the effect of the electric fieW^* ‘e ^eity underetood from the 
el^tr.. w,I, be fed L dept" ."1“ tV" ? 
quantum numbers) but also^oti (two 

respect to the eleirif lines of 

orbits are in the electric field no Ion quantum number). ThcBo 

but are more complicated curves Our obWr°T^®’ elliptic 

^ object IS to select from the totality 

3se that are diafi'nrrvf;fNk>..j 3 . 


0 > -echehi^ny pcesihl. crhfte ih^Tir 


in the light 
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of the quantum theory by choosing three appropriate quantum numbers 
n^r and by representing the orbital energy as a function of these 
quantum numbers. To each such quantum triplet 7 q, n.p in the initial 
and the final orbit there corresponds in general a different component in 
the Stai’k fine-structure. The increasing number of components in the 
series of lines Hy, . . . becomes immediately intelligible from 

this. As the quantum sum of the initial orbit gradually increases, the 
number of the quantum triplets into which this sum may be resolved 
also increases, and, in harmony with this number, the number of compon- 
ents of the corresponding picture of resolution in the Stark effect increases. 

W e now consider the mechanical problem : how does an electron 
move when under the influence of a fixed nuclear charge E (in the case 
of the hydrogen atom this E = and under the simultaneous action of 
an external homogeneous electric field of force of the intensity F ? This 
problem is contained in the more general one : how does a point-mass 
move when under the influence of two arbitrary and arbitrarily placed 
fixed (Newton-Goulomb) centres of attrac- 
tion ? The appropriate co-ordinates for the 
treatment of this general problem are (accord- 
ing to Jacobi) the parameters of the families of 
confocal ellipses and hyperbola that are de- 
scribed about the two centres as foci, together 
with the angle counted from the line connect- 
ing the centres. If one of the centres is taken 
off to infinity whilst its attractive power corre- 
spondingly increases, the general problem re- 
duces to our special one ; at the same time the 
systems of confocal ellipses and hyperbolae re- 
solve into two families of confocal parabolas of which the second fixed 
centre, the nucleus, is the focus, and the field direction through it is the 
common axis. We call the parameters of these two parabolic systems 
^ and r}. They, together with the angle if/ counted from the direction 
of the axis, are the co-ordinates which we shall have to use in our special 
problem. 

In Fig. 77, 0 represents the nucleus, x the direction of the line^ of 
force. The parabolas i = const., rj = const., respectively have the 
equations : 

''it +2x = ^ - 2a; = V'* . . . (1) 

For each point P (x, y) of the plane we calculate by means of these 
equations the para r eters rj of the two parabolas which intersect at P. 
These two parameters may serve in place of x, y to define the point P, 
and hence also to determine the position of the electron within the plane 
of the diagram meridian plane To fix the position in space we use 
as the third co-ordinate the angle x}/ that the meridian plane which passes 
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through the position of the electron at the moment in question makes 
with an arbitrary fized meridian plane. 

In the figure the lengths OP = r and PP' = ds are also drawn, ihe 
potential and kinetic energies of the electron are calculated from them. 
We show how these expressions are derived, and also how the parabolic 
co-ordinates are naturally introduced that lead to the eqns. (1) in Note 11 
at the end of the book : here we write down at once the expression W 
for the total energy. In forming this expression as a function of the 
co-ordinates of position i, 17, f and of the corresponding momentum 
co-ordinates p*)) call it Hamilton s function H (cf. Obap. IV, 

§ 1, p. 194) : 


- imeEi H- (2) 

The relationship between the momentum co-ordinates and the velocity 
co-ordinates 17 , if; is given by the first triplet of Hamilton's e^qu^itions, 
of eqn. (4) on page 194 : 


M "" + rfy dt ~~ + rf^y di ip^ ^ ^ 


The second triplet of Hamilton’s equations then states how the y/s altc^r 
dynamically : 

dt dt ““ dt Ilf; ^ • W 

The last of these equations shows that;^?^ is a constant. This is nothing 
new to us for we saw on page 271 that in a homogeneous electric fifdd 
the moment of momentum about the direction of the lines of force (even 
when the atom has a complex configuration) must be constant ; accord - 
Pf is the “ equatorial " areal constant. 

The first two eqns. (4) are, if we replace H by the constant value W 
which it has after the differentiation has been performed : 


$ - s«iTVj + f - a».Ps.}' 
W ■ S(fV?) + S + 


If we divide these two equations by the first two 
the differentiation with respect to t drops out 
scheme : 


eqns. of (d) respectively, 
in accordance: with the 
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and we get 

= 2wtWf + § _ 2me¥e 

d ^ - [ • • • ( 6 ) 

pfP = 2m-Wyi +4+2meFr,^ 

1 ^ 

It IB worthy of note that the right-hand members of (6) are pure 
functions of i and rj. We may therefore integrate and thus get pi as a 
function of and p^ as a function of : 


PS = where f^i$) = 2 m meP^* + G, 

2k = where /a (57) = -■^+mePi7* + Ca 


(7) 


0^ and 0*2 are constants of integration. They become reduced to only 
one constant since p^, p^, must satisfy the equation of energy (2;. Eor 
if we insert =/i +7^ (7) into (2), it follows that -i- 0*2 = 

4:meE. Thus W’’e may set 


0, - 2m((3E - /?), O 2 - 2w(eE + fi) . . (7a) 


where j3 is now the arbitrary solely remaining constant of integration. 
Eqns. (7) are derived a little more shortly and less artificially by the 
method of separation of variables in Note 11. 

The essential result of our treatment so far is : the parabolic co- 
ordinates of momentum are square roots of simple rational functions of 
the parabolic co-ordinates of position. 

From this theorem a general inference may be drawn, without further 
calculation, concerning the form of the orbital curves. Firstly, we see 
from (7) that during the motion ^ is limited to values for which 7 l> 0, 
since must be real. Hence the extreme values that ^ may assume are 
the roots of *=* 0. We denote them by ^nd,i and In the case 

P sa 0, for which f^ » 0 becomes a quadratic equation in there are 
only two positive roots. In the case F ^ 0 a third root comes from 
infinity but it does not come into consideration for us; thus we take 
and iuMx to denote those two roots that proceed by continuous 
development from those of the case F - 0. 

We next show that in the course of the motion ^ increases continually 
from $min to inwx* I’or if i were to alter the sense of its progressive 
increase, we should have to have ^ = 0. But then, by (3), p^ = 0. By 
(7), however, p^ cannot vanish if /, = 0, that is if i - $jaax or iwm- Thus 
i changes the sense of its progressive .increase when it starts from 
i “ iminy for the first time at the point i = Whereas hitherto 

> 0, from now on, the negative sign of the square root holds ; when 
<0, we have, by (3), ^’<0. 

The decrease of i now continues until i = imu ^^^^d then passes over 
into a phase of increase, and so forth. We see that, in the motion ^ is 
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confined to the region between Uin. and and continually traverses thm 
in 'alternate senses. The same holds for y. Here, too, the roots and 
’JiKKc of /aC’?) = 0 forui the reversion points or “libration limits” (Inbrations- 
(^zen)ior the progress of the ,;-co-orainate. At the same time we have 
in this behaviour of f and a typical example of the general course of 
motion in the case of all “conditionally periodic systems” (of. Note 7, 
No. 2). The continuous libration of the co-ordinates is proved in the 
general case just as in our special case. 

The main features of the form of the orbits in the Stark effect are 
now exposed. In Fig. 78 we exhibit the curved quadrangle which is 
formed by the parabolas ^ = fmm, i = imaxi V — Vnwu s-nd yj » 

The orbital curve is enclosed within these limits ; it alternately touch&$ a 
and an rj-Umit, and in the course of time closely covers the whole of the 
curved qiiadrangle. Our figure exhibits the conditions only in the 
meridian plane, that is, in a plane ^ 

= const. Besides the motion in 
this plane a rotation of the plane in 
space about the direction of the lines 
of force takes place in which the 
moment of momentum p,/, is constant. 

By eqn. (3), there corresponds to it a 
quantity, the rotational velocity, 
which is variable within certain limits. 

Hereby the plane orbital curve shown 
in the figure becomes a spatial orbital 
curve which continually circles roiind 
the direction of the lines of force. 

Only in the special case == 0, 
in which rf also = 0, the meridian 
plane remains at rest ; the electron 
then describes a plane orbital curve in it. From the expression (7) foryn 
it follows that when p^ = 0 one of the roots of « 0 vanishes. For if 
we multiply throughout by the denominator we get 



-f 0;^) 




thus 

^min, ~ 0 when p^ = 0 
and likewise it follows that 

0 when p^ = 0. 

But by 5’ig- 77, f = 0 and , = 0 respectively denote double the nagabit 

T • *1^® boundin 

Vmiti in Tig. 78, there then occurs an interaeotioii < 

Just as the orbital curve in Fig. 78 everywhere closely filled tb 
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whole curved quadrangle between the bounding parabolas imm, 

Vmm, Vmax> ^r the whole ring region, in a spatial sense, between the corre- 
sponding paraboloids, so also the whole curved two-sided space between 
the bounding parabolas is everywhere closely occupied in the course of 
the motion by our plane curve in Fig. 79. From this it follows that our 
electron must finally, some time 
or other, collide with the mtcletcs. 

The special case = 0 in the 
Stark effect is thus analogous to 
the special case of an ellipse 
that degenerates into a double 
straight line in the case of the 
Kepler motion (cf. the dotted 
lines in Figs. 71a, b, g, o). We 
shall draw here the same infer- 
ence as in the Kepler case, 
namely, that this orbit which 
lies in the meridian plane and which collides with the nucleus cannot 
exist as a stationary state of motion and is to be excluded from the series 
of quantum states. 

Now that we have discussed the essential features of the mechanical 
aspect of the x>roblem, we turn to the quantum aspect. It is clear that 
W6 shall have to apx)ly fjhe quantum conditions to our co-ordinates p, 
Taking to denote integers, we then postulate 

27r 

p/li = nj'i, (j>Prjd7) = jpii^di// = n^^h . . (S) 

0 

we call % the equatorial quanUm number. The integration with respect 
to ij/ is to be taken over all positions f of the meridian plane from 0 to 
Stt. Since p^ is constant, we get 

27rp^jj == n.Jh, = '?^a27r • • ‘ 

may assume all integral positive values except zero. We exclude zero 
on the ground of the collision between the electron and the nucleus con- 
sidered above. 

Let and be called parabolic quantum numbers. The integration 
with respect to f and r] refers to the whole of the region of values of these 
variables, that is, in the case of from to ^nax ^'^d back to a^i^d 
correspondingly for rj. In eqns. (8)ithis closed integration path is denoted 
by the sign O* may also be replaced by twice the one way from 
twM' to tnax or from rjmin, to pmx respectively. But it is better to take full 
advantage pf these simplifications that result from the circumstance that 
the path of integration is closed. This occurs in Note 6 in sub-section/, 
and may assume all positive integral values including zero. The 
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case == 0 denotes that the integration path in the first iotegral (8] 
shrinks to the length zero, that is, that == In this case thi 

eqn./i = 0 has two equal roots. The two bounding parabolas i « imik 
and ^ = imax merge into one and the orbital curve runs to and 

fro on this bounding parabola between the limits Tjnun and 'tjmatx* Oon** 
sidered spatially, it then lies on a paraboloid of revolution, of which it 
everywhere completely covers a portion enclosed between two parallel 
circles. The same is true for = 0, in which becomes equal to 
Since these paraboloidal orbital curves always remain at a finit# 
distance from the nucleus during the whole course of the motion, tharo 
is no reason for excluding them from the family of stationary cuiwes. 

The case = 0 also belongs to the possible stationary orbits# 

It is characterised by two pairs of coincident roots : = imum 

simultaneously, rjr^iin = yjmax- The curved quadrangle of Fig 78 contracts 
into a point and the orbit consists, regarded spatially, of a circle that is 
described about the direction of the lines of force. Its centre does not, 
however, coincide, as in the case in which no forces are present, with 
the nucleus, but is displaced towards the side of the negative lines of 
force (negative ar-axis), as we see at once, if we inquire into the equi- 
librium between the action of the nucleus and the external field of fore#* 
In particular, there belongs to this simplest circular type of orbit th# 
unexcited natural orbit of the hydrogen atom (for which the quantum 
sum = 1) in the electric field. For if we are to have q- «« 

then, on account of > 0, it follows of necessity th it =« 0. 

The totality of quantised orbits thus forms a triply infinite discon- 
tinuous group and is represented by the scheme of quantum numbers 


TOi = 0, 1, 2 . . 7^2 = 0, 1, 2 . . ^ 1, % S , , , 

In the limiting case F = 0 of a vanishing field each member of the 
group becomes a Kepler ellipse with the nucleus as a focus. We might 
tel^ to suppose that in this limiting case our present group merges 
into the teply infinite ^oup which resulted from spatial quantising in 
Ohapter IV, ^ 7, and which was represented by the scheme 

« = 0, 1, 2 . . 0, 1, 2 . . M = 1, 2, . . . 

different 

stS ® they are based on a different co- 

sptem. Accordingly, also the position and the shape of the 

r^ults ^ quantising Buf- will be several different 

physically true. ^ methods of quantising can be 
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The following circumstance decides which of these two it is. The 
Kepler motion without external forces is a degenerate problem only so 
long as we consider it from the physically insufficient view-point of 
classical mechanics. From the relativistic view there is, at least for the 
plane problem, no ambiguity. On the other hand our treatment of the 
Stark .effect in parabolic co-ordinates is possible only when we start from 
classical mechanics. That is, our quantising of the Stark effect holds 
only so long as classical mechanics is applicable. This is the case with 
strong electric fields but not with arbitrarily weak fields. Whether a 
field is to be regarded as strong or weak in this sense may be most 
simply determined as folloyrs. Let Avj, be the resolution that an electric 
field P effects in a Balmer line. Let Avh, on the other hand, be the 
natural doublet interval of the Balmer lines (cf. p. 209) which is ac- 
counted for by relativistic mechanics. If Avp < the field is called 
weak ; if Avp^ Ai/h, as is always the case when observations of the Stark 
effect are made, the field is to be called strong. In the latter case the 
quantising performed in this section is correct, in the former case it 
fails. The passage to the limit for the field zero is thus not allowable. 
In physical language, therefore, the present method of quantising the 
Kepler motion for the case when no external forces are acting is wrong, 
but the method of the preceding chapter remains true. 

The question, interesting as regards method but difficult, as to how 
we are to quantise in the case of very weak electric fields has been 
answered quite definitely by H. A. Kramers.* As it is of no account for 
the interpretation of the Stark effect, after what we have just said, we 
shall not discuss it. But in speaking of the Paschen-Back effect in 
Chapter VIII, § 7, we shall again have to refer to it. 

In saying above that when we quantise Kepler s problem in parabolic 
co-ordinates different ellipses result than when we quantise in polar co- 
ordinates, this dilference affects the shape, but not the energy of the orbits. 
As we shall see at the beginning of^the next section, the energy comes 
out exactly the same by each method so long as the quantum sum that 
enters into it is assumed the same in each. This holds not only for the 
present case of Kepler ellipses, but generally for degenerate problems : 
as far as the calculation of the energy and the spectral consequences that 
result therefrom are concerned, the ambiguity that otherwise attaches to 
degenerate systems disappears. 

§ 5. The Resolution of the Balmer Lines in the Stark Effect 

If in the first two eqns. (8) of the preceeding section we imagine 
and written tor and^,,, only two unknowns occur in the 

left sides of (8), namely, the energy constant W and the integration con- 


Zeitsclir. f. Phys„ 3, 199 (1920). 
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slant p. These two constants are, by eqn. (8), brought into relation with 
the two quantum numbers and and may each be calculated separately^ 
from these. Since also occurs in the expressions for fj^ and /g, and 
since, by (9),p^ is proportional to the expressions that we are seeking 
for W and p will depend on all three quantum numbers 
What interests us above all is the expression for W. We get for it, m 
shown in Note 11, if we develop our expression in increasing powers of 
the intensity of field F and stop at the first power : 


- W - 


27rme^B^ 


■o"h 




(Wj + Wj + 


K - '>h)(‘>h + + %) (1) 


Tile first term on tlie right denotes the energy of the electron when 
the field is free. We designate it by - and may write 


W = 

" (wj + 


( 2 ) 


Since we thus get the same value as when we quantise the Kepler motion 
free of forces in polar co-ordinates, cf. eqn. (20), p. 236, we have proved 
the statement made at the close of the preceding section ; in spite of the 
difference in the paths the energy is the same in both cases so lone as 
the quantum sum is the same (% + n.^ + == n + n') 

_ The sewnd term on the right of eqn. (1) denotes the change of energy 
m the electrical field. We designate it by - aW and then have 


- AW = 


87r‘%B 


(^2 + 7^2 "b 


(8) 


Imtef oftS vibration 

aumoer, or me resolution, according to the formula 

hAv = AW^ - AW,. 

tL’rr 


Af 


8AF 


ijIK «i)(% + n, + n,) - (k.^ _ k,)(k, + k., + Aj,)j 


f-o 
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8, on page 278 : all resolutions of lines Av in the Balmer series are u'hoU 
multiples of a smallest line-interval : 


n _ 

Sir^mE 


( 5 ) 


As the intensity of field increases, this smallest line-interval and 
hence also the whole picture of the resolution of each Balmer line 
becomes mdbgnifLed proportionally to F. 

We read the experimental fact 6 on page 265 out of eqn. (4) just as 
directly : in the case of each Balmer line the resolution is symmetrical 
about the original line. For if the transition 


(^) 

is possible according to the principle of selection, then so also is the 
transition 

^ 2 ^ 1^3 -> ^ 2 ^ 1 % 

If the former gives rise to a component at a distance Av from the original 
line, then, by 4, the latter gives rise to a component at a distance - Av. 
The polarisation, too, is the same for each component. For this is 
decided only by the equatorial quantum numbers, which are the same 
for each pair of transitions such as (6) and (6a) , 

Concerning the type of the polarisation our rule of polarisation states : 


if ^3 = ± 1 C^) 

then (cf. p. 272) a wave is emitted which is circularly polarised around 
the direction of the lines of force. In the transverse effect such a wave 
appears under all circumstances to be polarised perpendicularly to the 
lines of force (in the sense defined more closely on p. 277). In the 
longitudinal effect, it would be observed as a circular wave if only one 
process of emission were to be seen. In reality each observation re- 
presents a section through many elementary phenomena. These split 
up into two groups, as far as the hydrogen atoms are concerned, which 
originally circulate around the lines of force in one or the other direction 
respectively. Both directions of circulation are equally frequent and 
cannot be distinguished energetically. The same quantum transition 
that leads to the right-circular polarisation of the one group leads from 
the, so to speak, antipodal standpoint of the other group, to left-circular 
polarisation. The superposition of these two groups thus brings it about 
that, in the direction of the lines of force, no polarisation is observed. 

If, on the other hand, 

fcs = % (8) 


the direction of vibration that is unique in the state of polarisation (cf. 
p. 273) coincides with the direction of the lines of force. Consequently, 
in the transverse effect linear polarisation is observed parallel to the lines,^^ 
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of force. In the longitudinal effect these same components of the resolu- 
tion are inmsihle according to the general rules of wave kinematics, which 
does not allow emission at all in the direction of vibration. These de- 
ductions agree literally with the experimental results which we stated 
under 3 and 4: on pages 277 and 278. 

We next consider in turn the resolutions of Ha, Hy, Hs, and use 
the abbreviation 

K ^ {k) - 4* ^2 + ^3), N = . (9) 

A = ^' = N-K (10) 

According to (4) and (5) A denotes the displacement, measured in 
terms of the unit measure C, of the component in question compared 
with the original line. We set up the totality of possible transitions in a 
table and count them up according to the value of the azimuthal quantum 
number by letting Jc^ decrease from its respective greatest value to its 
smallest value 1. The value = 0, just like the value = 0, is to be 
excluded, according to page 283. Furthermore, we classify the transi- 
tions according to the type of polarisation. In the case of H«, we have 

A/'i + ^^2 + = 3, n-y + 7^13 = 2 

that is, 

K - 3(^2 - N - 2 ( 7^2 - nfi. 

For the parallel components {k^ = the value Ag = 3 drops out, 

because can have no value greater than 2. We thus begin our 
enumeration with k^ = 2. Whereas the corresponding final orbit is 
fully determined, namely 002, there are two initial orbits belonging to 
^3 = 2, namely (102) and (012). The two transitions thus possible, 
namely, 

102 002 and 012 002 

differ, however, like the transitions (6) and (6a) only in that the first 
two quantum numbers are interchanged simultaneously and thus give rise 
to components that lie symmetrically. In our table we show only the 
first of the two transitions which lead to a positive A, and throughout 
we imagine the symmetrical components, with a negative A added, that 
arise through the simultaneous interchange of the first two quantum 
numbers, and we also give the numbers K, N, and A in accordance with 
(9) and (10). Then we consider ^3 = 1 and the corresponding final 
orbits with = 1. Here there are three transitions that lead to a» 

positive A and just as many that belong to an equally great negative A, 
which will not be stated in the table. The electrically resolved line 
thus consists, on both sides, of four components of which the line-in- 
tervals are to be read out of Table 27. 
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Table 27 

Ha, ' ^-com^onmts^ 7 cq — 


Jcjl'Ci2^Q ■“-> 

K 

N 

A 

102 002 

^ 3 

0 

3 

111 ^ 101 

0 

- 2 

2 

201 ^ 101 

- 6 

- 2 

4 

201 --> Oil 

- 6 

+ 2 

8 


Table 28 

Ha, s-components, n^± 1 



K 

N 

A 

OOS 002 

0 

0 

0 

102 101 

- 3 

- 2 

1 

102 Oil 

- 3 

+ 2 

5 

201 -> 002 

- 6 

0 

6 

111 ^ 002 

0 

0 

0 


Passing on to the perpendicular components, we begin with = 3, 
= 2, corresponding to the first transition given in Table 28, namely, 
003 ->002; circular orbit -> circular orbit (cf. p. 284). Starting from 
= 2 and k^ = 1, we get in each case two transitions, as may be read 
from the table. The component A == 0 arises in two ways ; besides this, 
there are three transitions with a positive A, and, of course, just as many 
with a negative A. 

We compare with this the result of the observations of Stark. Pig. 80 
is a slightly altered copy of Stark’s original diagram (re-drawn from the 
scale of ax’s to that of the Av’s). The length of the strokes indicates the 
intensity of the resolved components as estimated by Stark. A sign of 
interrogation denotes that the existence of the component in question is 
uncertain. The accompanying numbers give the resolution (in wave 
numbers) as multiples of the fundamental unit 0, that is, our A. 

Here we see that as far as A =» 4 the theoretical predictions agree 
perfectly with the observations made of Ha. Por example the places 0 
and 1 are free of j?-components and occupied by s-oomponents, whereas 
the reverse is the case with the places 2, 3, and 4, both in theory as in 
experiment. It is, however, true that the theory gives several components 
of greater resolution, 8 as a j?-component, and 5 and 6 as an s-component, 
which were not shown up in the experiment. 

Is this a reason for distrusting the theory? By no means. As we 
have left the question of intensities quite out of consideration here, it 
signifies little that we do not observe a theoretical component ; for theory 
might disclose that the intensity of such a line is very feeble. This is 
19 
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completely confirmed by the dissertation of Kramers (cf. p. 273) in which 
the question of intensity is treated with complete rigour according to 
Bohr's principle of correspondence. On the other hand, Stark empha- 
tically leaves open the possibility, in particular in the case of that 
in addition to the observed components, still other weaker ones may yet 
be present. 

If, however, a doubt should still remain about Ha, it would be re- 
moved by a look at the complete picture of the resolutions of Hy, and 
Hfi. It convinces us absolutely of the truth of the theory. 

The following tables require no further explanation. In the case of 
the j)-components of we have to begin our tabulation again with h.^ 
= 2, on account of \ and % ^2. There are two transitions from 

= 2, and four from feg = 1, which, according to the principle of selec- 
tion, lead to j)-components on the positive side (A > 0). The symmetrical 
components on the negative side here again arise by interchanging the 
first two quantum numbers in the scheme of transition of the initial and 
the final orbit, and are to be imagined added. The number of transitions 
that lead to positive (or negative, respectively) s-components is just as 
great, namely equal to 6. 


Tabub 29 

H|8, p-componentSf = % 



K 

N 

A 

202 -> 002 

- 8 

0 

8 

112 002 

0 

0 

0 

801 Oil 

- 12 

+ 2 

14 

801 101 

- 12 

- 2 

10 

211 101 

- 4 

+ 2 

6 

211 on 

- 4 

- 2 

2 


TabliK 30 

Hjs, s- components f 7 % = ■72.3 + 1 



K 

N 

A 

103 002 

_ 4 

0 

4 

202 on 

- 8 

-h 2 

10 

202 101 

- 8 

~ 2 

6 

112 ^ on 

0 

+ 2 

2 

211 002 

- 4 

0 

4 

801 ...> 002 

- 12 

0 

12 ‘ 


The agreement with the experimental picture of the resolution in Fig. 80 
is again striking. All the theoretical components have been observed ; 
besides these, however, there are shown, in Fig 80 among the p-compon- 
ents, A = 4 as a very weak line and A = 12 as questionable, and among 
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the a-oomponeats A = 0 as weak and A = 8 as questionable. B imy 
wellL that a revision or repetition of these observations will dis- 
SS these components as unreal or produced by a secondary effect, 
ike .-component, A = 4, v^hich is observed as the most intense line 
arises according to our table, in two ways, and this partly explains its 
predominating intensity. For a more detailed discussion of questions of 

intensity we must refer to Kramers. . 

In the case of the agreement between theory and observation is 
absolutely perfect. The theory gives the following picture 

TABliB 31 


Hy, jo-com;ponenU, 



K 

N 

-A 

302 002 

- 15 

0 

15 

212 002 

- 5 

0 

6 

401 -«► Oil 

- 20 

Hh 2 

22 

401 — > 101 

20 

- 2 

18 

311 -^011 

- 10 

H- 2 

12 

311 101 

- 10 

- 2 

8 

221 -&• Oil 

0 

■+• 2 

2 


Tabde 32 


Hy, s-componentSf = n^ ±1 


fej/CjAig *'"5^ 

K 

N 

A 

203 002 

- 10 

0 

10 

113 002 

0 

0 

0 

302 Oil 

- 15 

+ 2 

17 

302 101 

15 

- 2 

18 

212 Oil 

-- 5 

+ 2 

7 

212 101 

- 5 

~ 2 

3 

401 002 

- 20 

0 

20 

311 002 

- 10 

0 

10 

221 002 

0 

0 

0 


Tabde 38 

Hs, p-compomntSj \ 



K 

N 

A 

402 002 

- 24 

0 

24 

312 002 

- 12 

0 

12 

222 002 

0 

0 

0 

501 Oil 

- 30 

+ 2 

32 

501 101 

- 30 

»- 2 

28 

411 -9. 011 

- 18 

+ 2 

20 

411 101 

- 18 

- 2 

16 

321 Oil 

- 6 

+ 2 

8 

321 -3- 101 

- 6 

- 2 

4 
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Table 34 

Hfi, s-com^onentSf Tcg = ^3 + 1 



K 

N 

A 

303 -s- 002 

- 18 

0 

18 

213 002 

- 6 

0 

6 

402 Oil 

- 24 

+ 2 

26 

402 _> 101 

- 24 

~ 2 

22 

312 -5. 011 

- 12 i 

+ 2 

14 

312 101 

- 12 

- 2 

10 

222 Oil 

0 

“h 2 

2 

501 002 

- 30 

0 

30 

411 002 

- 18 

0 

18 

321 002 

- 6 

0 

6 


The observations, pictured in Fig. 80, are identical in every detail. 

The same is true of H^. 

The wonderful numerical regularity of the pictures exhibiting the 
resolutions is brought to light in the following remarks. 

In the case of Hjs and only even multiples of the interval A occur ^ 
and, indeed, this is so both in theory and in experiment. (The theoretical 
reason is that, in the case of and Hg, the common divisor 2 of the 
quantum sum in the first and second term of their series-expression re- 
mains preserved in the quantity A = N - K.) 

In the case of the components are partially, in that of and 
fully polarised, again both in theory and in experiment. (This is shown 
in the theory in that the A- values of the p- and 5-series in the scheme of 
Hj 3 partly overlap.) 

The succession of components in the sequence of lines H^, Hy, H§ 
becomes less and less dense. The interval between neighbouring compo- 
nents is 1 unit for Ha, 2 units for 3, or 4 units alternately for Hy, 
4 units without exception in the case of Hy. 

It now seems almost self-evident that, besides the ratios of the inter- 
vals of the components, also the absolute values of the distances will be 
given correctly by the theory. The absolute value of the resolution is 
given by our constant 0 in eqn. (5) and depends on the field F. The 
latter cannot be determined very accurately experimentally (hardly to 
within 1 per cent.). We may therefore correct the measured field inten- 
sity, as Epstein has done, by using the values calculated from the actual 
resolution, and, trusting, justifiably, in the truth of the theory, use the 
resolution in the Stark effect as a means of measuring accurately an 
electric field, just as the resolution in the Zeeman effect has occasionally 
been used to measure a magnetic field. The corrected field intensity 
thus found differs from that measured by Stark by only very little (107,000 
compared with 104,000 volt/cm.). 

All in all, we may regard the theory of the Stark effect as one of the 
most striking achievements of the quantum theory in atomic physics. 
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§6. The Zeeman Effect 

In 1896 Zeeman discovered that the lines of the series spectra may 
be influenced by magnetic means. In the simplest case there appear 
instead of one line, when viewed longitudinally, that is when the ray is in 
the direction of the magnetic lines of force, two lines (Zeeman doublet; 

longitudinal effect), but when viewed trans- 
versely, that is when the ray is perpendicu- 
lar to the magnetic lines of force, instead 
of one line, three lines are observed (Zeeman 
triplet; transverse effect). Of the latter 
three lines one occupies the position of the 
original unresolved line, and the other two 
are displaced by equal amounts to greater 
or smaller wave-lengths, and occupy the 
same position in the spectrum as the two lines of the doublet in the 
longitudinal effect (cf. Figs. 81, a and h). The displacement amounts to 

Av = i- ^ = 4-70 . 10-5 . H ... . (1) i 

m 4:7rC 

where H == the intensity of the magnetic field in absolute units (Gauss). 

If we wish to measure v in sec.~^, we have to take e on the right side of 
the equation as the electrostatic charge of the electron ; but if we measure 
V in cm.-^ as a wave number,’' then e is the charge on the electron 
measured in electromagnetic units, and ejm - 1*77 . 10^ is the specific 
charge on the electron measured in the same way. The numerical value 
4'70 . 10-“® in eqn. (1) refers to the latter method of measuring v, and thus 
gives the displacement Av in the scale of wave numbers. 

In the first observations of Zeeman the lines were not completely 
separated, because the resolution was too feeble and the lines were too 
wide. But he succeeded in establishing beyond doubt the presence of 
polarised light at the extreme edges of the line configuration. The type 
of the polarisation is indicated in our figure. The symbols p and s . 
(parallel and perpendicular, German senhrecht, to the lines of force) ’ 
mean the same as on page 277. They refer not to the position of the 
optical plane of polarisation but to the direction of the electrical vibra- 
tions in the ray at the place of observation. In the longitudinal scheme 
the circular arrows denote that circular polarisation was observed, and, as i 
is shown, the sense in the two lines of the doublet is opposite. In 
general, in the short-wave component the sense of the circular polarisa- 
tion is the same as that of the 'positive current in the coils of the electro- 
magnet, which produces the magnetic field, and, of course, in the long 
wave component the sense is reversed. 

We first wish to emphasise that our two figures a and b express the 
same facts under different circumstances of observation. The jp-com- 


a) long. I 

b) transv. s 

^ ^ a H 

Current Jj/=sz — - — 

' m 4 /f c 

S’lG. 81 . 



6. The Zeeman Effect 


^95 


ponent of the transverse effect must be ineffective in the longitudinal 
effect and that is why in Fig. 81a no line occurs at the position of the 
transverse ^j-component. Actually, this j3-component arises from a 
vibration phenomenon for which the direction of the lines of force is a 
line of symmetry of the intensity (or, expressed in fhe language of the 
older theory, it is due to the vibration of an electron, which moves in the 
direction of the lines of force). But such a vibration, as we know and 
have already used in the Stark effect on page 288, emits no light. On 
the other hand, the circular components that occur in the longitudinal 
effect are due to a vibration phenomenon, in which the plane of vibration 
is perpendicular to the lines of force (in words of the old theory, due to 
the vibration of an electron, which describes a circle in this plane). Such 
a vibration phenomenon, however, sends out in a direction perpendicular 
to its unique axis, that is, in the transverse direction, linearly polarised 
light, whose electric force vibrates in the plane of vibration, that is per- 
pendicular to the magnetic lines of force, likewise analogous to the cir- 
cumstances in the Stark effect, cf. page 287. Hence the s-components 
of the transversal scheme correspond to the circular components of the 
longitudinal scheme. Accordingly, it is sufficient to study the Zeeman 
effect in only one direction, for example, in the transverse direction which 
is more convenient for purposes of observation : then the picture that 
must be obtained when observations are made in the longitudinal 
direction may be derived from the latter quite easily. 

The facts so far described are fully explained by Lorentz's Theory of 
the Zeeman Effect. This is based on the assumption of quasi-elastically 
bound electrons, which excite vibrations in the ether that are synchronous 
and in constrained connexion with the vibrations of the electrons (cf. the 
end of 1). More precisely : the electron is considered bound to a 
position of rest in the atom in such a way that when it is displaced a 
restoring force acts on it proportional to this displacement from the 
position of rest, and, indeed, the force is the same for all directions of the 
displacement. We know nowadays that this picture is too simple and 
restricts the true scope of atomic phenomena. Nevertheless it has 
proved of great service for exjplaining the typical Zeeman effect. 

For let us imagine the motion of such an electron in a magnetic field. 
Whatever it may be in itself, we may resolve it into' a linear component 
which takes place in the direction of the magnetic lines of force and 
into two circular components that take place perpendicularly to the latter 
with reversed senses of revolution. The first component is not infiuenoed 
by the magnetic field, so that its frequency of vibration is the same as 
when the magnetic field is not present. That is tvhy we get the p-com- 
ponent in the position of the original line (when no field is present) when 
the observations are made transversely. The two circular components are 
for the one part accelerated and for the other retarded by the magnetic 
field. Hence we have the Uoo circular components in the case of longitudinal 
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ohsermtion, or respectwely the two s-components in that of transverse 
observation, displaced by an amount Av with respect to the line whem no 
field is present ; and the displacement is the same in each direction and - 
proportional to the magnetic field H. Equation (1), which expresses 
mathematically these facts, is a direct consequence of Lorentz’s theory of 
the phenomenon. The value (1) will therefore still be called the Lorentz 
difference of vibration or the Lorentz displacement. Its method of deri- 
vation assumes besides the idea of a quasi-elastically bound electron only 
the recognised laws about the influence of magnetic forces on moving 
charges (law of Biot and Savart). The sense of the circular polarisation 
in the one or the other component of the Zeeman doublet also follows 
from Lorentz’s theory if the negative sign of the electronic charge is taken 
into account. 

Lorentz’s theory, however, far from includes the whole complex of 
facts of magneto-optic phenomena; rather, it is limited to lines of the 
simplest structure. 

In the case of multiple lines (doublets, triplets) there occur in place 
of the “normal Zeeman effect” of Eig. 81 the so-called anomalous or 
complex Zeeman types. We shall treat these in detail in the next 
chapter. 

Here we deal only with the normal Zeeman effect and shall show how 
this may be understood on the quantum theory. For this purpose we 
consider the simplest atomic model, that of hydrogen, consisting of a 
singly charged nucleus and an electron in the magnetic field. In the 
last section of the previous chapter we have already spatially quantised 
the orbits of the electron (the nuclear mass being oo) for afield of force of 
which the intensity is zero. We can reduce the action of an arbitrary 
homogeneous magnetic field H to this case. For, following Larmor, we 
state that the superimposed field H leaves the form of the orbits and their 
inclination to the magnetic lines of force, as also the motion in the orbit, unr 
altered, and merely leads to the addition of a uniform precession^* of the 
orbit about the direction of the . lines of force, the processional velocity 
being 


1 c H 

2 m c 


( 2 ) 


This law holds provided that the velocity imparted to the electron by the 
processional motion alone is small compared with the velocity that the 
electron would have in its path without the processional motion ; under 
the circumstances of our atomic model this is the case even for the 
strongest magnetic field that can be produced. The proof of Larmor’s 
theorem is based on the conception of Coriolis forces, which is known 
from the mechanics of relative motions (for example, from the circum- 
stances of the rotating earth). 

G-eneralising somewhat from the special conditions of the hydrogen 
atom, we consider the motion of a point-mass m under the influence of 
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m 


forces that are distributed symmetrically about a certain axis A, which, 
for example, arise from centres pf force on this axis. We call the co- 
ordinate system of reference there used the static system of reference. 
We next imagine the point-mass to traverse the same orbit at the same 
rate but relatively to a system of reference which turns about the axis A 
with the uniform velocity o relative to the static system, of reference. 
In this case the motion of the point-mass is no longer natural or free. 
Bather, to maintain this motion, forces in addition to those acting in the 
static system are necessary which just neutralise the inertial resistances 
of the rotation. These inertial resistances are, in the first place, the 
ordinary centrifugal force 

Z = mo^p . ' . . . . (3) 

where p signifies the respective distance of the point-mass from ■ the axis 
A ; and, secondly, the composite centrifugal force or Coriolis force 

C = 2m[vo] . . . . . (4) 

where v is the velocity of the i point-mass in the orbit that is being turned, 
and [vo] is the vector product of v and the vector of rotation o drawn 
in the direction of the axis A (cf. Note 1). Eqn. (4) determines not only 
the magnitude but also the direction of G, the latter as the common 
normal to the directions of v and A. On the other hand, the force, which 
a magnetic field H exerts on the electronic charge ( — e) moving with the 
velocity v is, according to the laws of electromagnetism, 

K = . . . . . (6) 

This force exactly neutralises the Coriolis force if the direction of the 
lines of force coincides with the direction of the axis A and if, also, the 
condition for the magnetic field holds (we equate C and K) : 

2wio = 1 h, o = ^ 1 . . . . (6) 

c 2m c 

If we disregard the centrifugal force Z for the moment, then a magnetic 
field of suitably chosen intensity is just able to bring into equilibrium the 
inertial action of the electron in its rotating orbit. Thus, in the mag- 
netic field H, the rotating orbit is a natural orbit or, in other words, the 
electron, describes in the magnetic field the same fath as when no magnetic 
field is acting but doing so loith respect to a system of reference which is 
rotated with the velocity o determined by the eqn, (2) or (6). Regarded 
from the standpoint of this system of reference the orbits are traversed as if 
no field were present, Precession of the system of reference and action of 
the magnetic field are interchangeable and equivalent to one another. 

Concerning the ordinary centrifugal force Z we may easily convince 
ourselves, on the basis of the restriction made in Larmor’s theorem, that 
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it may be neglected in comparison with G. This restriction is, in oa 

^ 


As we see from the expressions (3) and (4), it is identical with 

z<a 


We now revert to the hydrogen atom. We know the totality of it 
orbits in the absence of a magnetic field (merely ordinary Kepler orbits] 
By what has just been proved we also know the totality of its orbit 
when a magnetic field is present (Kepler orbits with a motion of pre 
cession about the direction of the lines of force). Thus we have a com 
plete survey of the mechanically possible orbital curves. We have 
only to select those that are possible on the quantum hypothesis, Fo: 
the “fieldless” case this has also been done in the preceding chapter 
we obtained Kepler orbits of a definite shape and with a definite in 
clination to the direction of the lines of force. But now we have Bmt 
that the orbits when a magnetic field is present are, from the standpola 
of the precessional system of reference, fieldless orbits. Hence if m 
carry over tbe quantising of the fieldless orbits from the static system l< 
the precessional system of reference, we get for the quantised orbits wM 
afield the same orbits in the precessional system of reference as toe get w# 
out a field in the static system. In the next section we shall trace thi 
application of quanta, which was here introduced merely as an obvion 
special step, back to a general principle. 

Thus we set up the quantum condition^ for the magnetic field just m 
previously for the case when the field was zero.” By introducing pola: 
co-ordinates r, 9, xj; in the q)recessional system of reference j we have 


= n'h, ^pgdO = n^^h, = n^h . 

IV, §7. eqns. (2), (3), (4), 

^vp( - l) = n'h, 27 iy = (wj + 

=a nfh 


From this we conclude as in Chapter 
and (8) : 

1 


cos a == 


n. + 


j 


Here the quantities « and 6 are by definition independent of whether vs 
refer them to the static or the rotated system; on the other hand, tb 
qiiMtities p and are, in conformity with their nature, to be meastun 
mthe system of reference which is twrned with the velocity o. Henoe vs 
e f explicitly as denoting the geographical longitude of the relativ 
^ition of the electron m the rotating system of reference and diatinguk 

Ibe connexion between ithese quantities is clearly 
X = '/^+o, x=f + ot 


(9 
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We now form the expression for the kinetic energy of the electron, first 
when there is a magnetic field, BiK»(H), and again when there is none, 
Byfci»(0). The latter expression is ; 

Wl * • • 

Bjfcm(O) sin2 6 ^^) . . (10) 


At the same time this denotes the kinetic energy of the electron, when 
there is a magnetic field, related to onr rotating system of reference. 
The kinetic energy, when there is a magnetic field, related to our static 
system of reference, is therefore (we merely interchange and x) • 

Bk«(H) = f (r^ + r^^ + sin^ . . . (10a) 

By substituting from (9), we get 

Bto(H) = + r^^ + r^ sin^ 0^ + 2r^ sin^ Ofo + . • •) (10b) 

The last member (not written here) is quadratic in o and hence, owing to 
the restriction contained in Larmor’s theorem, is to be neglected. If 
we also take into account the significance of p ^|, : 




t)EKn(O) 9 

^ — - = ow./r* 


'd\j/ 


= mr^ sin^ $ 


as well as the expression for Ejfc^u(O) in eqn. (10), we may write in place 
of (10b) : 

Ek„(H) = Ek„(0)+p^.o . . . (10c) 


Finally, we introduce the expression 

— E^^yi,(E[) — Efci9^(0) 

as the change in kinetic energy of the electron arising through the 
magnetic field H, and express by eqn. (8), in terms of the quantum 
number We, thus get from (10c) 

AEK„=*olt (11) 


On the other hand we have, as regards the potential energy, 

AE^(,i 5= 0 . ... . (11a) 

For the potential energy of the Coulomb attraction — undergoes no 

change through the introduction of the magnetic field, since the distance 
r in the precessional and the original orbit remains the same within the 
limits of accuracy of our calculation. 

Hence from (11) and (11a) we get for the magnetic change of the 
total energy W of the electron 

AW - poh . . . . . (12) 


Likewise we get for the difference of the total energy in the initial and 
final orbit of the electron 


AW^ - AWe ° . . . (13 
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Now, just as the frequency v of the emitted spectral line is detennined 
from Bohr’s condition 

hv = Wa- W« 

so the effect of the magnetic field is given by the condition 
hAv = A. Wit - AWe. 

Hence eqn, (13) states that 

hAv = r3 . f ofe 

Jtt 

or, if we insert the meaning of o from (6) : 

H 

m iirC 


Ay — *“ 


( 1 # 


We firstly note that in the transition from (13) to (14), the quantum 
of action, h, has characteristically cancelled out. Jn otir final 
(14) the quantum theory has in a certain sense become latent in tfmt it$ 
charaoteristic feature, the quantity h, has disappeared. In this we a 
reason that it was possible to develop magneto-optics in Lorentss’s thecuy 
to a certain degree on the classical, pre-quantum, basis. In alecteo* 
optics (Stark effect) and in the general optics/of spectral lines this W»# 
hopeless from the outset, because here the quantum of action h played, 
not a latent, but an explicit part. 

We next observe that our final formula (14) agrees not only in 
general structure but also in almost all its details with the result ^ 
Lorentx’s theory, that is with eqn. (1) and Fig. 81 at the beginning 
this section. To see this we have only to enlist the aid of our princij^a 
of selection. In the magnetic field this concerns, as in the electric field, 
only the equatorial quantum number n-y (called in the Stark effect) and 
states that : 


From (14) we therefore get 
Av = 


- = ± 1 or 0 


e H 
m 47rc 


or Av = 0 


( 16 ) 


(16) 


In this form our quantum result agrees fully with the result of 
Loreutz’s theory : we have before m not only the two lines of the Zmmam 
triplet which are both displaced by the amount Av to greater and grmUer 
freqwnoies but^ also the undisplaced line Ar = 0. In oontradistinotioitt to , 
(16), our original formula (14) would lead us to expect superfluoUB 
^mponents of the resolution that would be displaced two, three, . . ; 
^ mes as much as the normal resolution. The fact that such componeahS 

“^ot observed is a strong confirmation 
of our principle of selection in its application to the magnetic case. 

Paschen hydrogen taken by 

impress of the lines of twiro WII, Fig. 4, Bohr disoerned m Intel 

simultaneous action of an electric field^ it to th© imiuteniM 

a eiectno neid. the original photograph lines of thr©a 
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But not only the displacement of the Zeeman components but also their 
polarisation comes out correctly in our theory. This becomes immediately 
evident if we can convince ourselves that our rule of polarisation origin- 
ally derived for an electric field may be applied to the magnetic field. 
Eor then we have circular polarisation in the case A7^ =« ±1, and linear 
polarisation parallel to the lines of force in the case « 0, correspond- 
ing to the two possibilities distinguished in eqn. (15). Applied to eqn. 
(16) this means the following : — 

Viewed longitudinally the two external components of the Zeeman 
effect are circularly polarised, and, indeed, in opposite directions; the 
plane of vibration is perpendicular to the magnetic lines of force. Viewed 
transversely, these lines must consequently be linearly polarised at right 
angles to the lines of force. The middle component of the Zeeman effect 
is polarised linearly and perpendicularly to the lines of force . , 

Concerning the extension of the rule of polarisation and the principle 
of selection from the electric to the magnetic case, we seek to justify it 
by the following not quite inevitable reasoning : — 

Let us again picture to ourselves the orbit of the electron, both in 
the precessional system in which its plane is firmly fixed, as in the 
“ static system of reference,” in which it is rotated through the action of 
the magnetic field with the constant angular velocity o. In the pre- 
cessional system of reference we erect the vector of the moment of 
momentum as a normal to the orbital plane; here it has a constant 
magnitude and direction, and hence also constant projections along the 
direction of the lines of force and in the equatorial plane. Eegarded 
from the static system of reference, it describes a circular cone about the 
direction of the lines of force with the constant angular velocity o. From 
the standpoint of the static system of reference, however, there becomes 
added to the “ moment of momentum without rotation ” “ the moment of 
momentum of the rotation itself,” which alters in magnitude and direc- 
tion, with the distance of the electron from the nucleus. IJence, strictly 
speaking, the cone that is described in the static system of reference by 
the vector of the total moment of momentum is not a circular cone. Its 
projection in the equatorial plane of the static system is slowly rotated 
in the course of the precession (corresponding to the circumstance that 
there are no areal constants for the equatorial axes of the static system) 
and also its projection on the direction of the lines of force is not exactly 
constant (strictly speaking, the law of sectorial areas is also rescinded by 
the action of the magnetic field for the direction of the lines of force.) 

Nevertheless there is a great difference between the manner in which 
this component is not constant along the direction of the lines of force 

the normal resolution can be seen. Just as the lines of normal resolution confirm 
the principle of selection, so the lines of double and triple resolution give a striking 
example of how the principle of selection is rescinded by electrics fields, as was explained 
on page 274:. 
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and that in which it is not constant in the equatonal pliuir. T}>. . 

ponent along the lines of force exhibits only briol flucituiiioiH ? i*' 

same period as the period of revolution of the electron) : the ertritponni 
at right angles to it performs, besides, a slow rotation in tin* i:d 

plane (of the same period as that of the proceHsion). In view .tf f!»r 
condition (6a), on which, alone, Larmor’s theorem and oiir tri'iiliin'id nt 
the Zeeman problem is justified, even the variable part of the eonipott. id 
along the lines of force vanishes in comparison with the eounJiint jiiui 
On the other hand, in consequence of the same condition the coin!***!! e! 
the equatorial component of the moment of momentum is, iinieed. 
infinitely retarded, but for a sufficient lapse of time it entails ii. 
reversal of the corresponding moment of momentum of the eo!iii«»n*nif nt 
question. 

Trom this we conclude, as on page 271, for the oasi' of a-n 
field, that we can postulate the conservation of tin* moment of m(*itientiim 
in the coupling of the atom with the ether only for th(' direc-tios* nf the 
lines of force. Hence only the equatorial quantum uuinher «, that ll•few 
to the rotation about the direction of the lines of for<!(\ is hoiiml hy the 
condition imposed by the principle of selection. From this tliere itwulls 
the eqn. (15) already used, and the corresponding rule of polariHiitimn 

It is instructive to trace in detail the scheme of tiuantum tnuiHilioiw 
and the position of the orbital planes in the Zeeman effect, for eHKiti|il«, 
for the line H». We find it expedient to start from the stiheme of ipiAiitiim 
transitions for the Stark effect, with which our present soheiae agreuM in 
design but from which it differs in that the (luantum mimlKM'H havo t*thnr 
meanings in the inferences. Our present quantum mimhers ri,, m, 
correspond to r, 0, f. In turn they replace the quantum mimlau-s , n,f, m, 
in the Stark effect. Our present equatorial quantum numhei- Mj is wuliieot. 
to the same selective condition for the parallel and purputidumiar orun- 
ponents as. the equatorial quantum number formoi-ly. Oui* prf*«*nnl 
quantum sum n' + Wj + Jh. is. just like the former sum n^ q- n., -f 
equal to 2 for the final orbit of Ha. Our present quantum Hum k' 4- k., 4- k, 
for the initial orbit is, like the earlier sum + A.,, t,„ ;j, 

if we enquire as to what quantum numbers load in th« Ztimim.n iqfn,.?, u, 
parallel polarised light, we arrive at the same transitioiiK « », 
enumerated in the first column of Table 25. Hut tluu-.t Ih t!m follow ,«■. 
difference between the Stark effect and the Zooinan effhct. VVlmrrsift in 
the Stark effect the first two quantum numbers «, and havi* csHtmf jalU 
the same meaning, in the sense that a simultaneous intendtauge of idiom 
in the imtia and the final state leads to two essontially equal roHoluli.M.s 
(differing only m sign), the meaning of the first two quaUtm. uumh.-m 

Simultaneous interchange of tlmse two 

thica T* (equivalent) in the Zcemau elTcel. In 

this way there becomes added, in the case of the p-compouentH <.f H... L 
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the first column of the following table, which has been borrowed from 
Table 25 dealing with the Stark effect, the second column in which 
and {h'h^ have been interchanged. 

But there is still a second difference. In the Kepler motion under 
no external forces, all those transitions are excluded by our principle of 
selection (p. 269), in which the sum + % does not alter by one unit. 
Eeasons of continuity make us inclined to regard this rule of exclusion 
as valid in the magnetic fiield (this may be proved rigorously with the 
help of Bohr’s principle of correspondence). The transitions separated 
out in this way are bracketed in. the following table. Thus, of the eight 
transitions only four remain. From our present non-relativistic stand- 
point, they of course all lead to the same parallel polarised component 
Av — 0. We shall see later in Chapter VIII that upon closer calculation 
and observation they are slightly separate. Corresponding tables may 
be set up for the s-components of Ha, as for H|3, Hy, . . . 


Table 35 
Ha, p’Components 



n'n^n^ 

(102 _> 002) 

111 -s. 101 

K201 - 9 . 0111; 

(201 -9- 1101 

012 002 
(111 ^ Oil) 

021 ^ Oil 
(021 101) 


In Table 35 the following circumstance is worthy of note. In the 
non-bracketed orbits the number-pair W is throughout different from 
As this number-pair determines the position of the orbital plane 
(cf. Chap. IV, § 7, eqn. (9)) in the initial and the final orbit, respectively, 
it follows that the orbital plane changes position in the transitions that 
here come into question (and partly also in those belonging to the 
components). In the first non-bracketed transition, for example, the 
initial orbit is inclined at an angle of 60° with the equatorial (cf. Big. 64b), 
and the final orbit coincides with the equatorial plane, and so forth. 

So we see, whereas in the Kepler motions, free of forces (of. p. 269), 
the orbital plane remains preserved, it alters in general in the Zeeman 
effect ; through spatial quantising a discontinuity is introduced into the 
position of the orbital plane as compared with its position for Kepler 
orbits. Here ‘^orbital plane” refers to that in the rotating system of 
reference. 

Concerning the observation of the polarisation in the longitudinal 
effect, the following difference in the Zeeman and the Stark effects is yet 
to be noted. In the Stark effect the transitions that would lead to right 
and left polarised light are equivalent energetically. They therefore 
occur in one and the same line and produce unpolarised light. In the 
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Zeeman effect they are distinguished from one another magnetically, and 
therefore produce different line components circularly polarised in opposit© 
directions. 

When in 1916 the author* investigated the Zeeman effect on the 
basis of the quantum theory, he felt himself impelled to emphasise in a 
concluding remark that Bohr’s energy equation hv == W« - (also 
called frequency condition), being a scalar equation, can never account 
for the polarisations.” We now see that this gap has in the me^anwhilc 
been successfully bridged over, as it was only necessary to add to the 
energy equation the equation of the moment of momentum. As already 
reinarked at the beginning of this chapter, the observation of the polari- 
sation historically preceded the quantitative observation of the resolution 
and was exhibited with greater certainty. Accordingly, the quantum 
theory of the Zeeman effect can be regarded as quite complete and valid 
only since the polarisation phenomena have been fitted into it. 

In its present state the quantum treatment of the Zeeman effect 
achieves just as much as Lorentsi’s theory, but no more. It can account 
for the normal triplet, including the conditions of polarisation, but hitherto 
it has not been able to explain the complicated Zeeman types (p, 296), 
The perfect agreement between final results obtained in two such different 
ways is highly remarkable from the point of view of method, and again 
betrays an intimate and certainly not accidental correspondence between 
the quantum and the classical view of radiation phenomena. 


§ 7. The Adiabatic Hypothesis 

Congre8s.t in the year 1911, H. A. Lorent;! pro- 
po ed the ff^^stion as to how a simple pendulum behaves when its length 
IS shortened by holding the thread between two fingers and drawing it up 
between them. If it has initially exactly the correct energy that!orZ 
spends as an energy element to its frequency, then at the end of the 
process when the frequency has become increased this energy 4Sd no 
longer suffice to make up a fnU energy element. ^ 

Einstein at once furnished the correct reply in saying that the «ua. 
pendmg thread must be shortened infinitely slowly and then tL en^mv 

This answer is covered by Bhrenfest’s Adiabatic Hypothesis.! We 

*Pliysikal. Zeitschr., 17 491 noifii p# 1 
Debye p. 507, or aottinger NaoW earlier work cif 

tBapports du Gongr^s, Paris, 1912, p. 450.’ 

‘‘cavity radia- 

^eutseb. Pbysikal G-es* ^ ^^hir 

22, 586 (1913); Pbys. Zeitschr., 15 657 (1914) ’ I Amsterd. Aoademy, 

sfSTisr ^ s 'ssri: 

of «. foottod, 0,11. 
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formulate it according to its general significance as follows : Let us con- 
sider any arbitrary mechanical system and an arbitrary initial state of 
motion which is correctly quantised. We now alter the state infinitely 
slowly by gradually imposing an arbitrary external field of force or by 
gradually altering the inner constitution of the system (length, mass, 
charge, connections). This causes the original state of motion to be 
transformed by mechanical means to a new state of motion. For the 
new conditions of the system this new state of motion is a quantum- 
favoured state if the original state was so under the original conditions ; 
it corresponds to the same quantum numbers ... as the latter. 

The expression ^'Adiabatic Hypothem'' is taken from thermodyna- 
mics, Just as in an adiabatic change of state in thermodynamics the 
co-ordinates that determine the heat motion are not directly affected, but 
only indirectly while no heat is added from without and the conditions 
of the system are altered (for example, the volume, the position in the 
gravitational field, and so forth), so in the applications of the adiabatic 
hypothesis to the quantum theory the motion of the system is not con- 
trolled directly by external agency ; for such agency acts, not on the co- 
ordinates of the motion, but on a parameter of the system. Just as in 
thermodynamics an adiabatic change of state is to be regarded as a chain 
of states of thermal equilibrium, so in the quantum theory the adiabatic 
transformation from the original to the final quantum state has to occur 
infinitely slowly, that is by passing through intermediate states of equi- 
librium of motion. Quantities that remain unaltered during this trans- 
formation are called adiabatic invariants. The quantum numbers that 
fix the original state are by the adiabatic hypothesis themselves such 
invariants. All other adiabatic invariants must be expressible in terms 
of these simplest invariants. 

There are three characteristics that are both necessary and at the 
same time sufficient for adiabatic processes. 1. The infinitely slow or 
remrHihle element of the process. In thermodynamics phenomena are 
also known that occur without the addition of heat but are irreversible 
(for examxie, the diffusion of a gas when no cotton- wool aperture is used). 
Such processcB are not adiabatic in the present sense. 2. The effect not 
on the oo-ordinates of the motion but on one or more parameters of the 
systcun, that remains constant in the original motion. 3. The unsyste- 
matw or irregular nature of the influence (effecting the alteration) in rela- 
tion to the phases of motion. Even in the case of the simple pendulum 
we could intentionally carry out the shortening of the thread m such a 
way that the energy of motion there remains constant, if we draw up 
the thread only at the points at which the motion is periodically reversed. 
In that case, as Warburg remarked at this Solvay Congress, a contradic- 
tion to Einstein’s assertion and to the quantum theory would arise, buc 
intentional or methodical alterations are then m no case to be included 
in the category of adiabatic processes. 

20 
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We next consider the mechanical aspect of the question, 'll 
that in ordinary mechanics we set aside the adiabatic process^ 
because they are less interesting, but because they are more difi 
comparison with the ordinary problems of mechanics. In the 
the simple pendulum, we easily attain our object by direct cal 
without] having to seek support from the general laws of adiabatio 
ance^ which we shall develop from this example. 

Let I be the length of the pendulum, m its mass (concentratic 
point), the angle of the instantaneous deflection, c the amplitucl^ 
the frequency, so that 

2v7r = JJfl 

The tension S acting on the thread is, as we know, 

S = mg cos ^ 

in which the first part is due to gravity, the second to the cexi. 
force. If we shorten the thread infinitely slowly by | dl |, we havo 
form work against the tension ; its amount is 


dA = 8 \ dl\ ^ - mg cos <l>dl ~ mlcf>Hl ■ 


The horizontal bar denotes that the time average is to be taken euT 
cates that during the shortening by the amount dl many swings 
pendulum are to occur. The negative sign occurs because ] dZ [ is t o 
a shortening, so that dl itself is negative. From 


^ = c sin (piTTvt 4* y) 

it follows that 

cos == 1 - = 1 - ^ 

thus 

dA = - mg(l - —Jdl-mg^dl^ -mg(l + ~)dZ. 


The one part, - mgdl, 
position of the weight mg. 


of this work dA is used to raise tlx€ 
The remainder, 

dA' = - mg^dl ... 


increases the energy E of the motion of the pendulum. This total 
B is twice as great as the mean kinetic energy : 

m (? 

Hence the change in the mean total energy is 

d^B = mg-^dl + mglcdc . . . 


By equating (4) and (6) we get 

- fcdZ = Idc. 
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Integrating, 

f log Z = — log c + const. 

Uc = const. . . . . . (7) 

From this it follows that when the pendulum is shortened adiabatically 
the angular amplitude c increases, as may easily be seen by performing 
the experiment, whilst at the same time the linear amplitude Ic decreases. 
Concerning the energy we conclude by comparing (5) and (7) that it in- 
creases when the pendulum is shortened adiabatically, as is evident from 
the work dA! performed ; it is inversely proportional to Jl, 

By squaring (7), and inserting the values of Ic^ from (5) and Jl from 
(1), we may write (7) in the form 

= const (8) 

V 

and on account of the equality of and in our special case this 
E 

entails that — is an adiabatic invariant, in accordance with the quan- 

y 

turn law of the harmonic oscillator E == nhv. Eqn. (8) is an illustration 
of the general law, the quantum of action (cf. Note 7, eqn. (5)) : 

T 

~ 2rM]cin === ~Eh/2, .... (9) 

0 

taken over a period is an adiabatic constant. 

The adiabatic invariance of the quantity (9) already played a part in 
the general investigation made by Boltzmann to base the second law of 
thermodynamics on statistical considerations. Its relation to the quantum 
theory is clear from the equation : 

2Ejfcwi = 2 J' pjcdcjjc . . (10) 

(cf. Note 4, eqn. (5)) which is valid for any arbitrary mechanical system. 
If we take this integral for a purely periodic system over the time T of a 
period, then we have on the right the sum of the phase integrals (cf. 
p. 198). From here we have a bridge to the more general class of con- 
ditionally periodic systems (Note 7, No. 2) : here each individual phase 
integral or each of the corresponding quantum numbers is an adiabatic 
invariant. By proving this theorem in Note 12, we show that from the 
point of view of the adiabatic hypothesis our general quantum hypothesis 
of page 200 is justified ; if, on the other hand, we adopt the opposite view 
of regarding this quantum hypothesis as an established fact, we prove the 
adiabatic hypothesis for the whole class of conditionally periodic systems. 
(In adiabatic transformations transitions through degenerate systems are 
excluded, as Bohr has shown and as will be proved in Note 12.) 
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We next use the adiabatic hypothesis to fill in ^ 

left in the preceding section, firstly in J; -, hv.lr.M^vii 

To deal at the outset with the simplest case we ‘ ^ 

atom in which the electronic orbits are circular map ^ :iml 

pendicular to the magnetic lines of force. Let « an w ^ 
angular velocity in the circular orbit when the fie ^ - ^ 

a + Aa, 10 + be the same quantities when the field I ' j ' 

imposed adiabatically. The flux of lines of f^ce 

Hira^. Since we regard it as a small quantity (of the oidei o ; ^ 

ments Aa, Aw, whose squares and products may be (u ) ■; 

to use in it the original a instead of a + Aa. By ianw ay s * 
induction, the flux of the lines of force gives the whole electro _ 
force that is excited by the increasing field in the “ circular ' 

radius a, that is the work performed on the current ‘ uiu y. ^ ui 
rotating electron, the charge of which is e in B.S.XJ., reproHcntH a ‘ 
which, measured in E.M.U., is of intensity evjc = c«./2« _(ct. p. --im). 
ThuSj by setting the work performed equal to the change of 
of the electron, we get 


Now 


Hiru^ . in = AW or = ABk,,, + AE;,„( 

2'7rc 2c 


aBk„ = «i{a2i.)Aa) + aufiAa) 

2 

= ^2^“ = OTOio^Aa 


In the last transformation the equation for the centrifugal force 


maw" 


(11) 


(IS) 


{i:)i 


By substituting (12) in (11) and dividing by we get 

i_ 5 

a 2m wc 


Aw ^ 2^^ 


(W) 


A second equation is obtained from the circumstance that duritsg th** 
adiabatic change of state the dynamical laws, here the equation of <nuitri- 
fugal force, are to remain valid throughout. 

In eqn. (13) we wrote down this equation only to a iirnt 
mation for the field zero. In general it is 


(a + Aaf 




m(a + Aa)(w + Aw)^ 
or, when multiplied by (a 4*‘ Aa)^, 

m(a + Aa)^(w + Aw)^ = 6^4- ^Ha^w 


( 16 ) 
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Trom this, by using (13) and dividing by we get 

Ao) ^ 3 A<^ __ e H 
<0 2 a 2m wc 

By comparing (16) and (14) we see at once that 
Aa = 0, Aw = = 0 

Hence, magnetio field is introduced adiabatically the radius a 

remains imohanged, the rate of rotation is changed hy the amount o of the 
Larmor precession (cf. eqn. (2) of p. 296), being increased or diminished ac- 
cording to the direction of the field. 

The same calculation may be carried out for a circular or elliptic 
path inclined to the lines of force, and the result is : as the magnetic 
field increases gradually, the size and the shape of the orbit remains 
preserved (corresponding to Aa = 0) ; but the rate of rotation becomes 
changed in that the angular velocity o about the axis of the lines of force 
becomes added. But this means : the orbit as a lohole performs a pro- 
cessional motion. 

The limitation to a gradually, that is infinitely slotvly, increasing field 
is absolutely necessary. The processional orbit arises from the original 
one with the fixed orbital plane only if we pay due attention to the 
necessary initial velocity of the electron in the direction of precession 
(perpendicular to the lines of force). If the field is introduced suddenly, 
the momentary velocity of the electron is not affected ; for a change of 
velocity to come about it is necessary that the electron traverse its orbit 
one or more times during the time that an appreciable change of the 
magnetic intensity of field takes place. 

So far we have been dealing with adiabatic mechanics. The quantum 
aspect of the adiabatic change comes into question only if we wish to 
allocate quantum numbers to the changed motion. In the case of 
the circular orbit that is simply placed perpendicular to the lines of 
force, this has to occur, by the adiabatic hypothesis, thus : let the initial 
circular orbit (a, w) be quantised, that is, let it be such that 

ma^,o = . . . . . (18) 

mtt 

Then the altered motion (a, o) + o) is also quantised, and corresponds 
also to the quantum number n. But this correspondence does not mean 
that now the formula 

+ o) = . . . . (19) 

" ZTT 

holds, which would contradict the preceding eqn. (18) ; but rather, (18) 
still remains valid. Whereas, however, the left side of (19) denotes the 
moment of momentum in the static system of reference, the left side of 
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(16) 

(17) 
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(18) represents the moment of momentum in the system of reference of 
which the precession is + o. Thus the latter, not the former, is quan- 
tised. This is extended still further then to the general case of elliptic 
motion. The ^recessional orbits in the magnetic field correspond to the same 
quantum numbers as the Keeler ellipses in the case when no magnetic field 
is present ; btit the phase integrals are not to be calculated with reference to 
the static, hut with reference to the processional co-ordinate system. 

This was, as a matter of fact, the method that we followed in the 
previous section (p. 298), and which is accordingly justified by the 
adiabatic hypothesis. The particular simplicity of the Zeeman effect 
now consists in the circumstance that in it the adiabatically altered orbits 
are identical in shape with the original orbits, ^nd differ from them only 
in their processional motion. 

We now give a second application of the adiabatic hypothesis. In 
the case of an electric field (Stark effect), we showed that the orbits of 
which the equatorial quantum number is zero are to be rejected, because, 
finally, they would approach infinitely near the nucleus. We follow 
Bohr in concluding from this that, in the case of the magnetic field 
(Zeeman effect), the orbits of which the equatorial quantum number is 
zero are inadmissible, although in this case there is no question of a 
collision with the nucleus. The orbits that were not allowable in the 
electric field were such as were shown in Fig. 79 ; they were situated in 
a fixed meridian plane through the electric lines of force. The orbits 
that are to be rejected in the magnetic field are Kepler ellipses, which 
lie in a meridian plane through the magnetic lines of force, and are 
rotated around these. 

To prove this, we imagine superimposed on the ixiitial electric field 
a magnetic field of force increasing adiabatically from zero, and with its 
lines of force having the same direction. All that then happens is that 
the orbits due to the Stark effect are made to execute a precession in 
which their shape and rate of rotation are preserved. As a matter of 
fact, we proved Larmor’s theorem on page 297 not only for a single 
nucleus, but for arbitrary centres of force, situated on the axis of revolu- 
tion. The homogeneous electric field parallel to the axis of revolution, 
therefore, also falls within the scope of Larmor’s theorem. We may 
now let the magnetic field increase to a desired amount, and afterwards 
allow the electric field to decrease adiabatically to zero. We thus trans- 
form in a perfectly continuous way the orbits of the Stark effect into 
the precessional orbits of the Zeeman effect. Here, quantised orbits 
remain quantised, allowable orbits remain allowable, and inadmissible 
ones remain inadmissible. Thus the equatorial quantum number zero is 
inadmissible in the Zeeman effect because it is inadmissible in the Stark 
effect. 

A final application of the adiabatic hypothesis concerns the shape and 
position of the orbits in the Stark effect for the limit when the electric 
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A becomes vanishingly small, LimT->0. We know (p. 284) that 
SBe orbits are Kepler ellipses, but that they differ from the Kepler 
Lapses in the case of no forces, or, better expressed, from those in the 
•gnetic field of vanishing field intensity Lim H 0. Our object is to 
>'\re the relationship between the two groups of Kepler ellipses ; we 
>reviate them thus Kp == 0, K^ = 0. 

The field F is to be in the direction of the a?-axis (cf. Fig. 79), The 
iential energy of the electron in the field is eFx, The total energy is 
a,nd is composed partly of kinetic energy, partly of potential energy 
bhte field of the nucleus and in the external field F ; it remains constant 
Ting the motion so long as the external field is kept constant. If 
altered by an amount 8F, the total energy alters by the amount 
==3 <3£rSF. Since the change 8F of the field is to take place infinitely 
wly, we may replace x by the time-mean x for one or more revolutions 
I write : 

m = exS¥. 

*We calculate 5 from- the time of revolution r by means of the 
mxila : 

T 

X = -^xdt (20) 

0 

If the field increases from 0 to F, the change of energy is ; 

F 

AW = Jsw JexSF ^ exF . . . (21) 

0 

In the last term of this equation we have taken x to be independent 
IF. In other words, we have neglected the change of x due to the 
r easing field, as it entails in the expression of AW only a term in F‘^, 
Qdl which we are not concerned. In particular, then, we may also 
oxilate X for the case F^ » 0 and accordingly take the integration in 
over the orbit curve Kp == o* 

On the other hand, we take AW from eqn. (1) of § 5. Here ~ W 
s d.eveloped in powers of F and the higher powers were neglected; 
LS AW is equal to the term in F. We accordingly get, if we equate 
s two expressions for AW : 

3/t^F 

em = - K - %)(% +«2 + Wa) 

* “ " + ”2 + ”3) ■ • (21) 

On the right-hand side we introduce the major axis of the ellipse out 
3 <^xx. (18) on page 236, namely: 


( 22 ) 
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In this, we have set E = e (hydrogen) and n + ^2 + 

responding with our present nomenclature of the quantum sum. The 
circumstance that a has the same value for our present ellipses o as 
for our earlier ones Kh - O) follows from the fact that we are comparing 
orbits having the same energy, and that, according to (19) on page 236, 
for orbits of equal energy a is the same. By substituting (22) in (21), 
we get 

3 


2 % + 72.2 4 - tig 


(23) 


So far we have calculated x from energy considerations. We now 
express it geometrically in terms of elements of the orbit. Eor this 
purpose we introduce into the orbital plane of the ellipse rectangular 
co-ordinates x\ y' whose origin is at the nucleus and whose ^r'-axis lies 
along the major axis. We form x' and y along the lines of eqn. (20). 
By symmetry y' = 0. If ^ and 77 are the inclinations of the x'- and the 
2 /'-axis to the ic-axis we get 


X = cos 0 .x' + cos rj .y' == cos 0.x' . 


(24) 


By the law of sectorial areas, p — (where r and (p are polar co- 
ordinates in the x'- 2 /'-plane, so that a?' =» r cos <j>)f we have 


dt = ^r^d6 
P 


and hence 


= ^dt = ~ T . x' = ^x'dt = ~ 

0 ■^0 0 0 


27r 

[r^ cos </) dcl> 


(25) 


(26) 


If we write the equation to the ellipse in the form (cf. p. 235, eqn. (11)) 


= A(1 + € cos <f>)f A 


then, by (26), 


27rm ^ 

T = — J, 


The integrals here denoted by J and J' have the significance : 


0.(1 - €‘^) 
27rm J, 


(27) 

(28) 


= if 


d<j> 


2Tr 


27r J (1 + € cos 0 )^’ 


J' 


^ f cos 4> d<f> 


27 r J (1 + « COS <)())* 


J is worked out in Note 6 under ( 6 ) ; J' follows from it by differentiation 
1 ,, 1 dJ 3 £ 

(1 _ £ 8 ) 3 / 2 - ** - 2 de “ 2 (1 - £ 2 ) 6/2 ■ 


J = 


(29) 



§ 7. The Adiabatic Hypothesis 313 

il.'iK,,, by (28) and (27) 

- J' 3 £ 3 

~ AJ ~ 2A nr? = 2®" • ■ • • (30) 

uiul by ( 24 ) and ( 23 ) 


ccos^ = 

+ ^2 + ^3 


(31) 


1 i hiu-ras in tJve case of the Kepler ellipse Kg = o (cf. eqn. (14) on p. 235), 
It ((u^iitr'ioity c was fixed by thequantum numhersalone (there theywere 
Jt. and n ). fJiere enters into the expression c for the Kepler ellipse Kp = o the 
mrn. qiMntised angle 0. Ihe limiting cases Kh = o and Kp = o thus actually 

iiijferjnmz one another. 

c^qn. (23), deduced from adiabatic considerations, allows us to 
Umn ih conclusion not only about the shape but also about the position 
ot the orbits. For we read out of (23) that : if n^ > n^, then x must > 0, 
t ifii is, tJt^G electron %n traversing its orbit remains longer on the front side 
of iht nucleus than on the rear side ; if n^ < n^, then x < 0, and the orbit 
ottii ei .sell/ 'IS longer on the rear side than on the front side of the nucleus. 
Ilcifi the front side denotes that which faces in the direction of the lines 
ot forcM^ (a:; > 0). 

As is clear from formula (4) on page 286 for the displacement of the 
liiiiis in the Stark effect, the sign of Av is the same as that of - k^). The 
lincs-displiijeement due to the initial orbit always exceeds considerably 
that duo to the final orbit. Thus k-^'^ k^ produces a positive Av, that is, 
a coinponcrit on the short-wave side of the original line, whereas ki <ik^ 
produoas negative Av, a long- wave component. Combining this with 
the prcooding result, we may say: the short-wave {long-wave) components 
bi Ihs HtraTTc effect are due to transiPions in which the initial orbits lie more 
on the fnmt side (rear side, respectively) of the nucleus. 

This remark is useful for interpreting * certain differences of intensity 
iMilwacn the long- and short-wave components, + which have been ob- 
st^rved in rapid canal rays of hydrogen. 

Tho. aixtlior owes the latter arguments about the Stark effect to Mr. 
W . Pan U . They show how extraordinarily easily the adiabatic hypothesis 

allows ns to solve problems which otherwise could be treated only by 
>n 1 1 ) I i (ax t*ed calculations . 

(*f. N. r^olir, Pliil. Mag., 30, 405 (1915) ; A. Sommerfeld, Jahrbuch f. Bad. und 
Klokfr., 17, 417 (L921); A. Rubinowioz, Mtschr, f. Phys., 5, 331 (1921). 

f 4. St-arlc, Eloktr. Spektralanalyso, § 14 and § 33; H. Lunelund, Ann. d. Pbys., 
6, ftl7 (1914). 
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SERIES SPECTRA IN GENERAL 

§ 1. Empirical Data of the Scheme of Series 

A S a result of extensive researches, spectroscopists hiiiVi' 

at 'a number of physical points of view which onahla tliinii to 
arrange the lines into distinct series. These points ni viinv 
are based on the structure and multiplicity of the linos, thi^ with 

which they are produced, their blurredness or sharpness, thair htdiiivimir 
in the Zeeman effect, and so forth. There thus arose as the iinal ctriti^riii 
as to whether lines belonged to a certain series the possibility of 
ingin a formula their regular sequence. For the sake of brisvity, we 
shall begin here by describing the series in formuhe ; th«:S hicliviilniil 
phenomena may then be conveniently derived from this deBcription* 

We must preface our remarks by saying that the existence of Merit:* 
cannot be proved for all elements (for further details, see § 6). Tlii^ Mieifsii 
character predominates only in the first three columns of thi^ 
system. In the fourth, fifth, and six columns, series relationBhi}M liiivt* 
been discovered only exceptionally (for example, in the casa of O, B, 
Mn). Towards the end of the periodic system, in the sixih, 
and eighth columns, the number of lines indreases enormoiiHly (of, flu* 
Fe-lmes, and, indeed, those of all triad elements), to such an axtaiii tliai 
hitherto it has been impossible to order the lines and combitia tltam iiita 
series. Throughout, corresponding elements, that is, thosi^ thiri iiir in 
one vertical column in the periodic system, exhibit an tip.^ 

haviour spectroscopically, in that they all have the series cshiinittb^r, or 
are all devoid of it. This^ agrees with the view already axpn^n-ml in 
Chapter II, § 7, that the visible spectra arise at the periphery of lln* iilafti, 
and hence behave similarly as regards structure if the periphnriU Hit iiHum 
IS the same. 

Each series is calculated, like Balmer’s, as the diffori'nc.o of Iwo 
terms, a constant first term and a variable second term. Wf^ ttiill l!ii* 
latter the current term.^ Just as^in Balmer’s case, the term in ti ftiimHoit 
an integer m, and of certain parameters ' that charactorint^ fJio iiltiim 

We next give the usual nomenclature of the current term of rrimiv 

pal Series, and of the First and Second Subsidiary Series. 
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The Principal Series (Hauptserie) is characterised by the letter p ; its 
current term is written thus : 

H.S. . . . mp. 

The integer m is called the current number ; it distinguishes the indi- ’ 
vidual successive members of the series from each other. The symbol 
p hints at the special atomic constants that are of account for this term. 

The First Subsidiary Series (I Nehenserie) is also called the Diffuse 
Subsidiary Series owing to the blurred appearance of its lines ; it is 
characterised by the letter d. The current term of the First Subsidiary 
Series is written thus : 

I N.S. . . . md. 

The Second Subsidiary Series (II Nebenserie) consists, as a rule, of 
sharp lines, and is also called the Sharp Subsidiary Series. Hence the 
letter s is used to denote its current term : 

II N.S. . . . ms. 

To these three series types that have been known for some consider- 
able time there became added later, when the infra-red part of the spec- 
trum first became accessible to analysis, the so-called Ber^mann Series 
(called briefly, B.S.). We shall denote it by the letter* b, and shall 
write its current term : 

B.S. . . . mb. 

A survey of the totality of these series terms is given by the scheme 
Is 2s 3s 4s 5s 6s . . . 

2p Sp 4p '5p 6j) . . . 

3d M 6d 6d ' 
ib 5b 6b . . . 

* 5x 6x . . . 

6y ... 

It expresses that the current number m in the s-term may take all 
integral values from 1 to a>, in the p-term all values from 2 to oo, and 
so forth. Further, it indicates in the bottom terms that still h|gher 
terms follow the 6-term, in which m has values beginning from 5, 6, etc. ; 
for the first of such terms we have proposed the symbol mx and my, etc. 

Next, concerning the constant term of our various series, this coincides 

* The use of the symbol Ap instead of 5 is due to Rit55 : it was chosen on the as- 
sumption, which has since not been confirmed, that there is a numerical relationship 
between the series constants of the B.S. and the H.S. The name “ fundamental 
Series ” (in place of Bergmann Series), which is usual in English and American litera- 
ture where it is characterised by mf instead of mh, is founded on the “ hydrogen-like ” 
character of the Bergmann Series. We shall see on p. 317 that this is not a decisive 
characteristic of the B.S. If we wish to call a series term “ fundamental,” it should 
he the term I.S., which is, indeed, least hydrogen-like,” but is asBooiated with the 
“ fundamental orbit ” of the atom (of. the end of this section). 
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in the Principal Series with the term of the Second Subsidiary Series for 
m = 1 ; the constant term in the two subsidiary series is the term of 
Principal Series for which m = 2 ; the constant term of the iitjrgitimiii 
Series is the term of the First Subsidiary Series for m — 3. We tliim 
have, so far as the constant term is concerned : 

H.S. , . . . Is 

I KS 

II N.S 2^; 

B.S U 

The final mode of representing the series thus becomes in our four* 
cases : 

H.S. . . 1/ = l5 “ m'p . . m == 2, 3, 4 • » *1 

I N.S. . . V 2p - md . . m == 3, 4, 5 . . . ! ^ ^ 

II N.S. . . v = 2p - ms . . w - 2, 3, 4 . * J ^ 

B.S. . . V — dd - mb . . m 4, 5, (> . . ./ 

We next define how a single series term is rejrroSBntcHl c|Ujfctifci*‘ 
tatively. As an abbreviative symbol we write (m, k) and (w-, k, h) 
respectively, and follow Eydberg or Eitz, according to thi^ di^groi^ of 
accuracy required, by writing : 


E is the universal Eydberg-Eitz constant, which derivoB it« riiiirii? 
from this mode of representation in terms; k as well as k denoti^ ilii^ 
empirical parameters above indicated by s, p, d, which are oharJU 5 t«iriHii«i 
of the element in question and of the series of that element undiu’ cuin- 
sideration. For ^ = 0, or ^ = /c = 0, respectively, both exproBsioiiB for 
the terms pass over into the form that we know well from hydrogoti : 

(m, 0) = ^ (Balmer) ..... (Sii) 

In Eitz's form the term is represented not explicitly, but irnplksifcly, in 
that the term also occurs in. the denominator of the expression, tlicuigli 
only as a small correction involving also k. 

For k we must substitute in formulae (2) the letter k in this fcoruifi of 
the II N.S., and the letters p, d, h for those of the H.S*, the I N.H., mid 
the B.S., respectively. Correspondingly, we write for the Eitss midVimmi 
K in these four term types the letters <r, tt, 8, jS. It is noteworthy that ihn 
series constants s,p, d, h decrease in the case of every element in lh*» 
order written (of. in this connexion § 6, Table 43), likewiscs the UUm 
constants v, tt, 8, We may also express this in the folio wing way. Iti 


(m, k) = 

(m, kj k) — 


{m + ky-^ 

E 

[m -f ^ + K (m, k, k)]‘^ 


. Bydlasi*! 
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the scheme of series terms ms, mj ?, mdjmbj ... on page 316, the resem- 
blance with hydrogen increases steadily as we proceed downwards. The 
d-terms are more hydrogen-like than the _p-terms. The Bergmann 
terms are already to a marked extent hydrogen-like (cf. the note on 
p. 315) ; to a still higher degree are the x- and the ^-terms hydrogen- 
like, as also the succeeding terms that have not been written down. 
According to eqn. (2a), the hydrogen character is fully attained when 
yfc = /c = 0. 

In the foregoing remarks, we have departed from spectroscopic usage 
in that we have also written down the current number of the s-term as 
whole numbers. Usually they are set, not equal to ms, but to 

(m + s) = l'5s, 2*5s, 3*5s, etc. 


The reason for this is that in the case of the alkalies (and only in their 
case) the excess of the denominator of the term above the whole number 
m seems to approach the value -I so much the more, the smaller the 
atomic weight. For example, in the case of Na this excess is O' 65, for 
Li it is 0'59. Whether the subtraction of the amount is justified by 
theory is as yet undecided. We shall return to this point in the sequel 
(of. § 2, Note to p. 329, and § 6 in the remarks connected with Table 63). 
In our description we shall also use the integral nomenclature ms for the 
s-term, that is, we shall suppose the amount taken up in the series 
parameter s. In using the halves the eqn. (1) for the H.S. and the 
II N.S. would have to be altered as follows : 


H.S. ■ . . y = 1*5 s - mp . 

II N.S. . . V == - (m + s) 


. m = i2, 3, 4 . 
. m =5 2, 3, 4 . 



It is just this method of transcription that earlier seemed to justify 
the name “H.S. and II N.S. of hydrogen” for the He">‘-series (of Fowler 
and Pickering, cf. p. 207). If, namely, for the purpose of representing 
them we insert the special value s = jp = 0 in the general definition (2) 
of the series term, then there arise from eqns. (3) exactly the eqns. (6) 
and (7) on page 207. But, on the other hand, as the series became 
reduced to the integral Balmer form, the eqns. (6a) and (7a) on page 208, 
the use of the halves has in general lost ground. 

It must not be imagined that the combination of the lines into series 
and their resolution into two terms is a mere trifle. Bather it demands 
special experience and ingenuity. First of all, the lines of the various 
series are all mixed together and must be separated out in accordance 
with the criteria indicated at the beginning of this section. There are 
usually only a moderate number of lines of a single series present, as the 
higher members of the series, on account of their feeble intensity, are 
less accurate than the more intense lower members. To derive the 
series limit and hence the constant first term of the series by extrapolation, 
the analytical expression for the current term, for example in the Bitz 
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form, must be used as a basis. The series limit is then obtairir-^^^> 
as the indeterminate parameters that occur in the series law *‘J' 

denoted in (2) by Ic, k), by a graphical or arithmetical process o 
mation.* It almost always appears that the first member (or xm in 
of the series is not given with sufficient accuracy. From this 
conclude that not only Eydberg’s but also Eitz s form represc^i i s on^ } an 
approximation to the strict series law and are true only for t 
values of m. We shall see in the next section how the hrW 
supplemented from the theoretical point of view, so as to bo o ^ HtH ict 
for smaller values of m. The task of calculating the serio^^ ii cxuncB 
much easier if other series or series limits of the same are 

already known. On account of the relationships of corrilriiiatioii 
(explained in the sequel) between the different series, we always 

to strike a balance between the calculations of several sericiiB. It is 
unnecessary to emphasise that the wave-lengths measured 
reduced to measurements “ in vacuo ” and referred to norixialBj, fttnl that 
finally the wave-numbers must be expressed in international tut its., 

In the representation (1) the following laws are contained, winch liis- 
torically preceded the description by terms and gave rise to it 

1. The series limits of the first and second suhsidictry S07*i(f^s ctHMids, 

For, by (1), both occur at the wave-number v » 2y). The liiTiit of the 
Bergmann series occurs at the wave-number v = Sd, As these 

limits in most cases cannot be observed, but can only be calotilakid by 
extrapolation. 

2. The series limit of the principal series has the wave-numl ier r « 

The difference between the wave-numhers of these seines limits tiful of tfm 
common limit of the first and second subsidiary series is equal to ihs warn* 
number of the first member of the principal series (Rydberg-schmstw rale) ; 
the second subsidiary series, too, if we extrapolate its expressioti in Hcirit'S 
for m = 1, leads to the same wave-number with the sign reverBtHL 

So far we have tacitly spoken of series of simple Une$, But fra* 
quently the series lines consist of several components; they ihiHH doll IMs 
or triplets, and in this respect, too, the elements that occur iru ilic wuue 
column of the periodic system behave alike. This multijilicity <if lincH in 
due in the first place to the term of the principal series, Oit the 
hand the term of the second subsidiary series is always AIho 

the term of the diffuse series has the same complexity as the ienun of the 
principal series, namely double or treble according as the tei*in of thi 
principal series consists of doublets or triplets (cf. § 5). But the «epamiiou 
of the components in the d-term is much smaller than in thtj l;4ciritt. 
For the general orientation of the series scheme with whiohi wi) are for 
the present concerned, the multiplicity of the <i-term and still inor«’ that 
of the 5-term need not be taken into account. We indicate tht*. uiulti- 

*This process that has mainly been worked out by Paschen and Ills C5<i-worki,im Is 
described by E. Pues in his Mtinchener Dissertation: Ann. d. I^hys., 63, 1 (11)20)* 
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plicity of the term of the principal series by considering rtvp in (1) 
replaced by : 

1, 2 doublet series 
= 1, 2, 3 triplet series. 


If we fix our attention on the lines with the same index i we speak of a 
Partial Series. For the partial series contained in a doublet or a triplet 
series the following laws, which have, been particularly useful in distin- 
guishing principal and subsidiary series, hold : — 

3. For the first and the second subsidiary series the law of constant 
differences of frequency {difference of wave-number) hold. That is : the 
doublet or triplet differences in the I and II N.S. have a difference Av 
(measured in wave-numbers), which is independent of the member 
number m of the lines and is identical in the I and II subsidiary series. 
Moreover, it coincides with the wave-number difference in the first 
member of the principal series This follows immediately from the 
fact that the multiplicity of the subsidiary series is due to the constant 
term 2j?,:. In g 5 we shall illustrate in the case of Li that this law is, on 
account of the additional multiplicity of the ^-term, only a law of approxi- 
mation in I N.S. 

4. The wave-number differences of the principal series decrease to zero as 

the member number increases. The reason for this is that in this case the 
multiplicity is conditioned by the variable term, whereas the constant 
term is, strictly speaking, simple. For example, in a doublet series the 
difference in frequency of corresponding members of the two partial 
series Av "" difference, according to (2), becomes 

smaller and smaller as m increases : 


Av = 


B 


E 


2R(J>1 - 


m + 


Pi + 


(m + (m + 


{m + + pj)'* 

- Pa) 

— (m + p)^ 


(4) 


where, in the denominator of the last expression, p is a mean value 
between Pi andp 2 - 

From (3) and (4) it follows, in particular, for series limits that : 

5. The partial series of a principal series approach j as the number of 
the member increases, one and the same series limit. The partial series of 
one and the same subsidiary series have series limits that differ from each 
other by the constant wave-number difference of the partial series in 
question ; but corresponding partial series of the first and second subsidiary 
series approach the same series limit as m increases. . 

A further difference between principal series and subsidiary series 
follows from the intensity of the lines in the doublet and the triplet series. 

W e next consider the example of the D-lines, the first member of the 
principal series of the Na-spectrum already considered in Fig. 64; as is 
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well known, they form a doublet. The wave-length ditference of the 
lines Dj and Dg amounts fairly accurately to gA. Dg is of shorter wave- 
length and more intense (twice as intense) as This is to be interpreted 
in the sense that the number of Na-atoms that emit is greater than 
(twice as great as) the number of Na-atoms that emit ; cf. also S 5, 
eqn. (5), In Fig. 82 we show schematically, besides the lines also 

the next member of the principal series, in which the doublet interval is 
already markedly smaller, as also one of the succeeding members, in 
which the doublet no longer appears resolved. On the other hand, the 
type of the two subsidiary series is indicated in Fig. 82. By Law 3 their 
constant wave-number difference is equal to that in the first member of 
the principal series. The distances of the series members from one 
another, with which we are not at present concerned, have here (just as in 
the case of the principal series) been chosen arbitrarily in the scale of 
the vs. What are of essential interest to us at present are the conditions 
of intensity. In the subsidiary series the more intense component of the 
doublet is on the opposite side to that in the principal series. The reason 


Di D, 


H.S 


Land II.N.S 

riG. 82 . 


V 


for this we see without difaculty by looting at the formuki (1) is that 
occurs in the expression for the principal series with the reverse sign 
to that of 2p£ in the expressions for the subsidiary series. We generalise 
this for arbitrary doublet and triplet series and enunciate our last propo- 
sition as follows : — ' ^ 

6. The order of sequence of the intensities in the doublets and triplets of 
a principal series is the reverse of that in the corresponding doublets and 
triplets of a subsidiary series. 

For the rest, we have already in Chapter III, g 5. established the same 
fact with reference to the Eontgen spectra for the intensities of Ka, Ka' 
and la as well as for those of La, La' and Ma, M/f. What was 
here called, in connexion with series representation, reversal of sim 
appeared there, more vividly, as interchange of initial and final path' in 
the one or the other pair of lines. Of course this interpretation may be 
taken over from Eontgen spectra and applied to the visible spectra. ^ 

preceding theorems we shall 
i-v, -fi + wi. ^ Lne-spectra of potassium with one another ; in 
the first row is the principal series, in the middle is the second subsidiary 
series and in the bottom is the first subsidiary series. The lines have 

of frequencies qnantitatm but 

we have magnified the doublet intervals ten times to make them per- 
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ceptible ; the weaker doublet lines have throughout been drawn as dotted 
lines. 

We see from the figure that the limits of the first and the subsidiary 
series coincide (Theorem 1), both the continuous and the dotted limits 
(Theorem 5). The limit of the principal series, diminished by the 
common limit of the first and second subsidiary series, gives the frequency 
of the first member of the principal series (Theorem 2, the Eydberg- 
Schuster Law ; it is indicated for the continuous and dotted partial series 
by the continuous and dotted arrow). The doublet intervals are equal 
and constant in the two subsidiary series (Theorem 3) ; in the principal 
series they decrease rapidly towards the violet (Theorem 4.) That is 
why the limit of the principal series is simple, and that of the subsidiary 
series is double (Theorem 5). The order of sequence of the intensities 
of the doublet lines in the principal series is the reverse of that in the 
subsidiary series (Theorem 6). 



The spectra of the alkalies being easy to grasp first led to the arrange- 
ment of spectral lines into series and to the discovery of the relationships 
embodied in them. In the elements of the second and third column 
the character is much more manifold ; here there are series types of 
simple lines, series types of doublets and triplets which in their turn 
again resolve into principal series, subsidiary series and Bergmann series. 
For a time it was therefore conjectured that the complete series scheme 
must consist of doublet, triplet, and simple lines. But this conjecture 
only helped to obscure the true state of affairs. For, as we shall see in 
§ 6, the doublet series correspond to a state of ionisation of the atom other 
than that to which the simple series and the triplet series correspond, 
which belong together. Doublet series never occur in the same atom (in 
the same atomic state) in conjunction with triplet and simple series. In 
the last columns of the periodic system the number of lines and their 
character defies analysis, as we said above. 

Besides the four series hitherto mentioned there are in the case of all 
elements numerous other combination lines and combination series. For 
example, we may combine the term Is instead of 2.9 with the j:>-terms, or 
21 
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3,5 instead of 2p with the <f-terms. In this way we arrive at a Becond 
representative of the H.S. or of the I N.S. type, which may be represented 
by formulae analogous to (1) : 

( 6 ) 


H.S. . 
I N.S. . 


V =z 2s — 'inp 
y = Sp ~ md 


m 

m 


3, 4, 5 ... I 

4, 5, 6 . . . / 


The following combination series are also often represented . 


y =: Sd — mp 
y == 4cb - md 


m = 4, 5, 6 . 

7 . 


Eitz’s Principle of Combination (p. 205) would even lead tis to i^xpect 
that we may combine every term ms, Tnp, 'nib, ond with every other. But 
we shall see in the next paragraph that under normal conditions this 
principle is subject to selective limitations. We are already familiar from 
earlier remarks (p. 187) with the fact that it is the tCTffis ciiid not tlui lifus 
combined from them that constitute the true aim of spectroscopy. 

Helium (neutral helium, not He"^), the element which iinmculiatiily 
succeeds hydrogen, already shows a very complicated serias schcnno that 
is in many ways very remarkable. It possesses two ditforent seriBS tirrrns 
that do not combine with one another. We follow Bohr in calling the 
one ortkohelium ; to it belongs, for example, the intense yellow lie-line, 
the Praunhofer line Dg for which X = 5876, v = 2p - M, Wa call the 
other series system parhelium ; it was originally ascribed to an elemaiife 
possibly different from helium. The series of orthohelium consifti of 
very narrow double lines, the lines of parhelium are strictly Birnple. 

We make use of the following “ scheme of levels ” (“ Nimamchsfrm'*), 
Starting from the “energy-level zero'’ denoted by co (an electron atari 
infinite distance from the atom) we plot the numerical value of Cfach 
series term downwa/i'ds and draw a step that is to visualiBo the term. 
Since the terms are proportional to the energy of the atom in the oorro- 
sponding states of motion, each step denotes a possible energy-level of the 
atom — quite analogously to the earlier figures for the Eontgen region. 
We distinguish the steps as s-, p-, d-leyels, drawn on the left for parhelium 
and on the left for orthohelium. It is found convenient to denote the 
levels of parhelium by capitals (S, P, D), those of orthohelium by 8riiii!l 
letters (s, p, d). This method of distinction agrees with the oiwiom, 
introduced by Paschen, of characterising simple series with (Uipitals, 
multiple series with small letters, wherever this is practicable. The two 
dense lines of separation in the middle of the figure indicate that diriiot 
transitions from the orthohelium levels to the parhelium hwols arr, not 
admissible. We have omitted the series of &-terms and higher tmuns, as 
also the “doubleness” of the steps of orthohelium as, in any oase, on 
account of their closeness, they cannot be made clear in the scaln of the 
figure. The S-steps are numbered 1 to oo, the P-steps from 2 to the 
D-steps from 3 to co. The step is present only once, namely, in the case 
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of parhelium ; all other steps are present both in the case of parhelinm as 
in that of orthohelium. The step Is in the case of parhelium, and 2s in 
that of orthohelium are drawn more densely to indicate their stability, or 
meta-stability respectively (cf. g 3). The meaning of the upward drawn 
arrows in the scheme of levels will not be explained till we get to § 3. 

The arrows drawn downwards, being the difference of two terms, 
1 epresent the emission lines of ortho- and parhelium. Let us consider 
first the I and II N.S. Their arrows end at the level 2^ or 2P, re- 
spectively, and begin at the level md^ ms or mD, mS, respectively. To 
be able to draw these arrows, the level 2p (2P) has been extended 
by a dotted line in both directions. But the extension does not extend 
beyond the central partition lines between ortho- and parhelium, since, 
as we said, the levels of the two heliums never combine with one another. 

Parhelium Orthohelium 



The length of the arrows increases as the member number increases in 
the series and finally approaches the limit, which is common to the I 
and II N.S., but diffirent for ortho- and parhelium, and which is repre- 
sented in the right and left half of the figure by the arrow co -> and 
00 2P respectively. 

Passing on to the H.8. (Principal Series) we distinguish between the 
H.S. with the symbol IS - wP (cf. eqn. (1)) and those with the symbol 
2S - mP and 2s - mp (cf. eqn. (5)). The H.S. with the symbol IS -mP 
lies in the extreme ultra-violet and is denoted in the left side of the figure 
by dotted arrows. The lines 

X = 569, 

X- 523, 

are among these arrows. 


V - IS 2P 
«« IS - 3P 
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On the left of these there is drawn also the line 
X = 585, V = IS - 2S 

we shall see in § 3 how these lines that lie far beyond the visible region 
may be measured. 

There is a wide chasm between the levels 2S and IS which is 
indicated in the figure by an interruption in the arrows. The distance 
(IS, 2S) is almost five times as great as the distance (2S, oo), so that it 
could not be represented accurately to scale in the figure. Since the 
level Is is missing in orthohelium, there is in its case no H.S. with the 
symbol Is - mp. The main series with the symbol 2s - mp, 2S - mP 
are represented in both ortho- and parhelium. The majority of their 
lines lie in the visible region ; only the first line of both series is in the 
infra-red, as is indicated by the shortness of the corresponding arrow. 
Their wave-lengths are : 

k = 10830A^1/a, 1 / — 2 s -- 2p (orthohelium), 

X = 20582A:^2/a, V = 2S ~ 2P (parhelium). 

The first, being the “resonance line*’ of helium (cf. § 3), is particularly 
interesting. 

The levels with the same numerical coefficients, for example 2s, 2p, 
or 3s, Sjo, 3d, have been joined together in the two halves of the figure to a 
continuous step-like line. As there is no level 2d or 2D, the first of these 
step-lines breaks off at 2p (2P), the second at 3d (3D); to the step-line 
4s, 4p, 4d there would become added, if we had included the Bergmann 
series, the level 46. The levels that have in this way been grouped 
together by means of the common current number m are actually uniform 
and correspond to one and the same Balmer term E/w‘^. It was partly 
to preserve these classifications or co-ordination that we departed some- 
what in the foregoing from the usual nomenclature. The parhelium 
terms that are usually called 1*58, 2*5S, 3*5S (cf. eqn. (3)) we have called 
2S, 3S, 4S. Our ground-level IS, which is inaccessible to ordinary 
spectroscopy, would be called 0*5S in the terminology which uses halves. 
Our figure may be regarded as a particular piece of evidence showing 
that the nomenclature of halves in the system of series is less well 
adapted than our nomenclature of whole numbers for the B- and s-terms. 

Hitherto we have spoken only of emission lines. They result after 
previous excitation, that is, after the atom has been raised out of its 
naturally most stable state to one that is less stable (cf. p. 215), from 
which it in turn strives to escape into one that is again more stable. 
We call the most stable state of motion of the atom its natural orbit 
(ground orbit, German Grundhahn). The ground orbit thus corresponds 
to the least energy (algebraically), or what is the same, the highest term. 
In the case of neutral helium it is represented by the level IS (or 0’5S 
in the ordinary nomenclature). 
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they arise in cold 

1,’n. I ’ '^^^respond to the unexcited natural state of the atom The 
' ■ I'^vel of the absorption lines is therefore the “ natural orbit ” of the 

■ In our diagram the absorption lines would have to be represented 

7.,271T'' natural or ground level and are directed 

limire 'i”r’- H.S. type Is - mF, dotted in the 

#-. lit inverted, therefore represent the absorption lines of cold He-o-as 
.i,ni piussiiiriably (of. § 3) the only absorption lines. The fact that they 

extreme ultra-violet explains why He-gas is quite transparent 
in Idle vmible region. 

(dearly the position of the absorption spectrum is of fundamental 
nnj.ortjuioe for the knowledge of the series scheme. It makes us 
iir,|U!t.int(.a -with the natural or ground orbit of the atom ; it tells us that 
m the oHBci of He the lowest level accessible to spectroscopy (here 2s) 
cannot be the true natural or ground orbit. 


§ t. Quan-ttim Theory of the Series Scheme. The Principle of Selection 

for the Azimuthal Quantum 

The distinctive property of the hydrogen atom is, spectroscopically, 
that it exhibits onlypwo series spectrum, namely Balmer’s. The division 
into principal series and subsidiary series was here shown to be to no 
jnirpoHo. "We saw the reason of this in the preceding chapter : the most 
gonoral orbit of the hydrogen electron, the Kepler ellipse, when properly 
cinantiHod leads to the same energy and the same spectral lines as the 
Hfifoial circular orbits : the individual series term depends only on the 
stum of the aisimuthal and radial quantum numbers n + and not on 
these numbers separately. ■ The same holds for the atoms He+ and Li++ 
which Usi’O of the hydrogen type. 

^rhn cane ,is different for atoms that are not of the hydrogen type ; that 
iH even for iientral He and Li. Here the pure Coloumb field vath the 
iiiicslf*ar charge Zjb no longer reigns. We distinguish between an ex- 
ti^rtial ** initial electron (Atifelektron) which is thrown by some agency 
of or electric origin out of its stable position into an orbit further 

rtniu>vn<l from the nucleus, and the Z — 1 inner electrons which essen- 
tially chmoribe their normal orbits ('"essentially” means except for per- 
ttirbaiicim that arise from the respective position of the initial electron). 
This ext<^i*tial initial electron moves in the field of the nucleus, which is 
Hcro4*ni*d oft by the inner electrons. This field is still, indeed, asymp- 
iiifcioally a Coulomb fkdd : for sufficiently great distances the nuclear 
charge 4- and the Z — 1 electrons near the nucleus act conjointly like 
a simplo point charge -{- $; but for moderate distances the individual dis- 
trilmiiori of the electrons near the nucleus enters as a factor. It produces 
a supphnnentary field that differs from the Coulomb field. The orbits of 
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the external electron are therefore no longer Kepler ellipses. Neverthe- 
less they are more or less related to the latter, being the more related the 
further the orbit is removed from the nucleus. 

We imagine the supplementary field idealised into a yure central field, 
that is, we write its potential energy as a pure function of the distance r 
between the nucleus and the external electron. The orbit of the latter 
then becomes plane. In the plane of this orbital curve we measure an 
azimuth i//. To the co-ordinates r and ij/ there then correspond two quan- 
tum numbers n and n', which have a meaning similar to that in the case 
of hydrogen,* and which are likewise to be called the azimuthal and the 
radial quantum mmber. 

The energy W of the orbit depends on n and n', not only, however, 
on the combination n -}- n\ but also on a more general function of n and 
n'. There is one important property of this function that we may pre- 
dict from the outset. For great values of the azimuthal quantum number 
n — great values of n denote great areal constants and hence also great 
average distances from the nucleus — it will resolve into the correspond- 
ing Balmer function. The same holds for the term ~ -- which is pro- 
portional to the energy ; herein the energy of the initial orbit corre- 
sponds to the current term of the series (p. 314), the energy of the final 
orbit W« of the constant term. If, for the present, we write the series 
term of any arbitrary term in the form 

n') • (1) 

we thus know that we shall have 

Lim<^(w,w') = — ttm • ■ • • (2) 

» = oo ’ {n + n'f ^ ' 

As an abbreviated representation of the line-spectra which are not of the 
hydrogen type we get in this nomenclature : 

V = cl>{n, n') - k') .... (3) 

The parameters that occur in the function </> are to be determined from 
the constitution of the atomic field, that is, from the number and dis- 
position of the inner electrons of the atoms. 

Our generalised series formula (3) immediately, in the case of ele- 
ments not of the H type, leads to the dissociation of the Balmer series 
into a system of series. For if in (3) we keep fixed, besides the quantum 
numbers n and n' of the final orbit, also one quantum number of the 
initial orbit, namely k^ but vary the other one, k' ^ then there results for 
each definite value of fc a definite series; in this way, for various /c’s, a 
system of series arises. 

* In the appendix to § 7 of this chapter we shall give further details of the azimuthal 
quantum number n in the model, and its relation to the total moment of momentum 
of the atom. 
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A more detailed investigation which is given in Note 13 has led the 
author to the following varyingly approximate expressions for the 
function (^{n, n ') : — 

{a) As a first approximation the atomic field may be regarded as a 
Coulomb field (see above). Its potential energy with respect to the outer 
electron is : 


B, 


^'pot 


r * 


Corresponding to this, we have as for hydrogen, 


<^(n, n') = 


E 

{n + 7b f 


(4a) 


{h) For a second degree of approximation, let the potential energy of 
the atomic field be represented by : 

The corresponding value of <56 is : 

<l>{n, n') = V- - - ? j . . . . . (ib) 

{n + n + h,,y ^ ^ 


The quantity here introduced depends, on the one hand, on the con- 
stant of the atomic field, and, on the other hand, on the azimuthal 
quantum number n, but it is independent of the radial quantum number 
n'. As n increases, vanishes in accordance with equation (2) (and, 
indeed, on the particular assumptions of the calculation to be given 
later, it tends to zero with 7 ^“^). 

(c) As a third approximation the potential energy of the atomic field 
is expressed with the help of two constants and as : 



7 ^ r / 


The calculated value of <jf) then comes out as 

E 


<^(w, n') == 


(4c) 


[n n' + q- n'y 

The same as was just said of \ is true of depends, besides on the 

constants of the atomic field, only on 71 and not on n\ and it vanishes 
for n ==> CD. 

We then get for our series term, if we denote the whole number 
n + n' by w, omitting the index 71 in Jc^ and to a first, second, and 
third degree of approximation : 

{m, 0 ) = 


{m, h) 
(ni, h, k) 


E 


{m + k)^ 

^ B 

[m + k + K{m, k, 


. (5a) 
■ (5b) 
• (5c) 
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But these are the same forms of the series terms, as those we eniitnaraletl 
in our note on the empirical laws of series in the preceding paragraph as 
the first, second, and third degree of development, namely, as th(% Iliilnicir, 
Eydberg, and Ritz forms of the series term. It is highly T(mui>rkabk amd 
satisfactory that these three types of spectral formnlcs, which hart han 
evolved slowly and laboriously^ at widely distant times, from the doM of 
observation, arise naturally and simultaneously out of our (KtMmkdton. 

The theory also indicates in what direction we may ex|)ca5t. a raiioual 
extension of the spectral formula. It arises when we retain in the ex- 

1 

pression for the potential energy higher (indeed, also even) powers of ^ , 

that is when we start from the most general form of central forcjes* The 
. corresponding extended expression for the term then beconHiS : 

R 

(m,k . . .) jj. _ _ .'j + K'(m,k . . r + K''{m,k 7. .)•' + . . ■*’* 

The new series constants k, k", that have here been introduced, art* again 
independent of the radial quantum number n' and hence also of tlw 
current number m = n + n', and they depend, besides on the oom-Htaiits 
of the atomic held, only on the azimnthal quantum number n. This is 
stated on the assumption that, on the whole, the atom is neutral, iiud that 
the main body of the atom, in the field of which the outer electron 
describes its orbits, has a surplus of a single charge. How the HpeutnU 
formula is to be altered when the atom is iemised as a whole will din- 
cussed in § 6. 

And now there can no longer be a doubt as to how wv- must (it the 
hitherto separate principal series, subsidiary series, and so forth into our 
general scheme. In the principal series m assumes, by eqn. (1) on page 
316, the values 2, 3, 4 . . . We shall assume that for all linrs of the 
principal series the azimuthal quantum number n has the flwed raiue « *.2, 
ivhereas the radial quantum number may hare all values n 0, 1 , 2 . 

This is equivalent to m assuming all the values 2, 3, 4 . . . 'I'o get iiiui 
accord with the usual nomenclature we shall here write 


k = p, K == TT. 

These quantities, being independent of n', are characteristic oormlaiitM of 
the principal series. 

On the other hand, in the first subsidiary series, m assimies siusceH- 

Sr/J’ T 8, 4, 5 . . . We shall assume 

that m the current term of the first subsidiary series the azimuUml miant um 

number nlMs the fixed value n = 3, whereas the radial yitanlum uirmbrr 
, ZLTTd, «' = 0. 1. 2 . . . ; at the samo time we Hliall 

oped about the individual terms along these lines also lit in uatumlly 
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with the excitation conditions under which these series are found by ex- 
periment to come about. It is true that we are not yet in a position to 
calculate the series constants s, a-; p, tt, , . . a priori from the atomic 
models. The problem is, rather, the reverse, namely, to draw inferences 
from the observed series constants about the coefficients c in the develop- 
ment of the potential of the supplementary atomic field. But even this 
cannot be satisfactorily accomplished at present, because the coefficients 
c to be obtained in this way are incompatible with the assumptions 
(purely central supplementary field ; electronic orbits lie only in the 
outer* regions of the atom), which are assumed as the basis of our 
problem in Note 13. 

In spite of this the interpretation here obtained for the spectra which 
are unlike that of hydrogen is of value. It explains not only the sepa- 
ration of the one hydrogen series into the 
series systems that are observed in the case 
of all other elements, as well as the Eyd- 
berg and the Eitz form of representation 
of these series systems, but it also procures 
for us definite pictures of the phenomena 
when the principal series is emitted, or the 85. 

first subsidiary series, etc. (cf. Fig. 85, that 

relates to the principal series). It is only in the first member of this 
series that the initial orbit is circular {n == 2, 7i' = 0) ; in the subsequent 
members the orbits assume an elliptic form of increasing eccentricity 
(n ^ 1, 2, 3, . . .). In the figure the orbits are drawn as exact 

*The condition that the orbit of the migratory electron AufeUMron'') 
entirely in the outer regions of the atom was tacitly assumed in our calculation of the 
terms in that we started with a uniform expression for the supplementary field ; if the 
electron penetrates into the interior of the atom, the expression for the supplementary 
field would alter more or less discontinuously. Schriidinger has shown (Z^eitschr. ftir 
Phys., 4 347 (1921)) that in the case of the .s-term of the alkalies tlie migratory oleotron 
would have to pass through theS-shell, and he has taken this into ac<x)unt in the initial 
conditions for ttie supplementary field and the quantum conditions. He gats for tlio 
denominator of the .s-term by his very schematic calculation tlie values : 

* m ^ 0*74 = 1*26; 2*26; 3-26; . . . 

It immediately suggests itself that we may bring these fractional values into relation- 
ship with the multiples of halves occurring in the ^s-term (cf. p. 317), although the 
numerical values are widely different at present, Thii^s the fact that the s-term of the 
alkalies is an integral nwinher of halves would accordingly be explained by the entrance 
of the migratory electron into the inner 8-shell. 

It is also noteworthy that in Schrodinger’s result the lowest term-denominator, 
1*26, corresponds, not to tlm value w = 1, but to m = 2. Schrodinger therefore as- 
sumes that the ground orbit of the alkalies is not a “ circular orbit*’ (n=l, n' = 0), hut 
an “elliptic orbit” (?t=l, n'=l), and accordingly designates it not by Is but by 2, s. 
Thus the circular type of orbit which is the simplest of the series of .s-orbits would thus 
be impossible dynamically and the series would begin with the simplest form of the 
elliptic type. Rojdestvensky, too, starting from a more formal point of view (com- 
parison with the hydrogen spectrum), comes to the conclusion that the ground orbit of 
the alkalies is to be written as 2.s and not as Is ; cf. Verhandl. des optischen Inshhds 
in Petersburg, Bd.!!, Nr. 7, Berlin, 1921. Nevertheless, we consider it right for the 
present to keep to denomination Is for the ground orbit, in particular in Pig. 86. 
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ellipses, whereas they are, in reality, deformed by the atomic field 
and their perihelions move. ^Furthermore, they have been drawn con- 
centrically whereas they are in reality confocal (cf. the points indicated 
by small stars which denote the positions of the foci, which should in 
reality coincide). The orbits that form the basis of the term of the first 
subsidiary series are more extended (they have a great areal constant, 
n = 3) than those that condition the term of the principal series {n = 2), 
but they are otherwise similar to the latter. In the case of the term of 
the first subsidiary series the departure from the hydrogen type is less 
than in that of the term of the principal series ; in that of the Bergmann 
term [n == 4) this departure is already so small that this term may from 
the outset be written down directly in Balmer’s form. In the following 
terms’^ mx, my that correspond to the quantum numbers n = 5, n = 6, 
respectively, this is nowadays still adopted in the tables of Dunz, that is, 
these tables are written : 

m = 5, 6 . . . 


V/e recognise in this a confirmation of the point of view set out at the 
beginning of this section, according to which every atomic field acts, at a 
sufficient distance from the nucleus, asymptotically as a Coulomb field 
and hence must produce a spectrum that is more and more closely related 
to Balmer’s spectrum. Finally, the above reflections tell us that the 
Eydberg number B is a universal constant in the spectra of all elements 
and explain why it is so. 

But we only see with certainty that we are right in ascribing the s-, 
yi-, d-y 5-terms to the azimuthal quantum numbers = 1, 2, 3, 4 when we 
enlist the aid of our principle of selection (Chap. V, § 2). According to 
this, we have to expect only those combinations of the d-, 5-terms in 
tvMch the azimuthal quantum number differs only by unity. 

If we write down the array of series terms in the order of increasing 
azimuthal quantum numbers : 


II N.S. 



5-term 



tD H.S. 

I N.S. 
r) B.s. 



The arrows at the immediate right of the terms denote those transi-^ 
tions from an initial to a final state, in which the azimuthal quantum 
number decreases by 1 = + 1) ; those on the left denote transi- 

tions in which the azimuthal quantum number increases by 1 {Ua ~ % 
= - 1 ). 

For example, the principal series arises through the transition at the 
right-hand top corner, corresponding to its symbolic expression 
V = Is - mpf m = 2, 3, 4 . . . 


*A detailed special study of these terms lias been carried out by Bojdestvensky, 
cf. Verhandl. des optische7i Insiituts in Petersburg^ Nr. 8, Berlin, 1921. 
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Its characteristic feature is the combination of the j9-term {n^ = 2) with 
the S"term {n^ == 1) ; the amount of the number m, which is, according to 
our view, determined by the radial quantum number (pi = n + n\ and in 
the present case, m — 2 q- n'), remains arbitrary. It is clear that our 
principle of selection also allows the series 

1 / == 25 - mp, V = 35 - mp . . . 

which likewise correspond to the transition from = 2 to = 1. Its 
occurrence was discussed in eqn. (5) of the preceding section and again 
specially in Fig. 84 for the case of helium. The fact that it is in general 
weaker than the true principal series t/ = I 5 - mp is easily explained on 
the ground that here the number m must in general be greater than 2 to 
give rise to a positive v, that is, to make possible a process of emission 
accompanied by loss of energy. 

The first subsidiary series is characterised by the transition, at the 
centre of the second column to the right, which corresponds to the 
series formula 

V = 2p - mdj m = 3, 4, 5 . . . 

In it the essential feature is the combination of the |}-term with the 
d-term = 2 and — 3) ; instead of 2p there might also be, according 
to our principle of selection, 3^:) or 4p ; in either of these cases, however, 
the minimum value of m would have to be raised beyond 3, and this 
would entail a weakening of the corresponding lines. Such transitions 
have actually been observed, even if less often than the lines of the first 
subsidiary series in the narrower sense (cf. eqn. (5) on p. 322). 

The lowest arrow on the right leads to the following symbol for the 
Bergmann series 

V = 3^i - mb, m = 4, 5, 6 . . . 


or, in addition, to the Bergmann series of higher order 

^ ^ib, m = 5, 6, 7 . . . 

♦ , 


The combinations of the terms mx, my also fit in well with the prin- 
ciple of selection. According to Dunz, the following combinations occur 
in the case of the alkalies, of He, and other elements : , 

4& - 6x, 6x - &y 


which are written by him, on account of their similarity with the hydro- 
gen series (of. p. 330), thus ; 


4Aj3 - 


N 

-52’ 


N 

5 ^ 


(where Ap and N take the place of b and E respectively). 

These combinations exactly realise the quantum transitions here to 
be expected, Ua = 5, n,, = 4 and «== 6, ^ 6 respectively, which 

would link up on the right with our scheme. 
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Whereas the series Q) — ordinarily lie in the infra-red region, 
and hence mostly escape observation, they become displaced into the 
visible region in the case of spark spectra (cf. § 6). h’owler has dis- 
covered a series of this kind, consisting of many lines, in the spark 
spectrum of Mg, but has described it by the expression 45 which 

is in contradiction with the principle of selection. This interpretation is 
possible as an approximation only because the terms nix are only yen*y 
slightly different from the terms mb (and both differ only slightly from 
the Balmer terms). Nevertheless, Fowler is compelled in his interpre- 
tation to talk of “ inexact combinations ” between nih and 4 . 5 . The 
correct interpretation of 45 - mx has been brought out clearly by 
Eojdestvensky .(cf. p. 330); in it the infringement against the prin- 
ciple of selection, as also that against the principle of combination, 
vanishes. 

We now pass on to consider the left-hand side of our scheme. Here 
the top arrow belongs to the second subsidiary series (II N,S.). It is 
represented by : 

V = - mSy m = 2, 3, 4 . . . 

For a corresponding increase in the minimum value of ni, we may 
again write 3p, 4p, . . . in place of 2p. 

The two lower arrows on the left lead to series that have been 
observed in the case Na, for example, and that have the form of e(]n. (6) 
in §1. They are, corresponding to the higher minimum valuen of m 
necessary in this case, rarer and weaker than the better known serlee 
previously discussed. 

Eeoapitulating we state : The combinations which oiir jyrimyiplc of 
selection allows dn the first place lead to the most commonly aa'/mrmy and 
most intense series (Principal Series, First and Second Subsidiary SarieB, 
Bergmann Series). Reasonable grounds may be adduced for the more 
infrequent occurrence of the combinations allowed by our principle* 
We may regard the above statement as confirming the allocation "Of tfm 
various series terms to the azimitthal quantum number n, and wb may 
regard it as convincing evidence of the truth of theprmciple of selecPkm. 

But there are also exceptions to the principle of aedeotion ; these? 
include transitions in which the azimuthal quantum remains unaltered 
{n->n), and also such in which it changes by more than one unit 
{ri-^n- 2). Concerning this, investigations by J. Starlet and his 
collaborators are particularly instructive. They show in the case of 
neutral helium that anomalous series of this kind are invisible under 

^ Phil. Trans., 214A, 225 (1914). 

t J. Stark, Neue im elektrischem Felde erscheinende Hauptserien den IIoliiiinB. 
G*. Liebert, Der Bffekt des Elektrischen Feldes auf ultraviolette Linien doH Heliums. 
G. Liebert, Eine neue Heliumsexie unter der Wirkung des elektrischen 
0- Hardtke, iJber die Bedingungen fiir die Emission der Spektren des StickstioffH, 
Anc. d. Phys., 56, 577, 589, 610, 633 (1918). 
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ordinary conditions of discharge and are called up only when strong 
electric fields are applied. 

The series in question are (in the notation corresponding to Tig. 84) : 
III N.S. . . 1/ = ~ mp m == 3, 4, 5] 

“ Diffuse H.S. v = 2s - md w = 3, 4, 5 1 . (7) 

‘‘ Sharp ’’ H.S. . v 2s - ms m == 3, 4, 5 j 

The expression “ Third Subsidiary Series (III N.S.) ” is due to 
Lenard, who first observed it in the alkalies. The two other expressions 
have been suggested by Stark, but have not been happily chosen. The 
series formulae themselves characterise the true state of things more 
clearly and exhaustively than such expressions. The first and the third 
series are examples of the transition n->n; the second is an example 
of the transition n->n - 2. In our scheme on page 330 the’ series 
belonging to the transition cl ^ s is represented by the dotted arrow 
at the top on the right. Isolated lines of this series have also been 
observed occasionally in other elements (cf. Dunz for the cases, 
K, Eb, Tl, Ca, Ba). Indeed, Foote, Meggers, and Mohler* find that 
when the current density is particularly high the line Is - dd in 
the spectrum of Na and K surpasses all the other lines in intensity. 
Furthermore, there are combinations, that have been variously measured, 
between the b- and the ^-term (in the cases, Li, Na, K, Al, Tl, Zn, Cu, 
Ag) which likewise contradict the principle of selection ; they are denoted 
in our scheme on page 330 by the dotted arrow at the bottom on the 
right. On account of the lack of definiteness of the conditions of excita- 
tion it is quite possible that in these cases, too, intensities of field due to 
condensed discharges may have played a part. We may refer also to 
Paschen's inclusion of the FIe"‘'-line X = 4686 in the spark current ” 
(cf. Chap. VIII, §4), which depicts in a particularly convincing fashion 
the occurrence of component lines in the electric field that are otherwise 
inadmissible. 

In Chapter V, 2, the principle of selection was specially derived 
for emission in the absence of fields ; in Chapter V, § 3, it was shown 
that it is rendered invalid by intense electric fields. This case is proved 
to occur experimentally in the experiments of Stark, Foote-Meggers- 
Mohler, and Paschen, and accounts, without artificiality, for the other 
occasional exceptions to the principle. 

The considerations of the preceding chapter at the same time shed 
light on the true meaning of our a£;imuthal quantum number n (cf. foot- 
note 1 on page 326). That which is transported by the radiaton and is 
fixed in integral numbers by a quantum condition is the total moment of 
momeMUim of the atom, of an outer electron. The principle of 

selection, as a deduction from the principle of emission, in proving itself 
to be the deciding factor for the s-, d-, 5-tea'ms, indicates that the 

* The results are in course of publication. 
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quantum number n that distinguishes these terms, and that "was, to be- 
gin with, ascribed in our theoretical treatment of the series scheme to 
the outer electron, must he closely related to the rotatory Mohofi of tft£ 
whole eleotronic system of the atom. Further details on this point will 
be found in the appendix to § 7. 

Konen, in his book, ‘‘Das Leuchten der Gase und Dampfe,” has 
appended to his account of the principle of combination a criticism of 
this same principle, in which he calls attention to the comparatively in- 
frequent occurrence of many of the combinations possible according to it. 
In contradistinction to this, we see here that all those combinations that 
are indicated by the principle of selection and by our interpretation of 
the series terms actually occur, and are the rule, and that we have no 
reason to be surprised at the absence of certain combinations, but 
rather at the isolated occurrence of anomalous combinations. But the 
latter, too, are also consonant with the sense of our principle since, in 
agreement with the observations in the case of He and He/* , they are 
produced in Na and K exactly under the conditions that theory lekls 
us to expect. 


Thus the principle of selection forms a necessary supplenienlary 
limitation to the principle of combination ; it restricts the boundlessness 
of the former and raises its practical value, We opposs to Bitss’s form 
of the principle of combination, namely, every series teTni ccin he Gowihifud 
with my other to form a spectral line^ the more precise form : evBfy 
series term can normally be combined with any other of wldch tJu (Mi* 
muthal (luantum nuonher differs from that of the first by one unit ,* 
combinations which overstep this limitation are not essentially excluded^ 
but they require special conditions of excitation. 

Just as we concluded the • preceding section by a description of the 
series scheme of He, so we shall conclude the present one by considoring 
the particularly lucid and typical series scheme of the alkalies. Oorra- 


sponding to their true physical definition, the ternoB will again be 
depicted as energy-steps or energy-levels ; the scale used corresponds to 
sodium. ^ The steps furthest to the left belong to the 5-terms, those next 
on the right to the p-terms, then those to the d-terms, and so forth. The 
numbers (1, 2, 3, ... on the left) written next to the energy-steps de- 
note the quantum sums (azimuthal quantum number + radial qiiimfcum 
number), so that, for example, the succession of steps 3 comprises the 
terim Sp, 3d. Corresponding to the actual behaviour of tha terms, 
the height of the steps in the upper levels gradually decreases till at the 
step cx), corresponding to the zero-level of the energy when tha also- 
tron under consideration is infinitely distant from the atom, the height 
vanishes entirely, that is, becomes zero. The transitions from one Icwsl 
o a lower level are characterised by arrows, and represent the lines ot 

* but also 2« -• 

s designated as H.S. The D-lme is represented by the arrow Is - 
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on the left. We could not in the figure take account of the two-foldness 
of the j9-level, so that the two components and are represented by 
the same arrow. In contradistinction to Fig, 84, the “ ground orbit ” Is 
is optically accessible in the case of the alkalies (cf . the conclusion of 
the preceding section). For the lines I 5 - mp of the H.S., among them 
above all the D-lines, appear in cold Na- vapour as strong absorption 
lines, and thereby indicate that we have before us in the optical level Is 
the true ground orbit for the natural state of the Na-atom ; the same is 
true of the alkalies generally. The absorption spectrum of Na-vapour 
has already been depicted in Fig. 64. The principle of selection comes 
into action in the present figure in that all the arrows combine respec- 
tively only two such levels as are neighbouring in the sequence s, p, d, b ; 
it is a particular consequence of this that to draw the arrows it was only 



Fig. 86. 

necessary to continue (as a dotted line) each level to the series of terms 
that follow directly on the right or on the left. 

Further, we use our figure to make clear the relations between the 
spectra unlike the hydrogen type to the hydrogen type itself. The 
transition to the hydrogen spectrum is effected (see p. 317) by setting 
all the series constants, cr; p, tt , . . equal to ssero. The series of 
levels of the quantum sums, 2, 3, 4 . . ., that appear as steps in our 
Fig. 86, thereby become stretched into straight lines (or approximately 
straight lines, if wa take account of the fine-structure, Chapter VIII). 
The transitions between the scheme of levels simplified in this way are 
the Balmer lines, as is indicated on the left side of the figure. 

Scheme I, shown below, shows in detail how the various lines of the 
general series scheme are assigned to the various kinds of origin of the 
Balmer lines (cf. p. 238). We have already remarked on page 270 that 
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the principle of selection considerably reduces the originally enumerated 
possMe modes of production of the Balmer lines. Our Schema I now 
shows that according to the principle of selection there are for each 
Balmer line only three possible modes of production, which are represented 
by the quantum sum n + n' of the final and the initial orbit._ To these 
three possible modes of production there correspond three lines of the 
general series scheme, being indeed one of the H.S., one of the I N.S., 
and one of the II N.S. This comparison of our two pictures brings out 
particularly clearly how the lines that coimide in the case of hydrogen (or 
that are close together in the picture which includes the fine-structure) 
become dissociated into lines of the general scheme of the series that may 
even he wide apart. 


Scheme I 

p 4 , 0 3 + 0 2p - M I N.Sf 

Ha ■] 2 + 0 ^ 1 + 2 2j) - Ss II N.S. 

[1 + 1 <- 2 + 1 2.S* - dp H.S. 

+ 1 2p - 4d I N.S. 

H J 2 + 0 1 + 3 22 ) - 4.s‘ II N.S. 

1^1 + 1 2 + 2 2.s‘ - 42) H.S. 

r2 + 0 <- 3 + 2 2p - 5d I N.S. 

hJ 2 + 0 1 + 4 22) - 5.^ II N.S. 

1^1 + 1 ^ 2 + 3 2,s‘ - 5p ^ .H.S, 

Scheme II 

'Is - 2p Ly 

Is - 32) ,, 2s - dp Ha 

H.S. ^ Is - 42) „ 2s - Ap H^ 3s - 42) ra-Ki-B'ow 

Is - 5p ,, 2s - 6p Hy 3s - 5p ,, 

f2p ~~ M Ha 

I I 2]) - 4:d H^ 32) - id Pa-Ei-B'^ow 

N.S. |22) - bd Hy dp - bd „ 42) 5rf IN 

r 22) - 3s Ha 

II 22) - 4s H |3 dp - 4s Pa-Ei-I'''ow 

N.S.|22)-5s Hy dp --6s „ 4^ -- 6s Pi 

(dd ~ ih Pa-Ki-Fow | 

B.S. J dd - bb „ id ~ 55 Pi 


K.S. 


(3d - ip 

\. . . 


Pa-Ei-Fow 
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In Scheme II the arrangement is reversed : the hydrogen lines have 
been set down on the right next to the corresponding various types of 
series (H.S., I N.S., II N.S., B.S. ; K.S. = combination series) and these 
are the hydrogen lines into which these series resolve when the atomic 
field becomes vanishingly small. Here Ly denotes a line of the ultra- 
violet Lyman series (cf. p. 207) ; Pa-Ei denotes a line of the infra-red 
series observed by Paschen after having been calculated by Eitz ; the 
same series occurs in ionised helium as Fowler’s series, and has been 
denoted by the abbreviation Fow. Again, Pi points to the Pickering 
series of ionised helium, the analogous series of which for hydrogen 
would lie in the extreme infra-red and has not been observed. 

From Scheme II as well as from Scheme I we read that each of the 
Palmer lines corresponds to three different lines of the general series 
scheme, and in the same way the Paschen-Bitz or the Fowler lines, 
respectively, each correspond to five different lines. The latter number 
is brought into striking evidence, as we shall see in g 4 of the final 
chapter, by Paschen’ s observations of Fowler’s series. 

§ 3. Testing the Series Scheme by the Method of Electronic Impact 

The most direct test of Bohr’s ideas, the one that is most free of 
theoretical elements, is the method of electronic impact.* It was 
initiated by Franck and Hertz t in 1913 and during the war it was 
developed in the United States particularly. At present it is being 
brought to a greater and greater pitch of perfection by Franck and his 
followers and is being applied to finer and finer problems. 

The first investigations of Franck and Hertz were concerned with 
tha question of the elastic collisions between electrons on the one hand 
and gaseous atoms or molecules on the other hand. In the final arrange- 
ment of 1914, electrons enter into the space occupied by gas and here 
acquire a certain velocity through a potential drop that may be finely 
.regulated. (According to eqn. (1) on page 8, the measure of this drop 
in volts may at once be used as a measure of the velocity.) After finally 
traversing a small constant retarding potential the electrons fall on to 
an electrode and flow through a galvanometer to earth. In the case of 
inert gases and, in general, of such gases as have no electron-affinity (N^ 
or vapours of electropositive metals) the galvanometer indicates, when 
the potential is gradually raised in the gas chamber, a gradual increase 
of the current passing to earth, but then a sharp limit occurs, which 
marks the first occurrence of inelastic collisions, that is, of collisions that 
are accompanied by loss of energy and that entail a change of constitution 

■^ Details are given in : Eranck and Hertz, Phys. ^ieitschr., 20, 13-2 (1919) ; Franck, 
22, 358 (1921) ; W. Gerlaoh, Die experimentelUfi Grimdlagm der Qzimitentheorie* 
Sammlung Vieweg, Braunschweig, 1921. 

+ Verb. d. D. Phys. Ges., 15, 84:, 373, 613, 929 ; 16, 12, 157, 512 (1911) ; 18, 213 
(1916). 
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in the structnre of the atom or molecule struck. This first maximum in 
the potential -current curve is followed by other maxima or kinks, 
which occur at regular intervals, showing that the electrons, after having 
lost their velocities in a first inelastic encounter have for a second or 
third time, owing to their further passage through the potential drop, 
attained a velocity that once again permits them to lose their energy in 
inelastic collisions. The distance between such successive bends of the 
curve measures in volts the energy that was transferred to the atom 
during the inelastic collision, that is, determines a characteristic constant 
of the atom struck. 

In the case of the Hg-atom the first inelastic collision obtained in this 
way was given by 4*9 volts. Moreover, Franck and Hertz were at once 
able to give the spectroscopic interpretation of this number. For they 
observed that at a potential of 4*9 volts the Hg-line A, = 2537 flashed up, 
and they were able to show that the related hv corresponded exactly to 
the energy due to 4*9 volts. In the same way, in the case of He the first 
inelastic collision occurred at 20*5 volts ; for Ne it was at 16 volts, and 
for A it was at 12 volts. 

Lenard must be mentioned as the predecessor of Franck and Hertz 
in the production and measurement of slow electronic velocities. The 
rather qualitative observations of Gehrcke and Seeliger t (alteration of 
the average colouring of the luminescence of gases as the velocity of the 
exciting cathode rays is varied) also preceded the decisive experiments of 
Franck and Hertz. 

The original method was later elaborated in manifold ways. Instead 
of allowing the electrons to acquire their velocities whilst incurring many 
elastic encounters with gas molecules, it is preferable for many purposes 
to accelerate them along a distance that is less than their mean free path 
(that is, to use a low pressure). The electrons that have been endowed 
with the desired velocity in this way are then allowed to enter into the 
actual collision chamber, which is essentially free of fields, and the size 
of which is made large and offers opportunity for a sufficient number of 
collisions with the gas particles under examination. Finally, the elec- 
trons are completely debarred from making all further progress, owing 
to the agency of a stronger opposing field. Thus they do not reach the 
measuring electrode connected with the galvanometer at all. Bather, 
what are measured by the galvanometer are the positive ions that are 
formed, whether directly or indirectly, by the primary electrons during 
the inelastic collisions. Positive ions are produced di/rectly if the velocity 
of the electrons is sufficient to ionise the atoms struck. They are pro- 
duced indirectly if the transferred energy, although not able to eject an 
electron right out of the atomic configuration, yet suffices to raise one of 
the electrons belonging to the atom out of its natural orbit into one that 

* Heidelberger Akad. Abh., Nr. 34 (1911) ; Nr. 17 (1914). 

fVerh. d. D, Phys. Ges., 14 , 335 (1912). 
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is richer in energy. When the electron belonging to the atom returns 
from this new orbit to one that is poorer in energy (nearer the nucleus), 
it emits light; in atoms that are more easily ionisable, which belong to 
the struck electron or which, under certain circumstances, are mixed as 
impurities with the gas under examination, this light acts photo-electri- 
cally and thus also produces positive charges that make themselves 
observed in the current which hows through the galvanometer. 

To discriminate between these two effects, namely, the direct ionisation 
effect and the indirect photo-electric effect, was a matter of great experi- 
mental importance. Bohr* was the first to call attention to the possi- 
bility of this indirect effect and showed numerically that it probably 
occurred in Franck and Hertis’s deduction of the values 4-9 volts for Hg, 
and 20*5 volts for He. Davis and Gouchert succeeded in carrying 
out experimentally the unambiguous differentiation between the original 
ionisation and the photo-electric effect by means of an ingenious aiTange- 
ment and connexion of fields for the case of Hg, and thereby fully con- 
firmed Bohr’s point of view. We cannot here enter into the details of 
the method and of the manifold improvements which have been made to 
it in the sequel, but must refer the reader to the reports quoted at the 
beginning of the chapter. There, too, will be found the interesting and 
much varied forms of the current-voltage curves and their dis*continuities. 

In addition to the ptirely electrical method, in which electrical devices 
are used not only to excite but also to observe the effect of the excita- 
tion by means of a galvanometer, there is also a more optical method in 
which the occurrence of the various emissions of light is investigated by 
means of a spectrograph. Eau J has obtained noteworthy results. He 
found, particularly in the case of the lines of neutral He, that to excite 
successive members the excitation voltage had to be increased from line 
to line. This furnishes a quite general and decisive confirmation of 
Bohr’s series scheme : the higher members of a series require higher energy 
levels, and hence higher excitation voltages become necessary. At the 
same time, this is a general refutation of all the older theories of series 
that regarded the higher members as, in some sense, overtones of the 
lower members, and that sought to find a mechanical connexion be- 
tween their emission and that of the lower ones. While this fact holds 
within one and the same series, another circumstance is of no less im- 
portance for us; it is concerned with a comparison of the excitation 
voltages of lines of different series : the requisite excitation voltages in- 
crease in the sequence H.S., I N.S., and, as we may with reason add, 
B.S. The H.S. appears first, that is at the smallest excitation ; the first 
subsidiary series is obtained with greater difficulty, and the Bergmann 
series is obtained with the greatest difficulty, and hence was the last to 

^ Phil. Mag., 30 , 394 (1916), § 8. 

t Phys. Rev., 10 , 101 (1917) ; 13 , 1 (1919). 

X Wteburger pliys.-med. Gesellsoh., 1914, p. 20. 
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be found. This corresponds exactly with our views developed in the last 
section. Actually, the most important factor for the excitation of a series 
is the realisation of the corresponding initial orbits that correspond to 
the second series term. This is the _2)-term in the case of principal series, 
the ^^-term in the first subsidiary series, and the &-term in the Bergmann 
series. According as the realisation of these initial orbits require smaller 
or greater amounts of energy, the series may be excited with less or with 
greater ease. If we compare, in particular, the initial orbits in the first 
members of each, series with each other, then the energy-level lies be- 
low the energy-level and this in turn below 46. Hence the order 
H.S., I N.S., B.S., follows. The position of the, second subsidiary series 
exhibits singularities as regards its excitation. In general, the second 
subsidary series occurs simultaneously with the principal series ; indeed, 
in the case of He, it occurs, according to measurements of Eau, perhaps 
in part even earlier than the latter. This, too, may be interpreted by 
considering the relative position of the s- and the p-levels in Big. 84. 

Before passing on to the proper quantitative results of the method 
of electronic collisions, we wish to give the transformation formula 
which, by means of the /z^v-relation, leads, us from the wave-length X of a 
spectral line to the voltage necessary to excite it. It is clearly : 

h . cjX ^ e , Y, 

If we here express V in volts, that is, set V . 10® in place of the 
potential difference V initially considered measured in electromagnetic 
C.G.S, units, and if, further, we use for e the value 1*59 . 10“^° (that is, 
electromagnetic C.G.S. units), and measure X, instead of in cms., in’ terms 
of ~ 10“^ cms., we get 

V (volts) X ^ . 10-^ = 1-284 . . (1) 

e 

Ladenburg* has called attention to the particular convenience of using 
this formula. 

For example, if we ^calculate the excitation potential corresponding 
to the Hg-line X = 2537A = 0*254yu,, and to the B-line of Na, X =» 5890A 
= 0*5 89/a, we get by (1), respectively, 

1*234 , Q , 1*234 ^ , /’t \ 

^ = "0-2M “ ^ “ 0T89 

Let us, on the other hand, calculate the excitation potentials corre- 
sponding to the series limits to which these two series belong. The 
series limits are given as limits of the values of terms in cm.” h Now, 
since 

1 ^ 

X(cms.) X(/a) 

it follows from (1) that 

V (volts) = 1*234 . 10-4^ . . 

Zeitschi. f. Elektroohemie, 1920, p. 265. 


( 2 ) 
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1' I'oui tHe spectroscopic tables (Dunz) we read off that the limit of the 
I'l'incnpanl aeries (see below) to which the Hg-line 2637 belongs is v= 84177 ; 
lor t.hi» principal series of sodium it is v = 41445. Hence from (2) it 

HillcvwH, irc^Bpectively, that % 

V 1-234 . 8*418 = 10*39, Y = 1*234 . 4*145 = 5*11 volts (2a) 


the Isist two potentials the ionisation, potentials of the initially 
ml or Na-atom. Por, just as the series limit is a measure of 

that is liberated when the electron makes a transition from 
corresponding potential in volts is a measure of the 
i^iit*r^y tiliaiti must be used up to remove the electron to infinity. Thereby 
that the final orbit of the spectral process (the initial orbit of 
ilii^ s^niiHintion process) is actually the ground orbit of the neutral atom. Tor 
I'Xiiiiijdo, in the case of the neutral He, vre should certainly not, .from the 
ecu u i it to in. B represented in Fig. 84, calculate its ionisation voltage from 
th«^ limit of the visible principal series, as in this case the final orbit 
of thii p>r*incipal series (called 2s by us) lies far above the ground 
iirliii, iti tlie energy scale. 

ihit wo use for the two numbers in volts calculated in (la) the now 
oiwtoiTiiiury term resonance potential, which we interpret as meaning the 
fol lowing. If the work done in the electronic collision does not, indeed, 
aiiiTtofi to bring about ionisation, it may yet suffice to lift an electron out 
of its i^ronnd orbit Is into the (‘"energetically”) next highest orbit 2jD.* 
The ittoriri that has been excited in this way will, if left to itself, tend to 
rattiini to the stable configuration of the ground orbit, thus causing the 
fimiiftHioT:\ of monochromatic light. For, according to the principle of 
wdeotion, the transition Is will be possible for it, and it is the only 

wiiy ill wbioh the excited atom can revert to its unexcited state. In this 
lirocscHB tbe whole energy V that is given to the atom by the colliding elec- 
tron will b© emitted as monochromatic radiation of wave-length A. equi- 
by' eqn. (1), to V. This re-emission of the whole transferred 
is called resonance (linking up with the old views of the theory 
of vihrobhions) j hence 'ive get the expressions resonance line and resonance 
potsntisil. The conception of resonance line thus implies two things : 

tbat its final orbit is the ground orbit of the atom, and second, that 
ilH inihitijl orbit is the (energetically) next highest orbit from which the 
rtditirii fio the ground orbit, and only to this, is possible, being accom- 
paolod. by the emission of monochromatic light. 


* I II case of tho Earths Al, In, Tl, which exhibit pronounced doublet senes, 

t,tio rniiiuiest j? - term speotroscopically accessible is smaller than the term (more ac- 
I'lmu'l V ! til an 11, o two cloiiblot teims and 2p„ p 819) Hence, if there is no geater 
1 u^rm 'liuxciciossible lio ordinary spectroscopy, then 2^, and not Is, would he ^ 
tib-ese atmuH. We should expect as tlm absorption lines in cold 
llmU tlxe II N.S. 2j) - nis (not those of tbe H.&. Is ~ mp), and as a ^ 

ls-> (insWad of the transition 2p Is). The best method of decid- 

Ituf ilin c 5 :K:istence or non-existence of a possibly deeper, 

i irbli tH tlxat of electronic collisions. In the case of Tl ^ start has already been made 
with- iblB xaethod by Foote and Mobler; of. Phifi Mag., 37, 33 (1919)» 
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Only in the case of the hydrogen atom, in which we have definite 
theoretical knowledge of the ionisation potential or the resonance poten- 
tial of the various lines, is it possible to evaluate eqn. (2) without having 
recourse to empirical data. Even in the case of Hg and He"^ it is neces- 
sary to adjoin an empirical number to be able to draw other purely 
theoretical conclusions. 

In the case of H the ionisation voltage is determined by the limit of 
the Lyman series, that is, by Eydberg’s number E. By eqn. (2), we get, 
therefore, in volts : 

y = 1*234 . 10-968 - 13-53 volts . . . (3) 

In ergs it is given by the formula, identical with the latter, 

W - .= . E = 2-15 . 10-11 ergs . . (3a) 

Here denotes the limiting frequency and E the Eydberg frequency, 
both measured in sec."i. If we here also wish to measure and E as 
wave- numbers in cms.-i, we must in (3a) write v^c and Ec instead of 
and E. The symbol - W is used to indicate that this same quantity, 
except for its sign, at the same time represents the total energy of the 
hydrogen atom in its ground orbit, that is, the energy that is liberated 
when the electron, cohiing out of a position infinitely distant (energy- 
level zero), in which its energy is irrelevant, is entrapped by the nucleus, 
and passes over into the state of motion defined by the ground orbit 
(energy-level - W). 

We pass on from (3) to the excitation potentials {Anregungss^an- 
mtngen) of the Lyman and the Balmer lines. For the first line of the 
Lyman series (cf. p. 207) 

v = E(i-i), X =1215-71 

we get, since its wave-number amounts to f of that of the series limit, f 
of the ionisation potential, thus 

V = 1 . 13*53 = 10*15 volts ... (3b) 

But for the first line of the Balmer series we do not get, as its v- value 
might lead us to think, 5/36 of the ionisation potential, but rather, it 
must be noted, that when the atom is in its natural state, that is in its 
ground orbit, the electron must first be raised from its ground orbit into 
the 2-quantum orbit and then into the 3-quantum initial orbit of the 
line Ha. In this way the excitation potential for PI^ comes out equal to 
that of the second line of the Lyman series, that of H^ equal to the third. 
Lyman line, and so forth. Thus we get 

for Ha . . . V = f . 13*53 = 12*03 

for IT^ . . • ^ = xf • == 12-68, etc. 

We have purposely refrained from using for the potential (3b) of the 
first Lyman line the name resonance potential which immediately sug- 
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gests itself. It is true that with the excitation of 10*15 volts the 
hydrogen atom would tend towards its ground orbit with the re-emission 
of monochromatic radiation corresponding to the amount of energy which 
it had previously received. But this process does not quite correspond 
with the experimental conditions present in a true resonance pheno- 
menon. For in actual experiments the initial state of the hydrogen is 
not the H-atom but the Hg-molecule. The latter must first be resolved 
into H-atoms by the addition of heat of dissociation or of the potential of 
dissociation. We know this quantity from observation, hut cannot check 
it with theory as we do not know the model of H 2 exactly. The dis- 
sociation potential amounts in volts fairly accurately to 

D = 3*5 volts (4) 

The ionisation potential would have to be increased by this amount if it 
is to be referred to the hydrogen molecule as the initial state in experi- 
ments, and likewise the excitation potential above calculated. Thus 
we get 

13*5 4- 3‘5 = 17*0 volts for the ionisation potential ^ 

10*2 -h 3*5 = 13*7 volts for the excitation potential of X = 12161 1 . (4a) 
12*0 -1- 3*5 15*5 volts for the excitation potential of etc. j 

all these quantities having been calculated from the state of the 
molecule. The total energy of the Hg-molecule becomes, if we use the 
empirical value D = 3*5 in an analogous manner to the first line of (4a), 

-- W - 3*5 +■ 13*5 4 13*5 = 30*5 volts . . (4h) 

For if we wish to determine the total energy involved in the relative 
positions and motions of two H-nuclei and two electrons, we may pro- 
ceed hy resolving the whole system into its components. This is done 
as indicated in (4b), by dissociating the molecule into its two atoms and 
then ionising each atom separately. 

We postpone the treatment of the difficult question of the ionisation 
potential of the Fig-molecule necessary for forming a positive Hg-ion till 
Note 14 at the conclusion of the book. In spite of the extraordinary 
amount of experimental and theoretical work that has been devoted to it 
this question still seems not quite cleared up. Here we shall just 
mention only two points of particular interest. 

(a) It is not possible to dissociate the hydrogen molecule by a mere 
electronic collision of 3*5 volts. Therefore, in the current-potential curves 
plotted for H^-gas no bend, that is, no inelastic action of any sort, occurs 
at the point V = 3*5 volts. Bather, dissocation occurs only in conjunc- 
tion with ionisation or excitation of at least one of the two H-atoms 
formed as a result of the dissociation, that is not before one of the 
potentials given in (4a) is reached. The reason for this must be furnished 
by the dynamics of electronic collision, which we do not yet know. 
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(b) In the current-potential curves of Hg-gas we find a pronouj^eed 

energy-step at about 11 volts, which used to be ascribed to the forination 
of H "^-ions. According to Franck this interpretation is no^ 
tenable, but rather it is probable that at 11 volts a characteristic ultac^a- 
violet band-spectrum is excited (corresponding to a wave-length of about 
lOOA) which bears the same relation to the visible band-spectrum of the 
K>-molecule, the many-lines spectrum VielUnmispektruni/*), as the 
Lyman series to the Balmer series in the H-atom. 

Just as in the case of the Hg-molecule we obtained the value 3 *5 Volts, 
so in that of the He+-atom we must know its energy of formation farom 
the neutral atom empirically, that is, from observation, if we wisb to 
draw further conclusions based on the likeness of He"^ to hydrogen. 
energy of formation is identical with the ionisation energy of the nbutral 
He-atom and will be denoted by I. Interesting considerations conneeted 
with models arise from the value of I ; these are described in Note 14. 
According to many accurately carried out measurements I = 25*3 volts. 
We may now write down, for example, the second order ionisation 
potential of He. It is 

I + 4 . 13-5 = 79*3 volts .... (5) 

Actually, to deprive the hydrogen-like atom He+ of its electron, we re- 
quire work four times as great as in the case of the H-atom. As 
shown by the formula, this follows at once from the factor in the 
He-series ; in more pictorial language, we may say that one factor 2 
arises out of the doubled nuclear charge of He"’* as compared with H, a^nd 
the other factor 2 from the halved distance of the electron from the 
nucleus as compared with that in the case of H. In the curves given by the 
observations of Franck and Knipping,* as well as in those of F. IIorboia,t 
an ionisation step occurs at 79*5 ± 0*3 and 80 volts respectively, wbich 
clearly corresponds to the tearing off of both electrons of the He-atom. in 
om elementary act. Formula (5) gives, at the same time, the total 
energy - W of the neutral helium atom. 

We pass OH to the excitation potential of the line 

= ^ = 4686A 

by removing the electrons of the He+-ion not to infinity but only as far 
as the 4-quantiim orbit, the initial orbit of 4686. The work necessEbry 

for this is 

4Ecfe (l - y = ^ . 4 . 13-5 = 50-1 volts. 

Thus if we start from the neutral state of the He-atom the excitation 
voltage of 4686 comes out as 

I + 50*1 = 75-4 volts (|3a) 

*Phys, ^eitsokr., 20, 481 (1919), tProo, E 07 , Soo„ 95, 4Q8 (.1920), 
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Actually, this line occurred in the experiments of Eau mentioned at 
potentials lying between 75 and 80 volts, in that at 75 volts no trace of 
the line appeared but at 80 volts it was present with full intensity. 

We now come to the metallic vapours, firstly to the alkalies which are 
distinguished by the simplicity of the scheme giving their series. The 
final orbit of the H.S. is here at the same time the ground orbit (cf. § 2, 
p. 335) ; the principal series therefore appears as an absorption series in 
the cold vapour. The first line of the H.S. (in the case of Na, this is the 
D-line) is at the same time a resonance line, and its excitation potential 
may straightway be calculated, by eqn. (1), from its wave-length known 
from optical observations. The potential so determined leads to the first 
inelastic collision. As a rule, the second inelastic collision after this first 
one is found to be the ionisation limit. In this process there occurs in 
the stream of positive atomic ions the possibility of the re-combination 
into neutral atoms with the emission of some member of the H.S. Ac- 
cordingly, optical observation of the process of excitations distinguishes 
between three stages : (a) below the resonance potential thei-e is no 
emission ; (b) after this potential has been exceeded we get the ground 
line of the H.S. one-line spectrum,” Einlimens^oeJctrum) ; (g) above 
the ionisation potential the whole H.§. the more-lines spectrum,” 
Mehrlinienspektrum) appears. Special precautions are necessary to call 
up only one part of the lines of the H.S. 

How perfectly observation and calculation agree even quantitatively 
is shown in the following Table 36, In the column under “obs. ” (ob- 
served) the values of the resonance and ionisation potentials measured 


Tablis 36 
Alkalies 



Kesonance 
potential 
in volts 

Resonance line 

0 

in A-nnits 

Ionisation 
potential 
in volts 

Series 
limit 
in cm. 

Observer 

Obs. 

Calc. 


Obs. 

Calc. 

Is 

Li . 

Na . . 

K . 

Bb . 

Os . 

2*13 

1*55 

1*6 

1-48 

1-84 

2*092 

2*094 

1*602 

1*609 

1*55 

1*68 

1*38 

1*45 

6708 

5896 

6890 

7699 

7664 

7948 

7800 

8948 

8521 

5*13 

4*1 

4*1 

3*9 

6*36 

5*11 

4*32 

4*16 

3*87 

48,486 

41,445 

85,006 

33,686 

31,407 

[Tate and Boote, Phil. 

I Mag., 36, 75, (1918) 

1 Booto, Bognley, and 
y Mo ii, 1 e r, Phys. 
j Bev., 13, 69 (1919) 


by the method of electronic collisions, and under “ calc.” (calculated) the 
values obtained for the same quantities from the optical data by eqns. 
(1) or (2), respectively, are given. The optical data themselves are tabu- 
lated under the headings “ resonance line ” and ‘‘ series limit,” Whereas 
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the limit Is of the principal series is simple, the resonance line Is ~ 2 ^ 4 , 

^ = 1, 2, is double, but separated by so small an interval that it must 
appear simple in electronic collision. In passing we must note that the 
position of the series limit is given by numbers regularly decreasing as 
the atomic number increases. (In the resonance line that is compounded 
from the difference of two terms this regularity (cf. Li) is a little ob- 
scured.) This and the correspondingly proportional decrease of the 
ionisation potential denotes at the same time a weakening of the electro- 
positive character of the alkalies as the atomic number increases, and 
this may be explained by the parallel increase of the ionic size (cf., for 
example, Fig. 26). 

The conditions are much more involved in the case of divalent metallic 
vapours. Here, as already mentioned (p. 321 ; further details in § 5), 
there occur a series system of triplet lines and one of lines of a simple 
structure, which combine among themselves. The former are denoted 
by the symbols 5, di, . . . (i == 1, 2, 3), the latter by the symbols 
S, P, D, . . . In the case of these vapours excitation by means of elec- 
tronic collisions was first investigated by McLennan and Henderson* 
and led to the just now mentioned differentiation between the ‘‘ one-line 
spectrum ” (in the above sense, not in the sense of the symbols S, P, D) 
and of the more-lines spectrum.” But the whole matter became 
cleared up through the work of Davis and Goucher (cf. p. 347) on the 
excitation of Hg- vapour. The interest was here centred in the resonance 
line of mercury X — 2537, which we have already mentioned several 
times ; the fact that it is, at the same time, the ground line of the ab- 
sorption spectrum shows that its final orbit also represents the ground 
orbit in the Hg-atom. We call its term IS (in Paschen’s nomenclature 
it is usually called 1-5S). As Paschen has shown, t X = 2537 is a com- 
bination line of the system of simple and triplet lines. It has the formula, 

v = ^ = IS - 

both terms are defined with perfect accuracy from our knowledge of the 
triplet and the simple lines series. For we have 

IS = 84177, 2j)2 = 44767 
and so we get the resolution 

V = 39410 = 84177 - 44767. 

Since, in the process of emission, the first term (we discard the sign) 
determines the energy of the final orbit, and the second term determines 
that of the initial orbit, we write at the lowest energy -level of Fig. 87 the 
number, -- 84177, and at the next lowest the number, - 44767. It is 

* Proc. Boy. Soc., 91, 485 (1915) , and a series of continuations of this paper, 

t Ann. d, Phys., 35, 876 (1911), 
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between these two levels that both the process of emission (arrow down- 
wards) as well as that of absorption (arrow upwards) take place. 

o 

In addition, we consider the line A. = 1849A situated still further in 
the ultra-violet. As it likewise occurs not only as an emission line but 
also" as an absorption line in cold mercury vapour, it must start out from 
or, respectively, tend towards the same ground level, the natural orbit of 
the electron at the periphery of the atom. This is confirmed by its ex- 
pression in terms. Tor, according to Paschen (loc. cit.), X = 1849 is the 
line of the principal series of simple lines and is therefore expressed by 
the formula, 

V = i = IS - 2P 

A 

in which 2P = 30111, and we have the resolution 
= 54066 = 84177 - 30111. 

In accordance with this we have therefore to add in Fig. 87, above the 
two energy-levels hitherto considered, one that is higher and to which we 
assign the number -30111. 

The emission and the absorp- 
tion of X == 1849 then takes 
place between this upper level 
and the lowest level, and they 
are indicated by oppositely 
directed arrows. Above this 
upper level there has been 
drawn in the figure a still 
higher top level, which denotes 
the removal of the electron to 
infinity and represents the energy 0. According to eqn. (2) the following 
numbers of volts correspond to the above-mentioned wave-numbers : 

r = 84177 V = 10*4 volts. 

- 54066 - 6-7 „ 

= 39410 = 4-9 „ 

Actually, Davis and Goucher have confirmed that at the value 4*9 volts 
given by Franck and Hertz (cf. p. 338) the line X » 2637 is flashed out. 
At the same time, however, they succeeded in proving that an ionisation 
of Hg-vapour did not yet occur at this potential. Furthermore, they 
detected signs of the emission of the line X « 1849, likewise without 
ionisation, when the potential was 6*7 volts. lonimtion was sfumm 
beyond doubt to occur at a potential of 10*4 volts. 

But. these circumstances are exactly repeated in the case of all 
elements of the second column of the periodic table. In all cases, 
IS - 2j)^ is the first excitation limit, IS - 2P the second, and IS itself 
the ionisation potential, Plow completely the measurements obtained 



Fra. 87. 
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from electronic collisions agree with spectroscopic data is shown in 
Table 37. The values tabulated under “calc, have here, too, been 
determined from eqns. (1) and ( 2 ). 


TabiiB 37 
AlliCtlifi& JScLTths 



Excitation 
potential 
in volts 

IS -2^)2 
1S-2P 

Ionisation 
potential in volts. 

Series 
limit in 
- 1 

cm. 

ObHerver 


Obs. 

Gale. 


Obs. 

Calc. 

IS 


Mg . . . 

2*65 

4*42 

2’7 

4-33 

4572-65 

2853-06 

7-75; 8-0 

7*61 

61,663 

Foote and Mohler, Vhil, 

37, 38 (1919). Mohh'U Fno 
and Meggorn, Joiini. <)| 
Soo. Amer., 4i (192( 

Bur. of Stand., Nr. 403, 1112 

Oa . . . 

1-90 

2*85 

1*88 

2*92 

6574*59 

4227-9 

6-01 

6*09 

49,309 

Mohler, Footo and 

Bur. of Stand. Nr. 86H, ledt 
Phys. Bov., 14 584 (1920). 

Sr. . . . 

— 

1*79 

2-68 

6894-45 

4608-61 

— 

5-67 

45,935 


Ba. . . . 

— 

1- 56 

2- 23 

7913-52 

5537-04 

— 

5*19 

42,030 

Tate and Foote, Idiil. ’Mag.i 3 
64 (191B). Moliler, roe 
and Meggers, he. 

Zn . . 

4*1; 4-18 
5*65 

4- 01 

5- 77 

3076-88 

2139-33 

9*3; 9*5 

9*35 

75,759 

Cd . . 

3-88; 3*95 
5-35 

3*78 

5*39 

3262-09 

2288-79 

8*92 

8*96 

72,538 

As for Zn. 

Hg . . . 

4*9; 4-76 
6*7; 6-45 

4-86 

6-67 

2537*48 

1849-6 

,10*38*, 10*2 

10*39 

84,178 

Franck and Kertz, he. F»u< 
and Finsporn, l.e. ]\lohli 
Foote and Mhggow, ho. 


In addition to these results very detailed measurements carried out 
in the case of mercury in particular by Franck and Binsporri * have 
brought into evidence a whole series of higher energy-levels, for example, 
IS - 3P, IS - 4P, IS - 3^2, IS - 4^2, in current potential curves* 
It is of particular interest that the transitions 

IS - 2pj and IS - 

that are not observed optically and that are excluded by a Bclectiva 
principle governing the inner quantum numbers (cf. § 5) make them- 
selves noticeable in the current-potential curves as bends. It occurB to 
us immediately that the principle of selection, by ‘ the mode of its de- 
duction (cf. p. 269), restricts only the phenomena of monochromatic 
emission, not the effects of electronic collisions. 

The ionisation potential of the second order, that is the formation of a 
double positive ion has also been determined by Foote, MeggerB, and 
Mohlert for the alkaline earths, the first being Mg.. This ioniBation 
potential of the second order corresponds to the II, S. limit of the doiiblcit 


^eitschn f. Pliys., g, 8 (1920), 


fPhys, Bev., 15 , 128 (1921), 
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lines of the spark, just as the ordinary ionisation potential corresponds 
to the limit of the H.S. simple lines, and, of course, lies considerably 
higher than the latter (15 volts as compared with 7*6 volts, in the 
case of Mg). It is of particular interest as it is a measure of the 
Wcirmetonung'' (sum of the heat generated in a chemical reaction and 
the external work performed) in the chemical union of divalent ions. 

It is also of interest that it was possible to find the ionisation 
potential of Pb * by electronic collisions, that is of an element whose 
series system is still quite obscure. In this quarter a way seems open 
to introduce order into the line-relations of Pb, after the limit of its H.S. 
has been found. 

Excitation experiments have also furnished valuable knowledge 
about neutral helium. In the first place a decisioxi was required con- 
cerning the question of its atomic model. Bphr’s model (Fig. 19) with 
its two electrons revolving at the ends of a diameter would require an 
ionisation potential I = 28-7 volts, as we shall calculate in Note 14. 
But observation led to I = 25*3 (cf. eqn. (5) above, or the following 
Table 38). Thus Bohr's model had to he rejected, 

. Then the ground level of helium, IS in Fig. 84, had to be found. ‘ It 
already follows from the fact that helium gas is qu te transparent as far 
down as the ultra-violet that this level is not identical with the final 
orbit of the visible H.S., namely, 2S or 2s (as on p. 322, the capitals 
refer to “parhelium,” and the small letters to orthohelium ”). ^ 
positive datum for the position of the ground level is the measurement 
of the first inelastic collision at 20*5 volts by Franck and Hertz (cf. p. 
338). If we express the limit of the H.S. of orthohelium v == 38453 in 
terms of volts by eqn. (2), we get 1*23 . 3*85 = 4*75 volts ; and by adding 
this to 20*5, we get 25*25 volts, that is the ionisation potential of 
neutral He. From this we see that the ground level IS lies 20*5 volts 
lower than the final level of the H.S. of or thohelium, the formula of which 
we, write as v sa 2s - wp (in the usual notation v = l*5s - 

The first inelastic collision of 20*5 volts (20*45 volts according to 
Franck and Knipping t) is therefore to be interpreted as 

20*45 volts « IS - 2s. 


Following Franck, we call this the transformation potential (“ Umwmd- 
lungssjpannung "). The slightly higher step, which is clearly distinguish- 
able from 20*45 in the current-potential curves of Franck and Knipping, 
is 

21*25 volts = IS - 2s, 

The difference 


21*25 -- 20*45 = 0*80 « 2s - 2S 


corresponds exactly to the difference of the limits of the optical H.S. of 
orthohelium and parhelium. 


* Mohler, Foote and Stimson, Bureau of Standards, Nr. 868, 1920. 
tPhysik. Zeitschr., 20, 481 (1919) ; Zeitschr. f. Phys., 1, 320 (1920). 



S50 


Chapter VI Series Spectra in General 

These conditions have already been exhibited graphically in I^ig. - 
on the right side of the figure we see the compounding of the ioniBatio^ti 
potential out of the transformation potential 20’45 and the ILB. limit of 
orthohelium ; on the left side we see how it is compounded of the iniergy^ 
level 21*25 and of the H.S. limit of parhelium. 


Table 38 


Observed 

Calculated * 

Series name 

Wavii-huigtliM 

20-45 


IS » 2,s- 

BlOA 

21-25 

21*25 

IS ~ 2S 

585 

21-9 

21-85 

IS - 2P 

5(>1» 

23-6 

23-7 

IS - 3P 

528 

25-3 

25-23 

IS 

4:98 


The next steps maybe read from Table 38, and have also been drawn, 
in Pig. 84 on the left as dotted arrows. They correspond to the iiltriai- 
violet H.S. of parhelium that tends to the ground orbit : it inimt at ttue 
same time be the absorption series of unexcited He. The wavtvlongtHs 
given in Table 38, in particular that corresponding to the transformation 
potential, X = 610, have only been calculated. Only the wavcs-lBiigtH 
585A has been observed optically by Lyman and Pricke t ; as it has tHe 
formula IS - 2S it is an exception to the principle of selection, and is 
presumably to be expected only in intense electric fields. It is just for 
this reason that, in the Lyman-Pricke arrangement, it escapes absorption 
in the case of neutral helium, whereas, on the other hand, the lines 
IS — 2P, IS - 3P, which one would expect first, optically, are pre- 
sumably again extinguished by absorption. 

That there is no level Is of orthohelium corresponding to tlm level Is 
of parhelium is rendered certain by the facts above stated. This circum- 
stance also explains the distinctive position taken up in the series systcBin 
of He by 2s (it is indicated in Pig. 84 by the darkening of the level 2s). 
Por, once this state has been excited, it cannot again bo destroyed l>y 
monochromatic emission. It is therefore called the metastaMe state by 
Franck and Eeiche.J The term “transformation potentiar' applied to 
the 20*45 volts points to the transformation from the stable state IS to 
the metastable state 2s. In this connexion the remark of Franck is 
mteresting that the transformation IS -> 2s occurs only in impure Ho ; 
in perfectly pure samples of the gas the transformation potential -IS - Qs 
vanishes entirely from the current-potential curve. 

The level 2S has also a certain degree of stability inasmuch as the 
ransmon 2b-5-lS which, from the energy view, is alone possible he^re 

seriesMhtmt^ amounts of energy that follow from tlx& 


t Ph.il. Mag., 41, 814 (1921). 


JZeitschr. f. Phys., 21, 585 (1920). 
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is excluded by the principle of selection : at any rate 2S is not unstable 
to the same degree as, say, 2P, 3P, . . . But nevertheless the stability 
of 2S is much less than that of 2s, because in the case of 2s there becomes 
added to the restrictions imposed by the prmci/i)le of selection the evidently 
much more effective “ partition ” restriction (imposed by the fact that the 
levels of ortho- and parahelium may not be combined). Consequently, 
the level 2S is not, as in the case of 2s, called metastable ; corresponding 
to this, the level 2s but not 2S in our Fig. 84 has been emphasised by 
being darkened and thus made comparable to the ground level IS. 

At the same time the particular position of 2s explains the character 
of the line X = 10830A ™ 1/x as a “resonance line.” From the initial 
state 2p the He-atom can pass over only to 2s, whilst the transition to 
2S or IS is excluded owing to our central partition in Fig. 84. Herein the 
line 2s •- 2^ is distinct from the line 2S - 2P, X = 20582 = 2/x. From 
the initial state 2S there is possible the transition to 2S as well as to IS. 
Actually, according to an investigation by Paschen,* X = 2/>i exhibits 
incomplete resonance, but X = 1/x complete resonance. This means that 
if helium gas receives radiation X = 1/x, it remits all the absorbed light 
as light of the same wave-length, whereas, if it receives radiation X = 2fx, 
it radiates out only a fraction of the absorbed light as light of the same 
wave-length. The fact that in each case a certain excitation of the He- 
gas was necessary to provoke absorption, is in accordance with the 
circumstance that neither 2s nor 2S is the ground orbit of the unexcited 
He. 

We have described here, of course, only those results of the method 
of electronic impact that are particularly instructive and immediately 
intelligible. Over and above this, the method bids fair to shed light on un- 
known series relationships (cf. also the conclusion of the next paragraph). 

Finally, we shall add for the sake of contrast with the excitation by 
means of electronic impact a method of purely optical excitation. It has 
iDeen developed by Fiichtbauer t for Hg- vapour. In exhibiting its results 
we shall follow Fiichtbauer in using a diagram that was first used by 
Bohr I and that is particularly appropriate for representing the compli- 
cated conditions here involved. In this diagram the various atomic states 
are not represented by horizontal levels but by points which, according 
to their series character are disposed along different horizontal lines. The 
difference between the energy- values of two atomic states are accordingly 
not denoted by a vertical arrow but by the horizontal projection of an 
arrow, which connects the points of the initial state with those of the final 
state. In this diagram lines to the left signify absorption, those to the right 
signify emission, and owing to the principle of selection they will always 
be in an oblique direction. The distances of the horizontals, denoted by 

^Ann. d. Phys., 45, 625 (1914). fl^hysik. Mtsohr., 21, 636 (1920). 

•tZeitsohr. f, Phys., 2, 434 (1920). Of. also W. Grotrian, Physik. 2jeitscht., 21, 688 
(1920). 
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s, Pi, S, P, Dj from one another are chosen arbitrarily, but the positions of 
the points marked 1,2,3, . . . on these horizontals are drawn according 
to scale, their distances from the bounding line on the left of the figure 
give directly the values of the corresponding terms. 

Concerning the experi- 
mental arrangements we say 
only this : a quartz tube filled 
with mercury vapour was il- 
luminated by radiation from a 
quartz mercury vapour lamp. 
I The latter emits into the form- 
er tube practically only such 
lines of its spectrum as have 
wave-lengths greater than or 
equal to X = 2537 A (as all 
light for which X 2537 
is held back by the thick 
quartz walls of the lamp). 
In the first (the outer) tube 
only X = 2537 is absorbed 
initially, since the PCg-vapour is in the state given by the ground orbit 18 ; 
but, owing to the absorption, a fraction of its atoms, cf. Pig. 88, pass 
into the state Hence this fraction is enabled to emit not only the 
line IS - 2^2 but also to absorb the lines 

2^2 - Is, X = 4359; - 3D, X = 3132 

(as, indeed, all lines of the type ■“ which 2^2 is the initial level 

of the absorption). In this way new atomic states 3D and l5 (the latter 

is usually called l’5s) come about. Prom these as starting points the 
following emissions are possible according to the principle of selection : 

2P - 3D, X = 5791 ; - Is, X = 5461 

2j?g -- Is, X = 4047. 

These and further emission ^ lines have been photographed by Puchtbauer 
as secondary and tertiary consequences of the primary illumination by the 
radiation 2537^. Puchtbauer showed that 2537 was actually the only 
primary excitation active by causing the line 2537 to be absorbed by the 
interposition of a thin film of glass ; this led to the cessation of the 
emission of light of longer wave-length. 

It is fascinating to observe how the light that was initially ultra-violet 
in its zig-zag diagrammatic course, which may be considerably multiplied 

■^For example, the lines of the I N.S., 2^i - 2jpi - idj, that are not drawn in 
the figure were very intense on the photographs. Fiichtbauer kindly informed me in a 
letter that he had identified thirty-one lines, some being very intense, others less 
intense. 
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in tbe figure, becomes more and more divided up into branches of visible 
light. We have also indicated by a dotted line in the figure the possi- 
bility of getting ultra-violet light of still shorter wave-length than the 
original 2537 light (the necessary energy in quanta is furnished by the 
absorption of light of longer wave-lengths that has occurred in the mean- 
time). We need merely connect 2P IS to close our polygon, thus 
obtaining in v == IS - 2P, X ~ 1849, an emission that is of shorter wave- 
length than the primary light X = 2537. This emission was certainly 
present in Ptlchtbauer’s experiment although the constructional limits 
of the apparatus did not allow it to be observed. 

Piichtbauer’s experiments are also instructive in that they bring into 
evidence the finite '‘time of stay” of atoms* in their excited states. 
Actually there is, for example in the state 2p2, a finite probability that a 
further energy quantum will link up with 2^92 only if the atom persists in 
the state 22)2 for a finite time. 

There is the following fundamental difference between excitation by 
electronic collision and excitation by means of vibrational energy. The 
kinetic energy of the impinging electron may be greater and need not be 
exactly equal to the amount that the atom requires for the transition to 
the excited state ; any excess beyond this amount remains as energy of 
motion of the electron. On the other hand, in the excitation by means 
of light radiation of frequency v the quantum hv must be exactly equal 
to the energy-step of the transition to be excited. Light of a greater v 
is just as ineffective as light of a smaller v. It is only when the transi- 
tion leads to the dissociation of the atomic configuration, that is to 
ionisation, that a greater 1 / is also effective. Only in this case is the 
amount by which its hv exceeds that necessary for ionisation imparted 
to the detached electron as “ photo-electric ” energy of motion. 

§ 4. Continuous Transition from the Rbntgen Series to the Visible Spectra 

Whereas in the early stages of electromagnetic optics chief interest 
was centred in the problem of bridging over the region between Hertzian 
waves and heat waves, that is, between wave-lengths of about 1 metre to 
1 microm., the experimenter now finds himself confronted with the task 
of filling the gap that exists between the optical region, and the Eontgen 
(X-ray) region. If we count the optical region, including the extreme 
Schumann rays, as stretching to, say, 1200A and the Rbntgen region 
that is accessible to crystal analysis as extending to 12 A, then the gap, 
expressed in terms of volts by means of eqn. (1) on page 8, extends 
from about 10 volts to 1000 volts. The limits of the region between 
X = 1200A and X = 12A correspond to the fundamental proper radia- 
tion Ka of li on the one hand and of Na on the other ; accordingly 

*In Oliapter VII, § 8, we shall draw a similar conclusion from certain observations 
of band-spectra. 

23 
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there are accumulated in the middle of the region the lines and bands of 
selective absorption of the atoms C, N, and 0, which can hardly be 
omitted entirely from the course of optical radiation. It is clear that 
just this region must present very great difficulties to the optical method. 
We therefore expect the most important disclosures about this inter- 
mediate region from the method of electronic impact which has, indeed, 
already fixed the characteristic fundamental points of the region (see 
below, 20 volts for He, 16 volts for Ne, and 12 volts for A). Furthermore, 
Foote and Mohler have succeeded in tracing the L-series* for example 



2 ^ 10 20 30 40 

Fig. 89. 


as far down as Ne. The fact that the optical method of the grating (of, 
p. 161) is competing at the same time and is being elaborated gives us 
ground to expect that the gap still present will soon be bridged. 

By extrapolating boldly and using the numerical values at present 
available, Kossel has continued to map out even at this early stage the 
general lines of connexion between Bontgen spectra and visible spectra. 
We proceed to describe his instructive diagram! given in Fig. 89. The 
horizontal axis gives the atomic numbers of the lower elements, whereas, 

* lourn. Opt. Soc. Ann., Yol. 5, July, 1921. 

fZeitsohr. f. Phys., 2, 4:70 (1920). Experiments in the extreme ultraviolet now 
allow us also to check Jvossel’s figure empirically. Of. Millikan, National Academy, 
^ where, for example, the Lo-line is given for the elements A1 to Li. 

K-ossel s predictions have hereby been confirmed in every detail. 
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following Moseley’s example, Kossel plots along the vertical axis the 
square root of the frequency number of the principal line of each Eontgen 
series ; the root is chosen in preference to the frequency itself because 
of its rectilinear course and the greater ease of extrapolation. 

The line Ka has been observed as far as Na, for which 2 = 11, and 
its graph may be extended without uncertainty as far as to He. Here it 
ends exactly at the ultra-violet absorption line of He, which corresponds 
to the removal of one of the two He-electrons from the ground orbit IS 
to the quantum orbit 2P ; we see from Table 38 on page 350 that its wave- 
length is X = 569A, which corresponds to an excitation potential of 21*9 
volts. This He-line is followed at once by the first line of the Lyman 
series, which has already been described on page 226 as the analogous 
line to the Ka-line for hydrogen. Its position is made certain by Balmer’s 
formula. 

Only the upper part of the graph of L, as far as Zn = 30, has been 
constructed from direct measurements of La. But for smaller values of 
Z its course may be found with sufficient accuracy for our present pur- 
pose from the values of the combination of KyS and Ka by calculating 
from the formula : La — K/3-Ka (to be read in terms of wave-numbers) 
which is approximately but not accurately true. The small difference in 
height between the initial upper' and the later lower course of the L-line 
denotes the so-called “combination-defect” A = K/3-Ka~La (cf. Chap.j 
YIII, § 6, where it is explained as the difference of level The 

L-graph so constructed then tends (with a slight curvature to which 
Kossel draws particular attention) directly to a characteristic Ne-point. 
The latter corresponds to the excitation value observed by Franck and 
Hertz and mentioned on page 338 (16 volts) ; it is to be interpreted as the 
fundamental absorption line of the neon spectrum. The point is no 
longer far from the ground line of Li, the first line of its principal series, 
X = 6708, and it is connected with the point representing this line by a 
dotted arc of a curve, of which the curvature is partly determined from 
theoretical considerations. The radical change of the course of the L-graph 
before and after neon illustrates the contrast between the gradual building 
up of the L-shell and its completion from Ne onwards. The fact that 
the construction of the L-shell (or of the L-ring) begins with Li and that 
therefore the ground line of the Li-spectrum is to be ascribed to the 
L-series fits in very well with the general picture of the periodic system 
(cf. Chap. II, 8 7, p. 108). 

The third and lowest line of our figure represents the graph of the 
Ma-line, This has been measured directly, as we know, only in the case 
of the heaviest elements (as far down as Z = 66) ; as far as Z = 40, it 
can be found sufficiently accurately from the combination of La and Ly. 
But in the case of the lower elements Kossel finds himself compelled to 
have recourse to the much more uncertain combination of K/3 and Ky. 
Since Ky denotes the transition from the N-shell, and K/3 that from the 
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M-shell, into the K-shell (cf. Fig. 47, which has, indeed, been drawn only 
for very general conditiU but is quite appropriate for our present 
purpose), we see that actually Ky ^ K/5 represents a transition from 
the N- to the M-shell, and is therefore equal, or more accurately, appioxi- 
mately equal to the principal line Ma of the M-series (hig. 47 al owa us 
to read this off directly). The points thus obtained on the M-graph 
owing to their derivation from the difference of two nearly equal 
quantities, certainly scatter considerably, but they allow ua to rcKXigmse 
without constraint its general course, which tends directly to the argon 
point, 12 volts (according to Franck and Hertz;, see p. 338). I he argon 
point is to be combined with the point representing the principal line of 
the Na-spectrum, namely the D-line, X = 5890A. The principal line 
of the magnesium spectrum (ground member of the principal seiies of 
simple lines) = 2853A (cf. Table 37) fits in here. The small crosses 
above the two last-mentioned points denote the corresponding Berios 
limits (ionisation potentials). In the M-graph, too, the contrast with 
the M-rings that are snccessively being formed at the surface of the atom 
(for the elements from Na to A) and the completed M.-shell tliat contracts 
more and more in the interior of the atom becomes more and more 
marked; the latter shell explains the steady course of the M-graph for 


higher atomic numbers. 

Thus the figure is instructive in various respects. 

In the first place, it exhibits the similarity of character in the 
emission of X-rays and of light rays. Bach Bontgen Beries, as the 
atomic number decreases, ends unmistakably in certain (ultra-violet or 
visible) lines of the optical spectra. 

Secondly, the figure brings out clearly the periodicity of the arrange- 
ment or constitution of the atom. Bach of the branches of the graphs 
to be drawn represents a sphere or a shell in such a way that each alkali 
marks the beginning of a new shell. 

Thirdly, the figure allows us to follow the gradual building up of each 
shell from each alkali to the next succeeding inert gas. The building up 
finishes with the inert gas and from this point onwards our graph lino 
travels along a straight line towards higher atomic numbers ; between 
the alkali and the inert gas it follows a law which is clearly different. 
The inert gas forms, so to speak, the corner-stone in the development of 
the atomic structure and the turning-point for our spectroscopic graph 
lines, quite in harmony with our reflections on page 108 al:>out the 
importance of the configuration of the inert gases. 

But in other respects the figure is surprising and paradoxical 

It shows that in the case of Li the first H.S.-line corresponds to this 
L-series, whereas in the case of Na it corresponds to the M-Beries. Thtis 
lines that are of an exactly similar type in the theory of series and that 
are represented by the same symbol Is - appear as different types 
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in the Eontgen scheme: the one line is allocated to the L-seiies, the 
other to the M-series. 

This indicates that the analogy between the outer region and the 
inner region of the atom is not complete. We have already, earlier, 
encountered differences between these regions and we explained them by 
means of the different characters of the quantum orbits (the outer orbits 
are virtual, the inner orbits are constitutive and have their full quota of 
electrons ; see p. 190). In the visible region the lines may occur both in 
emission and in absorption, whereas in the Eontgen region they can 
occur only in emission. In the visible each series line has its particular 
excitation limit which is lower than the ionisation limit ; in the E5ntgen 
region all lines of the same series have the same excitation limit and 
this coincides with the work of dissociation (“ Abtrennungsarbeit ”) for 
the shell in question. 

Concerning the allocation of quantum numbers w^e were able in the 
visible region (§ 2) to characterise each kind of term by a definite value 
of the azimuthal quantum numbers, for example, the s-terms were 
characterised by n = 1. It was originally thought that in the Eontgen 
region, too, it would be sufficient to distinguish each shell by one quan- 
tum number, for example, the K-shell by ~ 1, the L-shell by n = 2, 
and so forth. The facts presented by the fine-structure in the Edntgen 
region show that this is not so (cf. Chap. VIII, §§ 5 and 6). Kossel’s 
figure also brings this out clearly, for the M-series and the L-series, 
just like the K-series, degenerate as the atomic number decreases to the 
principal series of the alkalies, that is, resolve into a transition that 
undoubtedly has the final state characterised by n = 1. 

Bohr hints at the solution of this apparent contradiction (cf. p. 109) 
in his letter to “ Nature,*' mentioned on page 59 ; according to him, there 
exists a “ quantum number’* (we jourposely express ourselves in indefinite 
terms) that increases in the successive shells to a maximum, and 
then decreases, in the manner formerly asserted of the distribution 
member of the shells. The extreme atomic shell, whether it be the 
M-shell as in Na, or the L-shell as in Li, always belongs to the “ quan- 
tum number*' 1, and the ground line of the Eontgen series in question 
can then in the case of each shell pass over without discontinuity into 
the principal series of the visible region. 

The transition between the inner and the outer region of the atom 
would be brought out more clearly by drawing Kossel’s figure for the 
terms instead of as in Big. 89 for the lines. As already frequently 
. emphasised, the forfiier are of greater fundamental importance than the 
latter. The continuous linking up of the lines would follow as a corollary 
from that of the terms. But at present we cannot yet sketch such a 
diagram of terms without too great vagueness ; our table of Eontgen 
terms in Chapter VIII, § 6, merely furnishes us provisionally with as 
yet incomplete connexions. 
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§ 5. The Permanency of the Multiplicities. Inner Quantum Numbers 

In general, spectral lines have not a simple structure, but occur as 
doublets^ triplets, etc. (cf. p. 318) ; or, it is better to say that the terms 
from which the spectral lines are composed, are in general not simple 
but two-fold, three-fold, and so forth, 

We illustrated this in § 1 for the case of the p-texm. The j^-term of 
the alkalies is tivofold. Instead of mp we therefore wrote in g 1 : 

mpi, where ^ = 1 or 2. 

The ;p-term in the arc spectrum of the alkaline earths is three-fold (or 
simple, i.e. one-fold). When it was three-fold we designated it by 

mpi, ^ = 1, 2, or 3. 

Earlier, we purposely avoided taking account of the multiplicity of the 
<^-term (cf. p. 319). 

We now assert : together with the p-term, also the d-term and the 
b-term are two-fold or three-fold. Only the s-term, as already emphasised 
on page 318, is akoays simple (one-fold). This similarity of subdivision 
which pervades the p-, d-, and 6-term we shall call the permanency of the 
multiplicities. In extending this law to the 6-term we are carrying out 
an extrapolation which has hitherto been proved only for isolated ex- 
amples, and which, as we shall see below, could only be proved in 
particularly favourable cases. 

We next consider the various combinations of the s-, p-, dr, 6-tei*ms. 
Concerning the H.S. and the II N.S., which are combinations of the 
s- and the p-term, we have nothing essential to add to what has already 
been s'aid on page 319. On account of the simple structure of the s-term 
and according to the two-fold or three-fold structure of the p-term, the 
lines of these series are themselves two-fold or three-fold respectively. 
The same is true of combinations of the s- and the dl-term, which are in- 
admissible according to the selection principle, and which can be realised 
only by external electric fields (cf. p. 333). Since in the II N.S. 
V == 2pi - ms the multiplicity is in the constant term, the doublet or the 
triplet lines have in this case constant Av’s. Since, on the other hand, 
in the H.S. v = Is - mp the multiplicity is in the variable term, the 
Av s here gradually decrease as we approach the series limit, as, indeed, 
the mp term itself decreases to zero (cf. p. 327). At the same time, since 
the sign of the constant term is the reverse of that of the variable term, 
the order of the intensities of the doublet and triplet lines in the H.S. i| 
the reverse of that in the II N.S. (cf. Eig. 82). 

New phenomena, however, occur in the I N.S. v — 2^),: - mdj. In 
the doublet systems, ^ = 1, 2 andy == 1, 2, we are led to expect lines, 
corresponding to all possible combinations of i and j, whereas in the case 
of the triplet systems, ^ = 1, 2, 3 andy ~ 1, 2, 3, we should indeed ex- 
pect nine. We shall see presently that the numbers 4 and 9 in reality 
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owing to the fact that some of the components of the 
^ which are algebraically possible are inadmissible physic- 

f call the whole line-configuration a composite doublet or com- 
in pie i respectively; these names are due to Eydberg* We 
Mill f*j if, advisable to avoid the usual term doublet oi complete 

ii > Pit i ft ir the X'eason that it is just the incompleteness of the line-configura- 
tp >11, I hat, iH, tlie actual dropping out of certain of its possible components, 
uruidi in cliaracteristic of its structure. The first explanation of this 
nIi iir!4a*t* one of the finest achievements of Eydberg; it was given 

lU li when the systematic structure of series terms and their 

lu uil were still wrapt in obscurity. 

haHs'mjg on to the quantitative aspect, we adopt the convention in 
^'oiilfiriniiy with the usual practice that the terms are numbered within 
multipUciPij in the order of their magnitude ; thus we always t have 


m^i<md2<mQ53 . . . (1) 


(III ilouUk^t Hystems the third term of this inequality of course drops out.) 

Fiirthtirinore, if we represent the terms graphically as energy-levels 
(Kmertiifmvewits), then, according to the inequalities (1), the level Piidf) 
liiw fifc/ifNvi tho Icwel triplet systems,- the latter 

aImhhi ; for the terms are defined as negative amounts of energy 

W * ‘ * ' 

" , lincl HO, from follows for the corresponding energies 

Ihftt \V| ^ and so forth. We may therefore also say : we number 

llw em*fij'ii ^levels within each multiplicity according to their heights, begin- 
III Ilf/ a I the highest level with -i = 1. 

Wii iiimt illustrate the structure of a composite doublet by considering 
ttxaniplo of the heaviest alkali Cs (in accordance with a general rule ^ 
in hit clisciiKBocl later the separation of the components is greatest in 
llii« tmwt, and thus observation is easiest). The first member of the 
I N,H. iH r - Bdj for Cs, and lies in the infra-red near the point 


* Aiiii, iU l^hys., 50, 025 (1893), cf., in parfcicular, subsection III. See also long 
uit iiocUiorchoB Bur la constitution des spectres d' Emission des 414ments 
HwodiBh Academy, Yol. 23. A German translation is about to appear in 
till* ** OnfewaUIs KlaBBiker.’' 

i that the convention (1) may be made uniformly and consistently for all 

?r Jiri t.hn4, tho toriUB wliicharo ordered together by the same i whilst w varies, namely, 
4 it acUaially belong together by their nature may be inferred from the ap- 

validity of Bydborg’a method of representation in terms (p. 316). For from 
<ir4«‘rut« ( 1) of the terms there follows a corresponding numbering and ordering of 
ilis> rritmlatite Pi, d,: of the atomic field in Bydberg’s formula; and, conversely, the 
ft iriii«*r fulIuwB* from the latter. 

Wo iiiii/ht also number the terms, instead of according to their magmtuae, accord- 
f o t,lm rnfe'thutiy, with which they occur in the combination spi. For it a}3peam 
flNi.t tho kU'iti wpi is almost always the most intense, wi) 2 ^he next most intense, and 
fi' fi ivltfUi th IB present, gives rise to the weakest component of the corresponding Ime- 
r.^ 4 it|kfiioaltau tn the case of the Bergmann series of Os' this enumeration^ m order of 
iiifi4i”lt-V would, according to K. W. Meissner (of. below), differ from that m order of 
. i/v, ttiirl in io I>o preferred to the latter on systematic grounds. 
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3/x.. The doublet difference arising out of the multiplicity of the p-term 
amounts, in wave-numbers, to 

/\.vp - = 554*1 cms.- h 

That corresponding to the multiplicity of the d-teim is : 

Avii = Sd .2 ~ == 97*9 cms."“ h 


Fig. 90 has been drawn in the scale of wave-lengths. We begin with 
the line 2^^ - 3dp A. = 34892. It is a “ principal line ” of the com- 
posite doublet. Starting from it we mark- 
off in the direction of longer waves the 
doublet difference Avd and arrive at “the 
satellite ” namely, A, = 36127. 

If we proceed from the latter in the direc- 
tion of shorter waves a distance Av«, we 
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Fig. 90. 


arrive at the second main line 2^^ 


3^2, A. 


30100. But if we proceed 


forward in the same way from the first principle line a distance Avp, the 
line 2^2 - 3<^j that is to be expected according to the algebraic scheme is 
found to be missing ; it is shown as a dotted line in the figihre. Thus, of 
the four lines given by the formula - 3^;, only those three occur for 
which 


3>i ( 2 ) 


that is, the component 2p^ •- Zd-^, for zohich 

jCi (3) 

is forbidden. 

The fact that the doublet interval known from the II N.S. or 
from the first member of the H.S., does not occur between the two 
principal lines but between the satellite and the short-wave principal 
line was felt as a serious obstruction earlier, but is now explained by 
the quantum view of the whole line-configuration, as shown in Fig. 92. 
We also refer the reader to the analogous phenomenon in the case of the 
Bontgen spectra, namely, to the line-group L (a'a/?), cf. page 169. 











A 















Fm. 91. 


We encounter the same circumstances in a more manifold form in 
the composite triplet. Fig. 91 represents the first member of the I N.S. 
of Od. (We choose Od instead of the still further separated Hg, because 
in the latter the d^-term does not behave quite normally, cf. bottom of ' 
page 371.) In the case of Od the triplet differences that arise from the 
three-fold nature of the p-term are, expressed in wave-numbers, 

Avf = 2^2 - 2jpi = 1171 cms." ^ 

= 2^3 ~ 2p2 = 542 cms.“ ^ 
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in which the upper indices 12, and 23 indicate the origin of the 
difference from the terms and p.^, pg respectively. On the other 

hand, the three-fold nature of the i~term gives rise to the wave-number 
differences 

Avf = - Sd^ = 18 cms.“ ^ 

Ai/f = Sd.^ - == 12 cms.”“ ^ 

On occount of the comparative smallness of Avd compared with the 
scale could not be kept uniform in Pig. 91, but it was necessary in the 
interests of clearness to exaggerate the Ava differences relatively to the 
Avp differences. 

The figure shows that in the composite triplet, too, there are principal 
lines, satellites, and missing lines (indicated by being dotted in the 
figure). The principal lines are 2pj^ - 2p^ - 3d^, 2p^ - Sdg, and are 

thus given by i = j. The forbidden lines as before satisfy the inequality 
(3), namely, The totality of the admissible lines, principal lines, 

and satellites is again determined by (2). The true differences Avp are 
measured, not as between principal lines, but as between principal lines 
and satellites, and partly occur twice ; the same applies to the differences 
Avt^. The whole line-configuration is composed, in a very characteristic 
way, of3 + 2-i-l = 6 lines, whereas 1 -h 2 = 3 lines are forbidden. 

Precisely the same line-configuration of the doublet or triplet scheme 
occurs, further, in all lines of the I N.S. and, indeed, in all combinations 
np'i - mdj. In proportion as the numbers ^ and m become greater, the 
p-differences or the d-differences become less ‘(cf. p. 319, eqn. (4)). It 
may happen that even in the first member of the I N.S. the d-difference 
is so small that it cannot be resolved. The I N.S. does not then appear 
as a sequence of composite but of simple doublet (or triplets), just as in 
the II N.S. This is so in the case of Li, for example. Plereby the 
following difference between the doublets of the II N.S. and the I N.S. 
was shown to exist by the measurements of Kent* (carried out in Tub- 
ingen) : whereas the doublets of the II N.S. fulfils accurately the law of 
constant differences of frequency (p. 319) and gives the exact difference 
Av^, the doublets of the I N.S. remain slightly below this value and only 
approach it in the case of the later members. Kent finds from the first 
two members of the I N.S. 

Av = 0*306 and 0*326 cm.~i 
and, on the other hand, from II N.S. he gets 

Av = 0*34 cm."^. 

The reason of this is clear from Pig 90. In the I N.S. the doublet difier- 
ence is measured as the distance from the short-wave principal line to 
the centre of gravity between the long- wave principal line and its satellite 

* Astroijhys. Journ., 40, B43 (1914). 
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(which is not distinct from it). This distance or interval is loss than the 
true doublet interval Ay^, but approaches it in the higher series rrieinbers 
in which the (unresolved) d^-difference becomes smaller and smaller. 

Generally, we see from this example that the Lem of Oowkincy qf 
Frequency Differences (or Wave-number Differences) is only a* limiling law 
{Grenzgesetz) in the case of the I N.S., that is, one which is the more 
nearly obeyed the higher the number of the member in the sari oh ; imtl 
the exact structure of the I N.S. can be described only by the co-o|H3mtion 
of the two differences Avp and Ava> This law is directly and strictly 
valid only in the case of the II N.S. This circumstance has not, liowaver, 
prevented it from being of great practical utility, when appl iacl to the 
I N.S., for the classification of spectra in all those cases in which thi 
accuracy of observation allowed the 23-difterence but not the rf-differenea 
to be resolved. 

The “Permanence of the Multiplicities ” exhibits itself in the BtructiiRi 
of the composite doublets and triplets in the circumstance that a clotibliil 
(or triplet) ;p-term always combines with a doublet (or triplet) ri-term, 
hut that a doublet p-term never combines with a triplet d-term or 
In the case of the hydrogen fine-structures, with which we shall deal in 
Chapter VIII, g 4, the position is, however, different; here, foi’ exairiple, 
in the Palmer series there is superposed on the doublet structure of the 
first term E/2^ a triplet structure that arises from the second term 
This in no wise contradicts the law of permanence of multiplicities at 
present under consideration since, as we made clear from Fig. the 
hydrogen fine-structures do not. correspond to the structures of the tearms 
not of the hydrogen type, but rather to their various series types, 

Does the law of permanence apply only to the p^term and the rf-Zerw and 
not to^ the h-term ? When the author^ first formulated this question, no 
certain data were available which might have given an answer. In the 
meantime this gap has been filled. Only, indeed, in the case of thii 
heaviest elements and when the resolution is very great, may wa axpiiel 
to find definite signs for the two-foldness or three-foldness of the d4erin. 
In the case of the lighter elements and when the l^esolutiorx is small the 
multiplicity of the 5-term must practically vanish. 

And now Saunders t has recently succeeded in showing that the 
Jdergmann lines of the triplet arc spectrum of Ba, v^ Ui-whh], are com* 
posite triplets consisting each of six lines. Furthermore, K. W. Meissner | 
has measured composite doublets in the B.S. of Cs, which according to 
the position of their satellites do not quite agree with what is expected,^ 
but at least show the characteristic number of two principal lines and 
one satellite and exhibit the relationship between their intervals and thi 


t Astrophys. Joum,, 51, 28 (1920)* 


* Ann. d. Phys., 63, 228 (1920.) 
t Ann. d. Phys., 65, 378 (1920). 

has arisen here vanishes if we number the b-terms not mmmh 
mg to size but according to intensity (of. foot-note 1 on p. 859). 
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difference Popow* has revealed a composite Bergmann 

doublet of unusually great resolution in the doublet spark spectrum of 
Ba ; it has the wave-number differences 

Av,i = 3^Z2 “■ = SOI cms."^, 

Avi, = 4:&2 ““ == 225 cms.”^. 

We shall see in the next section that in this very case, in which the 
two-foldness of the Bergmann term was first observed, the conditions 
for observing them are as favourable as can be desired. For, in the 
spark spectrum, the term difference (here Av^) is, in round numbers, four 
times as great as in the arc spectrum. 

Thus the permanence of the multiplicities is, as far as the Bergmann 
terms, a fact that dominates the whole structure of systems of the 
doublet and triplet lines. What physical meaning are we to attach to 
this? What circumstances bring about the subdivision of the energy- 
levels of the atom and ensure that the number of subdivisions remains 
constant in the various series ? In § 2 we proposed the question : What 
circumstances produce the separation of the one hydrogen series into 
the various series or types of series in the case of the elements not of the 
hydrogen type? We’ there answered this question thus : These circum- 
stances are due to the additional electrical field which is superposed on 
the simple resultant Coulomb field arising from the nuclear charge and 
the electronic charges ; by taking this into account we succeeded in con- 
firming, besides the number and sequence of the various series, also the 
general (Eitz) character of the series formuliB. In the present case, every- 
thing urges us to enlist the aid of an intra-atomic magnetic field such as, 
in particular, occurs in ,the intimate relationship in which the problem 
of term multiplicities stands to the problem of the anomalous Zeeman 
effect. This magnetic view of the origin of term multiplicities is com- 
pletely confirmed by observations of Paschen, which are connected with 
the problem of forbidden lines in the composite doublet and triplet and 
wherein these lines are called forth by a magnetic fields 

Another circumstance seems to indicate that the intra-atomic magnetic 
field that is responsible for term multiplicities is produced by the circu- 
lation of the outer electrons of atoms. For in the case of equal valency 
the multiplicities are of the same type : they are doublets in the case of 
uneven, and triplets in the case of odd valency (cf. next section). Now 
smce the valency is given by the number of outer electrons of the atom, 
the origin of the inner magnetic field also seems to be founded on the 
number and the motion of the outer atomic electrons. We shall sub- 
stantiate this further in the appendix to § 7 ; for the present we shall 
confine ourselves to a rather qualitative theory discarding special ideas. 

* Ami. d. Phys., 45, 172 (19U). 

+ P. Paschen and E. Back, “ Liniengrupjpen magnetimh vervoUstandigV^ Zeeman 
Jubilee Issue of the Dutch journal “ Physica,’* 1921, p. 261, 
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The point from which we launch our attack is given by the forbidden 
components of the composite line-configuration. These components 
imply that the azimuthal quantim number n introduced in § 2 does not 
suffice for all purposes, For all_p-levels it is equal to 2, for all ^i-levels 
it is equal to 3, and so forth, and it cannot therefore effect a determinate 
selection between the levels f i and dj. So that if we wish to exclude the 
forbidden lines by a principle of selection, we must, indeed, introduce a 
new quantum number ; we call it the inner quantum number and desig- 
nate it by ni. 

In Fig. 92 we illustrate our procedure for the case of doublet systems 
The ground level s is lowest (greatest negative energy and highest posi- 
tive term*). To it there corresponds the azimuthal quantum number 
7Z = 1. For the ground orbit and indeed fop all s-terms we also set 



Fia. 92 . 

The j}-levels lie above it (have smaller terms *) ; beginning from the top, 
we number them and p> 2 - Their azimuthal quantum number is w==2. 
We assign to them the inner quantum numbers 

. . . m =2, P2 • • ■ 'ih: = 1 

and this is to hold not only for the term 2p but for all terms mp, that is, 
independently of the radial quantum number n'. We draw the <^-levels 
above the j^-levels ; they are less separated than the lattei", and the &-lqvels 
still less so. Their inner quantum numbers are, as we know, w = 3 and 
7^ = 4, respectively. We set down as azimuthal quantum numbers 

. . . 72-^ = 3, . . . Ui = 2 

b-^ . . . Ui =4, ^2 • • • ^ 

and generally for the azimuthal quantum number n : 

, . , Ui = n, ... Ui = - 1. 

* Of. also wliat was said in foot-note 1, p. 341, about Al, In, Tl. 
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We next formulate our Selection Principle of Inner Quantum Numbers. 
Whereas the azimuthal quantum number can in general undergo only 
the transitions 

n ^ n + 1 

the following transitions, and only these, are possible for the inner 
quantum number : 

%■ — > ^ ^ .... 

Thus, in this case, An,: = 0 is not forbidden. 

This rule of selection is to be supplemented by a rule of intensity : of 
the three transitions (4) that one is to occur ivith greatest intensity which 
takes place in the same direction as the transition to the azinmthal quantum 
number n ; and the intensity is to increase so much the more the more the 
type of the transitmi of ni differs from that of n. Hereafter we shall 
thus speak of a “ strong,” a “ less strong ” and a weak transition.” 

Let us now consider from the point of view of this principle of 
selection and of this rule of intensity the combinations in the 

1 N.S. of the doublet systems, such as are depicted in the middle part 

of Pig. 92. The azimuthal quantum number hereby falls from the value 
3 (d“term) to 2 (p-term). Accordingly we have two strong ” transitions 
of the inner quantum number 3 -> 2 and 2 -> 1, which actually corre- 
spond to the two principal lines and i = y. The transition 

2 2 of the inner quantum number, which belongs to the satellite {pjdf} 

is ‘'less strong”; the combination (P 2 ^i)> forbidden because, in 

it, the inner quantum number would make a jump of two units, from 3 
to 1. Exactly the same holds for the combinations {dljbf) of the 
Bergmann lines, cf. the upper right half of the figure. Here, too, the 
two principal lines correspond to the transitions m — > ni - 1, and the 
satellite corresponds to the transition the combination {dfbfjy 

i 'f>j is also forbidden because it would denote a transition from 4 -> 2. 

Finally, concerning the combination (sp,;), in the H.S. or the II N.S., 
the two transitions 2 1 and 1 1 are allowable, but are to be expected, 

according to our principle of selection, to be of varying intensity. In 
the case of Na we have, for example, for X = 5896, and D^, X 5890 
(cf. Pig. 82) : 

Dj, 1 / = Is - 2^),, {Ui = 2) -5. {m = 1)\ 

D^, V = 1.9 - 2p>2, [ni = 1) {m « 1)/ 

Actually, according to many exact measurements D 2 is more intense than 
(indeed, exactly twice as intense as) D^. In the higher members 
w = 3, 4 ... of the H.S. of the alkalies the difference of intensity of 
both components, as Piichtbauer * has shown, increase regularly in such 
a way that here in place of the ratio 2 : 1, we get, say, 3 : 1, 4 : 1 , . . 

It is clear that our above remarks fix only the differences of the 
inner quantum numbers and not their absohde ralues ni. It is possible 

* Ann. d. Phys., 43> 90 (1914), in conjunction with W. Hofmann. 


366 


Chapter VI. Series Spectra in General 


to alter all the nr values of the figure by adding the same number through- 
out, without affecting our conclusions about the possible existence and 
intensity of the lines, But we shall see that the selection here made 
concerning the absolute values rii is also maintained in the phetioniciim 
of the Zeeman effect (§7). 

We now come to the triplet systems. The scheme of inner <|naritiim 
numbers is now to be extended in the manner shown in Fig. 93. In tho 
highest level of each term the inner quantum nuinlxu’ w,* a»gain agreeg 
with the azimuthal quantum number n and thence onwards thicrciaseB in 
two steps by 1 each time, that is in the j^levels from 2 to 0, ivncl in the 
^^-levels from 3 to 1, and so forth. 

The scheme of the composite triplets (pidj) in the I N.8. Imrn ako 
follows naturally and satisfactorily. Principal lines ariBo from strong** 



Fig. 98. 


transitions, in which n,-, decreases by 1, and thus moves in the same Hense 
as the azimuthal quantum number which simultaneouHly di'orwimw 
from 3 to 2. Primary satellites arise from the “less strong " tmimitimw 
Ani - 0; the secondary satellite (pjdj) arises from the “weak” tran- 
sition! 2 of the inner quantum number, which occurs in the reverse 
direction to that of the transition 3 -> 2 of the azimuthal quantum mmi- 
ber. The forbidden ^ lines, according to their indices given by i > / 
belong to transitions in which m jumps by two or, in the oaHe of (jul) by 
.. 1® jharaeteristic that in the investigation of Paschon men- 

(P3^i) was much more difficult to call up 
aan the two other torbidden lines. The ground for this is evidently that 

magnetic means our principle of seleetion k 

of the^Jb "" + 

ot the other two lines (3ump of two units). 

Exactly as in the I N.S. so in the B.S. the type of the composito 
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triplet may be analysed by inner quantum numbers, as indicated briefly 
in Fig. 93. 

In the combinations (sj);) in the H.S, or the II N.S. no forbidden 
transitions occur, but the intensities grade themselves in the sequence 
corresponding to the circumstance that in the first of 
these combinations we have a ‘‘ strong,” in the second we have a ^‘less 
strong,” and in the third a “ weak ” transition ; actually in the last tran- 
sition m alters in the reverse direction to n, and indeed in the H.S. as 
well as in the II N.S., whereas in the first transition it alters in the same 
sense. 

Very interesting new material for the question of selection is further- 
more given by the combmations of triplet and simple terms, such as are 
usual in the whole group of divalent elements, the alkaline earths and re- 
lated elements. We here recall only the resonance line of Hg, X = 2537? 
V = IS - and the analogous lines given in Table 37 for Zn, Od, 
Mg, . . . Ba. As previously we denote the simple terms throughout by 
S, P, D, and the triplet terms by s, pi, di. The following scheme gives 
us the key to these combinations : 

Allowed types : Sp^, P<^ 2 > ^ 2 ^- 

Forbidden types ; Sp^, Spg, pfD. 

For example, the following have been observed (cf. Dnnz) : 

2P - md.^ and 2P ~ md,^ for m = 3 in the case of Zn, 
and for m *= 3, 4, 5, in the case of Od and Hg. 

^ "" m = 3 in the case of Od, 

for m = 3, 4, 5, 6 in that of Hg. 

The next step is to assign to the simple terms such quantum num- 
bers as make the exclusion of these lines intelligible in the light of 
selection. There can be no doubt about the azimuthal quantum num- 
bers: we have to set n ~ 1, 2, 3 for S, P, D. That, in addition, inner 
quantum numbers are also effective in the simple terms is shown directly 
by the forbidden combinations. In selecting these we follow Land6's * 
example. We set ni = 0, 1, 2 for S, P, D. We see at once then that 
(Pc?^) and (PjjB) are forbidden. As illustrated in Fig. 94, (Pdi) would be 
the transition 3 -> 1, (p^D) the transition 2 -> 0. The combination (Sp^) 
is also forbidden, according to our principle of selection, since it likewise 
corresponds to the transition 2 -> 0. A certain difficulty arises, however, 
in the exclusion of (SpJ ; to exclude this combination we must follow 
Land€ by asserting definitely that the transition 0 0 is not less 

strong,” as would be the case according to our general rule of intensity, 
but must not occur at all. The fact that, on the other hand, the com- 
bination (Spa), in the case of Hg thedine X = 2537, occurs intensely and 
dominatingly is in complete accordance with our general rule of intensity, 

* A. Land(^, Pliysikal. 2<eitschr., 22, 417 (1921). 
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sincere are here concerned vdth the “strong” transition l->0 which 

occurs in the same sense as the azimuthal transition. But the conditions 
of intensity (pP ) : feD) and (Pd,) : (Pd,) are verified hy observation to 
be such as our rule of intensities leads us to expect and as ai-e indicated 
in Pig 94 (n.D) belongs to the “weah” transition 2->2, (pP) to the 

“strong” transition 2-1; accordingly, (p,B) is observed throughout to 
occur more intensely than (piB). On the other hand, (Prfp belongs to 
the “strong” transition 2 — 1, (Pd,) to the “weak transition 1 — 1 , 
and actually, (Pd,) is throughout observed to occur more intensely than 

^ A perhaps still more striking confirmation of the fruitfulness of our 
inner quantum numbers is furnished by certain combinations (d,dj) and 

that occur between the triplet 
n i systems of the alkaline Barfcl'iB. The 
~ terms j;,:, d/; in these comhinations are 
2 those that we already know from the 
composite triplets of the I N.S.; the 
^ terms p], are new terms which 
^ combine with the formoi’ in sp)ite of 
^ the fact the jump in tlie azimuthal 
quantum number is not ± 1 but 0* 
How this is to be viewcid in 'the light 
^ of Bohr’s OorrespondeMic© Principle 
will be discussed in Note .10 (r/)* 

Types of this sort were first de- 
0 scribed by Rydberg* in the cases Oa 
Fig. 94.. and Sr, and by Popow t in that of 

Ba, under the heading skew-sym- 
metrical combination groups/’ At the present time they are being studied 
by R. G-otze J in Tubingen in connexion with their Zeeman types. They 
are not composed, like the composite triplets, of 3 -f 2 1, but in the 

case of {did'j) of 2 + 3 2, and in that of pipj of 2 -f 3 + 1 components. 

According to Gotze their structure maybe understood as follows from the 
scheme of inner quantum numbers. 

In Fig. 95 we depict the group The levels being initial 

levels, lie higher than the levels that are final levels. As was done 
earlier, the azimuthal and the inner quantum numbers have been writtoii 
along the side of the scheme of levels. There are two transitions to 
= 3), namely, the one starting from d\, ni = 3, and the other from 
m = 2. The tmnsitiofi is forbidden, because it would denote a 

jump of two units in the inner quantum number. All three transitions iO 
d^ are allowed, hut again only two to d^. The jump d\ is forbidd$li 

Ann. d. Phys.,_ 52, 119 (1894). ilhid., 45, 156 (1914). 

t Tlie author is indebted to Messrs. Pasohen and G-otze for kindly communicating 
to Mm the result of these investigations. 
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because the inner quantum number would have to jump by two units : all 
these circumstances agree with observation. We see that the structure of 
this line' configuration differs in a characteristic way from the composite 
triplets of the I N.S. The index rule which was set up for the 

latter and which sifted out the forbidden components, loses its validity, 
whereas the rule of selection of inner quanUim numhers holds tmdimmished 
sway. 

But our rule of intensities is also shown to be fully trustworthy. As 
the azimuthal quantum number n is equal to 3 in the initial and the final 
state, and its jump A7^ is therefore equal to 0, those transitions of the 
inner quantum number ni, for which = 0, are now to be regarded as 
occurring in the same sense as n. Here actually, as denoted in Pig. 95, • 
the combinations (d-^d'fj^ {dc^d'f)^ {d,^d'f) are 
the strongest. In the middle group 
the ‘‘ satellites ” lie on both sides of the 
‘‘principal line (d^d'f) ; in the group (d.^d'^ 
we have one satellite on the short-wave 
side, that is fundamentally different from 
the type of composite triplets in the I N.S., 
but completely in agreement with our rule 
of intensities for inner quantum numbers. 

In the combination the same 

“ skew-symmetrical type ” occurs, but with 
the following characteristic difference : 
whereas in the case of [dad^ the line {dgd'f) 
belonged to the three principal lines, in the 
case of (pip'O the line (pyj/jj) is missmg. 

To account for this we must note that here 
the inner quantum numbers are not 3, 2, 1 but 2, 1, 0 (cf. Bhg. 93)^ 
so that the combination (p^p 3) signifies the transition 0 0. According 

to our observations of the ITg-combination Sp^ this transition is to be ex- 
cluded by a special convention. Thus this special convention is also found 
to be trustworthy under entirely new conditions. The absence of the line 
brings it about that, as we said above, the group (p-p';) consists of 
2 4- 3 -{- 1 lines and not, like the group of 2 + 3 + 2 lines or, like 
the ^composite triplet in the I N.S., of 3 + 2 -f 1 lines. , 

If we now add that the inner quantum numbers of the triplet and 
simple lines in the anomalous Zeeman effects (§ 7) prove to be quite as 
trustworthy as was just emphasised in the case of the doublet systems, 
we can hardly doubt any longer that the quantum phenomena here in- 
volved are real. Nevertheless we must emphasise that all the preceding 
regularities denote rather a representation of the empirical facts arranged 
according to a theoretical view-point than a true theory. 

The following data about the size of the term-multiplicities have a still 
more empirical nature : — 

24 


Fm. 95. 



370 


Chapter VI. Series Spectra in General 


{a) The difference of level of the doublets of the p- and the {^-terms. 

Extending the nomenclature of page a little we set 

and from Dunz’s tables we have : 


Table 39. 



Ai/oy 

Ausd 

Avtip 


o 

o 

l-f 

3 Li 



0-34 



0-38 

1-20 

11 Na 

. 


17-21 

— 

6-47 

1-42 

1-29 

19 K 

. 


57-90 

1-65 

20-34 

1-61 

0 84 

37 Eb 



237-71 

? 

77-57 

1-74 

0-47 

65, Cs 

* 


554-10 

97-90 

181-07 

1-83 

0-33 


The first column shows that the ja-difference, /Ivqp, increases rapidly with 
the atomic number : whereas this difference can just be distinguished in 
the case of Li, it is of macroscopic size in the case of Cs. The same is 
true to a still greater degree of the d-difference, Avg.j, which is not yet 
distinguishable in the case of Li and Na. For the rest, it is considerably 
smaller than the p-difference, being not only smaller than but also 
smaller than Av^^. 

Let us now consider the last columns of the table, in which we have 
compared the p-difference with the atomic number Z. We see that it 
increases a little more rapidly than but less rapidly than Z*b We can- 
not fail to recognise that it depends in a regular way on the atomic num- 
ber, This circumstance points directly to the co-operation of the inner 


Table 40 



Ay.2p 

Ai/jjci 

10^^ 


13 A1 

112-07 

1-32 

6-6 

5-1 

43 In 

2212-63 

23*59 

9*2 

1*9 

81 T1 

7792-45 

81-64 

11-7 

1-5 


configuration of the atom in the resolution into terms. Whereas in otbif: 
cases the nuclear charge is screened by the electronic cloud in the case o 
the visible spectra (this corresponds to their origin at the surface of th 
atom), it shines through this cloud, as we remarked on page 101, in th 
resolution into terms. A comparison showing the analogy with tb 
doublet differences in the Bontgen region which arise at the centre, h\ 
which increase essentially with Z^, immediately suggests itself (cf. p. 17 6 
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The same remarks may be applied, both as regards the relative 
magnitudes of the p- and the ^^-differences, and the dependence on the 
atomic number, to Table 40 dealing with the earths Al, In, Tl, which 
are characterised by systems of doublet series. 

Here, too, the jp-difference increases approximately proportionally to 
and at any rate less rapidly than Z^. For the same Z the j>difference 
is essentially greater than in the case of the alkalies. 

{h) The differences of level of the triplets. In the triplet arc spectra 
of the alkaline earths and of the related elements Zn, Cd, Hg we have 
two differences of level for each term ; we designate them as on 
page 360. These, too, increase in each of the two columns regularly 
with the atomic number, and indeed, as the following table shows, they 
again increase more rapidly than 2? : — 


Table 41 



Av'/ 


10^. 

yi'-l 


Avl^ 


Av}i^ 

12 Mg . 

40-92 

19-89 

2-85 



2-06 


20 Ca . 

105-99 

52-11 

2-65 

22-13 

13-87 

2-05 

1-6 

38 Sr . 

394-44 

187-05 i 

2-74 

100-68 

69-99 

2-10 

1-8 

66 Ba . 

878-4 

370-3 

2-83 

381-1 

181-5 

2-38 

2-1 

30 Zn . 

388-91 

189-78 

4*31 

4-55 

3-40 

2-05 

1-84 

48 Od . 

1171-05 

541-86 

5-10 

18-26 

11-72 i 

2-17 

1-66 

80 Hg . 

4630-31 

1767-19 

7-25 

34-90 

59-94 

2-62 

0*59 


The last two columns that have here been added to the tables of 
doublets are of interest. They show that the ratio of the two j}-differences 
is, fairly regularly and with only slight fluctuations, nearly constant 
within each of the two columns of elements, in such a way that 

2jPij - S 2(2j>3 - 2jP2). 

This behaviour differs characteristically from that of the hydrogen 
triplet which we shall consider more closely in Chapter VIII, § 3, 
eqn. (8). In the hydrogen triplet the ratio of the successive triplet 
intervals is exactly as 1:3, whereas in the present triplets that are mt 
“hydrogen-like” the ratio is approximately as 2 : 1. Actually the inner 
cause of the former line configuration (namely, relativistic change of 
mass) is quite different from that of the latter configuration (inner mag- 
netic field). 

The circumstances are similar in the case of the d-differences of the 
triplets ; here, too, the quotient 3^2 fairly constant 

and greater than 1. Only Hg exhibits an anomalous behavioui% in that 
the first d-difference is smaller than the second. For this reason we have 
chosen as our example in Fig. 91 not Hg but Od. 
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In the appendix to § 7 we shall return to the question of the magni- 
tude of this ratio (2 : 1 in the case of the p-term, and about 3:2 in that 
of the d-term). 

Pronounced systems of triplets occur not only in the second group but 
also in the elements O, S, Se of the sixth group of the periodic system. 
The j 9 -differences here exhibit a similar behaviour as in the second group, 
namely, there* is again an approximate proportionality to and the ratio 
of the first to the second triplet difference is approximately constant. The 
^^-differences are not resolved. 


Table 42 





o 

o 


80 ... . 

3*38 

2-76 

5-3 

1*23 

16 S . 

17-90 

11-26 

7*0 

1*59 

33 Se . 

103-66 

44*82 

9*0 

2-32 


§6. Spectroscopic Law of Displacement and Law of Exchange 

(a) Law of Displacement. In practical spectroscopy we distinguish 
between spark spectra on the one hand and fiame and arc spectra on the 
other. Speaking generally we may say that spark spectra require strong 
provocation such as is offered by condensed discharges, whereas flame 
and are spectra occur when the excitation is less, namely, thermal or 
electric. 

The line of demarcation between these two types of series has not 
been sharply drawn by experiment. The spark lines often occur in 
certain parts of the arc even when the excitation is only ordinary but 
they then become ‘‘enhanced” in the stream of sparks. On the other 
hand some arc lines are as a rule present in the emission of the spark. 

Prom the point of view of theory, however, we must differentiate by 
a simple and unambiguous definition between arc and spark spectra. In ■ 
our treatment of the series scheme of § 2 we assumed that the atom under 
consideration was, as a whole, neutral ; the jumping electron (of. p. 325) 
is then confronted by an atomic trunk of which the effective charge is 
+ e. Poliowing Bohr, we associate this case with the flame and arc spee-. 
trume. On the other hand, according to Bohr, to produce a spark sp^e- 
tnim we must have an ionised atom and (in the case of simple ionisation) 
an atomic trunk with an effective charge + 2c. We shall here always 
take spark spectrum as the system of emission of the ionised atom in the 
sense denoted by this theoretical distinction, Por the present, only cases 
of simple ionisation come into question, since only such have been ob- 
served — in general we shall hold in reserve for the system of the simply 
ionised atom the name “first spark spectrum,” for that of the doubly 
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ionised atom the name “ second spark spectrum,” and so forth — in case 
these terms should prove necessary later. 

The simplest examples of spark spectra in this sense are given by the 
emission of He’^ in the Fowler and Pickering Series (cf. (6a) and (7a) of 
p. 207). The simplest examples of spark spectra of the second order 
would be' realised, if observable, by the emission of Li+ +. The general 
form of representation of terms for a doubly charged atomic trunk is (cf. 
Note 13, eqn. (18)) : ^ 

(m, . . .) = pz VT — ^ ^ . .(1) 

^ [m + k* + K*(m, ^’^ ...) + .. .J^ 

The occurrence of 4E in place of B is an indication of the double 
charge of the atomic trunk. The coefficients A;*, k* . . . differ, as a 
rough calculation shows (cf. Note 13), from the coefficients h, k . . . oi 
eqn. (6) on page 328 in an easily expressible manner. 

We next assert that the spark spectrum of each element is in structure 
the same as the arc spectra of the element that precedes it in the peri- 
odic system, that is, that it consists of doublet, triplet, or so-called non- 
series lines, according as the arc spectrum of the preceding element is 
composed of doublets (like the alkalies), or triplets (like the alkaline 
earths), or of lines that apparently succeed one another without regularity 
(like most elements at the right end of the periodic system, in particular 
the inert gases). Here we have enunciated a Law of Displacement^ 
which, like the law of displacement of radioactivity, leads from one ele- 
ment of the periodic system to a neighbouring element. 

The meaning of our displacement law as applied to our model of the 
atom is obvious. Each column of the periodic system is, in general 
language, characterised by a certain valency, or, in our model, by a 
certain number of external electrons. On the other hand, we know that 
the line-structure of the spectra is without exception the same in each 
column of the series. If now the atom loses one electron by ionisation 
then it becomes a member of the preceding column in its external be- 
haviour, and thus, as our law of displacement asserts, it will conform in 
the structure of its lines with the members of the preceding column; 
numerically it will be best comparable with the element that immediately 
precedes it in the periodic system. 

According' to its origin in theory, our law thus uses as its starting 
'point only the most general feature of the atomic model, namely, the 
gradually increasing number of external atoms in the periodic system. It 
is completely independent of the particular interpretation of the series 
terms and their allocation to the quantum numbers. To show on what 
it is based empirically we shall run through the groups of the periodic 
system. 

* W. Kossel and A. Sommerfeld, Answahlprinzip und Versoliiebungssatz bei den 
Serienspektren, Verhandl. d. D. Phys. G-es., Jahrg., 21, 1919. 
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1. Alkalies and Inert Gases. — The doublet system of the alkalies is a 
typical flame spectrum ('‘sodium-bead”) or an arc spectrum; it is thus 
derived from the neutral and not from the ionised atom. The disruption 
of an electron subjects the atom of the alkali to the greatest conceivable 
change. It causes the atom to move over into the column of inert 
gases, that is, from the beginning of one period to the end of the preceding 
period. Spectrally this must signify the transition from the simple and 
transparent conditions of the beginning of the period to the complicated 
conditions at the end of the period in which there is an abundance of 
lines. We regard the fact that this transition actually occurs as an initial 
(at present, indeed, only qualitative but impressive) proof of our law of 
displacement. 

Eder and Valenta * found in 1894 that Na and particularly K when 
subjected to violent sparking emit besides the series spectrum a new 
spectrum very rich in lines, which lies predominantly in the ultra-violet, 
and in which it has not yet been found possible to discern series relation- 
ships. Later, in 1907, Goldstein t succeeded in selecting the conditions so 
that the non-series lines of the alkalies appear pure and without the ad- 
mixture of the arc lines whereas the spark spectra of the alkalies that 
have been photographed in the usual way exhibit both types of lines 
simultaneously, and he has very clearly asserted that these (non-series) 
lines arise from an initial state unconnected with these series, and so 
he suggested for them the name ground spectra,'’ 

The special conditions which Goldstein chose in his experiments, 
namely, in which he intentionally forced the greatest possible density of 
current through matter that was as thinly divided as possible, indicate 
quite clearly that we are here dealing with emission from atoms which 
have already been once ionised, that is, that we have that for which we 
above chose the name “ spark spectrum” in the narrower sense. 

Goldstein’s observations were restricted to the visible region. Bder’s 
pupil Schillinger ;]; confirmed the abundance of lines, already remarked by 
Eder and Valenta, in the ultra-violet which is peculiar to the ground 
spectra, and which is of importance for our point of view. 

The more detailed conditions under which the ground spectra are ex- 
cited agree well with the ideas that we have formed about the arrange- 
ment of the electrons in the atom. The outer electrons of the inert 
gases, if we judge from their chemical inactivity, are much more tightly 
bound than the (chemically) particularly active outer electron of the ah 
kalies. The same is to be conjectured of the electronic configuration 
which the outside of the ionised alkaline atom forms after the outer 
valency electron has been removed. Thus, in contradistinction to the 

* Denkschr. Wien. Akad., 61, 347 (1894) ; of. also Beitriige zm Photochemie, p. 109. 
Wien, 1904. 

t Yerhandl. d. D. Phys. Ges., 9, 321 (1907). 

:|; Wiener Sitzungsber., 118 [2a], 605 (1909). 
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series spectra of the alkalies, the ground spectra must be comparatively 
difficult to excite, and, in fact, the difference between the possibility of 
exciting the arc and the spark spectrum is in the ease of no other elements 
so high as in that of the alkalies. 

2. Alkaline Earths and Alkalies. — In the case of the alkaline earths 
three series systems are known : simple lines, doublet, and triplet 
systems. 

Of these, simple and triplet systems form plenty of combinations with 
each other (cf., for example, the conclusion of the preceding paragraph), 
but not a single one with the doublet system. Further, they are excited 
by electronic impact with the neutral atom (cf. 5^ 3, p. 347), and, finally, 
they may be formulated in terms of the simple Kydberg number E. All 
this proves that simple and triplet terms are associated with the same 
atomic state, namely, the neutral state. The suggestion of |)i-itting our 
law of displacement to a severer test arose out of a letter by Paschen, in 
which he remarked that ‘‘ the doublet systems of the alkaline earths come 
out relatively much more intensely when excited by sparking than in the 
arc,” This remark led us to regard the doublet system of the alkaline 
earths as their spark spectrum, and to bring it into relationship with the 
doublet system of the alkalies. To support this view it was necessary to 
study the quantitative expressions for these doublet series, and to try to 
discover whether, in accordance with equation (1), Eydberg’s number E 
in it is to be replaced by 4E. It became manifest that this question had 
already passed through an interesting stage of historical development. 

Eitii * calculated the doublet series of Ca, Si^ and Ba according to his 
series formula (that is, with E, and not with 4E), but at that time he had 
at his disposal only an ifi sufficient number of lines. More detailed 
measurements and calculations were made by Lorenser.f Following in 
the footsteps of Saunders, J he showed that Eitii’ formula is inappropriate 
for representing these series, and he calculated the doublet terms by 
means of the primarily empirical formula 

• • • ■ ( 2 ) 

in which we see that E has been replaced by a constant A that may be 
chosen arbitranly. Lorenser then found that he obtained a satisfactory 
expression, especially for the higher series lines, by assuming the follow- 
ing values for A 

/I N.S. A = 423376*6 f I N.S. A - 423416*0 

III N.S. = 413202'5 \ll N.S. = 421559-0 

/ I N.S. A = 410836-0 n. / I N.S. A = 390431 
III N.S. = 415157-0 III N.S. = 397795 

These values are all more or less near 4E = 438948. 

*Physikal. Zeitschr., 9, 521 (1908), t Dissertation, Tubingen, 1918. 

^••^strophys. Journal, 35, 352 (1912). 


376 Chapter VI. Series Spectra in General 

As this agreement is of a purely empirical nature and was found with- 
out its author being prejudiced in favour of a particular theory (Bohr’s 
theory was not yet available for Lorenser), it is so much the more con- 
vincing. 

In the case of Mg the question was again taken up by Bowler * in 
1915, and then, indeed, under the direct influence of Bohr’s theory. 
Fowler calculated certain new Mg-lines (e.g. the Bergmann line X === 4481), 
which he had found, as spark lines and compared them with the spark 
line of He+j X ~ 4686, corresponding to the Bergmann series. 

It is of interest to mention a chance remark by Fowler to the effect 
that there is no relationship between the constants of the spark doublet- 
lines and those of the arc lines of the same element. On the contrary, 
it must be emphasised that the relationship is not to be sought between 
the spark and the arc lines of the same element but between the spark 
lines of one element and the arc lines of its predecessor . 

Finally, E. Fues,t adopting the view given by the law of displace- 
ment, has examined arithmetically the whole data of the doublet spectra 
of the alkaline earths by inserting instead of the empirical number A as 
the numerator in the expression of the terms in (2) the value 4E itself. 
The extended expression (1) for the terms then established a x^erfect link 
with the observations. At the same time it was shown that there is an 
interesting relationship between the constants s* p*, cZ*, of the atomic 
fields in the case of these spark spectra and the corresponding constants 
8, p, d, h of the arc spectra of the alkalies. Both have the same (plus or 
Ininus) sign, and (with one exception) the former are always greater than 
the latter. Details are given in Table 43, in which there are added on the 
right, next to the atomic field constants under consideration, their ratios. 


Table 43 



s 

P 

d 

b 

Mg+ . 



0-65 

0-31\2.i 

- 0-0451 

•2-65 

+ 0*00061 


Na . 



0-15 j ^ 

- 0*017 j 

J 

r 

0a+ . 

K 



0-83/^^® 

0-5 ■\ ,.7 
0-29 ‘ 

- 0*63 1 

- 0*28 j 

■2-25 

- 0-025 1 

- 0-01 J 

-2-50 

Sr+ . 
Rb . 



0-91 * 

0-36/^' 

- 0*43 1 

- 0*35 J 

■1-25 

» 0*034 1 
- 0*018 J 

-1-89 

Ba+ . 

Cs . 



0-96/^ 

0-75\^.7 
0-46 ‘ 

- 0*33 1 

- 0*48 J 

|-0-78 

- 0*064 1 

- 0*032 J 

[-2-0 


In Note 13, eqn. (17), it is shown that if we adopt a certain conven- 
tion about the supplementary field due to the electronic configuration a 
value for the atomic field constants (charge 2e of the “trunk ” of the 


* Phil. Trans., 214 (A), 1914 ; of. also Proc. Roy. Soc., 1915 ; Bakerian Lecture and 
Nature, 1915. 

•fB. Fues, Dissertation^ Munich; Ann, d, Phys., 63^ 1 (1920). 
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atom) follows which is twice as great as that of the constant h of the 
associated arc spectrum (the charge e of the atomic trunk is the same, 
the structure otherwise not differing). Erom this table we actually see 
that the ratios in question are almost throughout 1, and that in part 
they approach the value 2. 

We have yet to make a remark about the constants s and s*. 
Whereas Fues defines them, in the usual way, as the deviation of the 
numerator of the term from the value m q- Vy? the above table they 
are taken as the deviation from m, in agreement with our notation, which 
uses integral numbers (thus our s and are greater by 0*5 than the s, 
of Lues). From the fact that with his definition of s, the ratio 2 is 
more closely approached than when the integral notation is adopted, 
Fues concludes that he has found a j^hysical justification for using the 
notation involving halves. The present author is of the opinion that 
this inference is no longer tenable in view of the fairly regular course 
followed by the ratio numbers, for example, in the first two horizontal 
rows of the table ; this regular course would be destroyed by the op^oosing 
definition of the constants s, .s* We are thus inclined to see in this 
table rather a reason against the usual definition (involving halves) of the 
s-term. 

Even without a close knowledge of the representation in terms we 
may say the following : If the term (mjj/) is of the spark type (1), then, 
on account of the numerator 4E, the doublet-difference - m'p^ 

would be four times as great as the doublet-difference of a neighbouring 
element of the arc type provided that the constants of the atomic field 
are assumed to be the same for the two doublets under comparison. The 
actual difference of the atomic fields will then, further, bring about a 
deviation from the magnification number 4, be it in the positive or in the 
negative direction. We have accordingly to expect that every doubtlet 
or triplet difference during the transition from arc to spark conditions 
becomes magnified to an extent that is essentially determined by the 
ratio 4 of the numerator of the term although it may, of course, deviate 
more or less from this value owing to the accompanying action of the 
factors due to the atomic field in the numerators of the term. 

Numerical details are given in Table 44 ; here we are dealing every- 
where with the doublet-difference 2^^^ Ba-doublet* is added 

to the analogous spark doublets of the alkaline earths, although the pre- 
ceding alkali (eka-casium), which is necessary for the comparison, is still 
unknown. In the last two rows of the table the elements Zn and Od 
which are, in an extended sense, analogous to the alkaline earths, have 
been included, as also their predecessors Ou and Ag. 

* The Ra-doublet is of special interest because Ruiige and Preolit, in the Physical. 
Zeitsohr., 4, 285 (1903), have endeavoured to extrapolate the atomic value of Ra from 
it. For the dependence of the term-differences on the atomic number, ■which we 
studied in the preceding section used to be regarded as a dependence on the atomic weight. 
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Table 44. 


Mg . 
Ca . 

92 

Na . 

. 17-21 

Mg : Na = 5*3 

. 223 

K . 

. 57-90 

Oa : K = 3-9 

Sr . 

. 800 

Eb . 

. 237-71 

Sr : Eb = 8*4 

Ba . 

. 1691 

Os . 

, 544-10 

Ba : Cs = 3-1 

Ba 

. 4858 

— 

— 

— — 

Zn . 

. 872 

Cu . 

. 248-1 

Zii : Ou = 3-5 

Cd . 

. 2484 

Ag . 

. 920-6 

Cd : Ag = 2-7 


Thus the ratio of the doublet-differences compared lies in the case of 
most elements between 3 and 4, and hence reflects directly the char- 
acteristic feature of the spark spectrum, namely, the increase of the 
effective charge of the atomic residue from e to and the increase of 
Eydberg’s number from E to 4E. Besides this, our table shows that the 
deviation of our ratio-number from 4 is systematically related to the 
atomic weight, or, as we may just as well say, to the number of electrons 
in the atom. In surmising that this deviation is due to the influence of 
the atomic fields, and that this influence must increase with the number 
of electrons, the dependence here established becomes readily intelligible. 

The fruits of our discussion may be summarised without involving 
uncertainty as follows : The doublet systems of the alkaline earths are 
sparh spectra. Their character as doublet systems is accounted for by the 
doublet character of the arc spectra of the alkalies. Simple numerical 
relations hold between the spark spectrum of an alkaline earth and the arc 
spectrum of the directly preceding alkali. 

3. Earths and Alkaline Earths. — Whereas the arc spectra of the 
alkaline earths are triplet systems (or simple lines), the spectra of the 
earths are usually doublet systems (cf. p. 370). But, according to our 
law of displacement, the spark spectra of the earths are to have the same 
character as the arc spectra of the alkaline earths, that is, are also to be 
composed of triplet systems. We have thus to look for triplets in the 
earths and to ask whether they are to be regarded as spark lines. 

Actually, some instances may be found. Firstly, the ultra-violet 
spark spectrum of aluminium was investigated by Lyman.”^ (It is 
clear that, on account of the magnitude of 4E, the spark spectra will in 
general have to be sought in the extreme ultra-violet.) Now, according 
to PopoWjt it may be shown that among the lines measured by Lyman, 
there are several triplets. Further examples are furnished by the spectra 
of scandium and yttrium, in which, likewise, individual lines arrange 
themselves into triplets. f Owing to the mode of excitation of these lines 
it is not so immediately evident as in the case of the previously men- 
tioned Al-lines, that they are to be regarded as spark lines (in the photo*^ 
graphs by Exner and Hascheck, or Kayser). But if we form the frequency- 
differences for these lines and compare them with the corresponding 

* Astrophys. Journ., 35, 341 (1912). f Ann. d. Phys., 45, 166 (1914). 

J Further details are given in the essay by Kossel and Sommerfeld whioh we 
quoted above. 



§ 6. Spectroscopic Law of Displacement and Law of Exchange 879 

frequency-differences of the arc-lines of the elements calcium and stron- 
tium that just precede them in the periodic system, we again get ratios 
that lie in the vicinity of the number 4 and thus substantiate our belief 
in the spark character of these lines. 

We may, at any rate, certainly expect to find in the series of earths 
still further examples of triplets, and shall be able to show that they are 
probably spark triplets. In seems justifiable even now to draw the 
general conclusion : The s^mrh spectra of the earths are triplet systems of 
the same character as the arc spectra of the alkaline earths. There is a 
regular connexion between each trijM of an earth amd that of the preceding 
alkaline earth. 

4. We drew attention earlier to the possibility of ionising the atom 
several times (multiple ionisation) and to the existence of spark spectra 
of higher orders. In the case of two-fold ionisation the resulting spark 
spectrum of the second order would be similar in structure to the arc 
spectrum of the element that precedes it by two steps in the periodic 
system (and, on account of the ‘^law of exchange” {Wechselsatz) below, 
at the same time to its own arc spectrum). Hereby Bydberg’s number B 
would have to be replaced, not by 4B but by 9E (as conjectured in the 
case of Li++, cf. p. 225). In the spark spectrum of the third order we 
should expect 16E in place of B. 

In literature no statement is yet to be found about such spark spectra 
of higher orders. But they, too, cannot fail to come to light now that 
the attention of spectroscopists has been directed to the question, par- 
ticularly as the structure of their lines is predicted by the law of displace- 
ment, and the sequence of the lines can be determined in general from 
the magnification of the Bydberg constants ; they must be found situated 
in the ultra-violet and with extended intervals between the lines. In 
the visible region we may expect of them only the series with higher 
quantum numbers, namely, Bergmann series and “ ultra-Bergmann 
series ” (cf. p. 315). 

A general method of distinguishing arc spectra from spark spectra, 
the difference between which is connected with their Bydberg numbers, 
is clearly given by determining the excitation potentials, whereby, gener- 
ally speaking, the spark spectrum demands a considerably higher exci- 
tation than the arc spectrum. In connexion with this, compare what 
was said about Mg+ in g 3, p. 349, and about He'^‘, X = 4686, on p. 344. 

The difference between arc and spark lines is brought out particularly 
strikingly and elegantly in the method of the “ excitation function ” 
developed by E. Seeliger."^ Corresponding with the potential drop in the 
Geissler tube from the cathode onwards, the spark lines come out 

* Ann. d. Hiys., 59, dl3 (1919), and particularly Ann. d. Pliys., 65, ^28 (1921) (in 
collaboration with D. Thaer). The method is not, like that of ITranok, quantitative 
but qualitative. It does not determine the minimum potential at which a line is 
excited but the optimum, at which it is made to occur with greatest intensity. 
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considerably shorter in the spectrographic pictures than the arc lines. 
The assertions of the law of displacement have been confirmed by this 
method for several lines of Na, Mg, and Hg. 

M. N. Saha* has drawn unusually convincing conclusions for solar 
physics from, the differentiation between spark and arc spectra. Of the , 
1)2 terrestrial elements only 36 are represented by lines in the solar 
spectrum. Tor example, Bb and Cs are not represented at all ; K is 
weakly, but Na strongly represented. Are Eb and Cs, then, not actually 
present in the sun ? Saha’s answer is that they are indeed present but only 
in the ionised state. Consequently the characteristic arc lines of Bb and 
Cb do not appear, as we should ordinarily expect, but their ground spectra 
do appear, but, being situated in the main in the ultra-violet, they escape 
the ordinary methods of observation. The fact that it is just the elements 
Itt) and Os that are completely ionised in the sun is explained by their 
low ionisation potential (cf. Table 36). In the case of K the ionisation 
potential is somewhat, in that of Na considerably, greater; hence also 
the arc lines of these elements appear in the sun. Furthermore, a 
characteristic feature is that the doublet spark spectra of Ca, Sr, Ba 
appear strongly marked in Fraunhofer’s spectrum, e.g. the two lines 
l»s‘ -- %) of the H.S. doublet of Ca* appear as the Fraunhofer El and E 
lines. This reasoning receives support from the conditions in the 
chromosphere, in which on account of the decreasing pressure in the 
upper layers the ionisation progresses regularly and even the D-lines of 
Na, for example, vanish. 

There is no doubt that in the future, too, the law of displacement will 
prove to be a trustworthy guide and a regulative principle in the intricate 
labyrinth of spectroscopic observations. 

(h) The Cross Law or Law of Exchange. Hitherto we have spoken 
only of the first three columns of the periodic system, because the 
BorieB relationships that are known are almost exclusively in these 
alone. In the following columns only isolated series occur, namely, 
in column VI in the case of O, S, and Se there is a triplet system 
for each and, besides, in the case of 0 a very narrow unresolved 
(loul)let system {B%onge and Paschen ) ; in column VII a triplet system is 
known in the case of Mn (Kayser and Bunge). All of these series 
consist of arc lines, since, as is shown by their expression as series, 
thcjy are to be written with a single E, and thus belong to the neutral 
and not to the ionised atom. From the column of inert gases there 
is still to be added the well-known series of orthohelium and parhelium, 
doublet lines and simple lines, and the complicated series system into 
which Paschent succeeded in resolving the spectrum of neon. 

If we now survey the distribution of doublet and triplet series over 

* v^eitsolir. f. Phys., 6, 40 (1921) ; in greater detail in Phil. Mag., 40, 472 (1920) ahd 
41. 809 (1921) ; Proc. Boy. Soo., 99, 135 (1921). 

t Ann. d. Phys., 60, 405 (1919) ; Appendix, ibid,, 63, 201 (1920). 
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i periodic system, we cannot escape the impression that there is 

n* rec'ijjrocal or cross connexion between them. 

^ 1 lie early, Eydberg’^ had set up the rule that the elements with odd 

load to doublet systems, and those with even valency to triplet 
This rule seemed to collapse after doublet systems had been 
I irc ^ veil to exist in the whole column of the alkaline earths. In recognising 
tliu.! tdu^so systems were spark spectra, the contradiction was eliminated 
ehh I tJie relationship of the line character to the number of external 
t*b*c*. Irons (valency number in the respective ionisation state) became 
I'CKiortHl. There thus belong together: even (“paired”) electronic 
#1 // (md triplets, odd electronic numbers and doublets) » Here and 
in Htisquel we tacitly take “triplets” to include the systems of simple 

that always occur conjointly with them. 

Llxtrapolating the cross relationship which exists between doublet and 
Kystcms in the first groups we get Table. 15 given below. 

Ah W€i nee, our rule passes over the Groups IV and V which have not 
yiit# l>oen explored by theory as regards series on to firm ground in Group 
VI, where the triplet series of O, S and Se arrange themselves in 
ii^oooi’cianee with our expectations. 

In Group VII our table again points, in the row marked “sparks,^ 
liroH^tinably to triplet structure, not only on the basis of ourlawof dis- 
|:ilffcooirirent which links up the spark spectra of Group VII with the triplet 
n,rc5 wpectra of Group VI, but also on the basis of a remark by 
wliicili he kindly communicated to the author in a letter, and in which he 
mliiuttiH that he has found triplet series in the spectrum of 01 
|irowid that they are spark spectra (since they have the numerator 4:B). 


Table 45 


A r**. 
S|»irk 


VI ir or 0 

I 

ir 

III 1 

IV 

Y 

VI 

VII 

N(i Horios 

Doublet 

Triplet 

Doublet 

— 


Triplet 

1 ^ 
Triplet ? 

? 

' 

series 

Doublet 

Triplet 





Wo have next to dispose of the apparent contradictions to our cross 
law* The first is the above-mentioned doitblei spectrum of oxygen. As a 

iUnilouHtrable aro spectrum it contradicts our cross kw just as much as 

th«« triplet spectrum o£ oxygen is in conformity with it Now there is the 
difference between the triplet and the 

Wlun-em under the influence of a strong magnetic field the triplet 
Htn‘Otr'-‘ni exhibits the Paschen-Back effect (cE. the next section), this 
ii not so in the case of the doublet spectrum. The doublet 
„ rt'Horves its double-line character-even m such magnetic fields as should 
Imnily transform it and, at any rate, behaves quite otherwise than a 

* Cf. Kayser, Smidbwh der SpektrosJeopie, Bd. II, p. 690, Nr. 464. 
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typical alkali doublet under corresponding circumstances (again according 
to a letter received from Pasohen). Thus we must discriminate between 
proper or true doublets (alkalies, earths, alkaline earths in spark spectra) 
and improper doublets, whereby the Zeeman effect is to be enlisted as the 
criterion. The doublet series of 0 are to be designated as iinpi'oper 
doublets and are presumably to be regarded as two simple lines that lie 
close together without being intrinsically related, and then they fit in 
excellently with our cross law ; indeed, they supplement the triplet Heriea 
of 0 in the same way as the simple lines of the alkaline earths supplement 
their own triplet series. 

The circumstances are similar in the case of the doublet mricB of ortho* 
helium. These, too, are improper doublets, since they exhibit no Pasohen- 
Back effect hut rather preserve their individual structure eve!i in thei 
presence of very strong magnetic fields, as is evident from unpublisheti 
photographs taken by Back. Since we have to ascribe even valency, 
zero, to helium, our cross law would here enable us to predict tiiplet and 
simple lines. The simple lines of parhelium obey it and the improper 
doublets of orthohelium which we again wish to regard as pairs of simple 
lines, do not contradict it. 

In our table we have in general stated that the spectra of Group VIII 
(inert gases and triads) have ‘^no series” (are serienlm). In actual fact 
they seem to be characterised by inextricable confusion (as testifiacl, for 
example, by the Fe-spectrum). In the case of the inert gases, for example 
argon, only isolated “ sequences,” that is, groups of lines with constant 
differences of frequency may be distinguished. It is scarcely to be 
doubted that we have to regard these groups as the first signs of series 
relationships which only for the present appear to lie in confusimu In 
his treatment of the arc spectrum of neon (see above) Paschen has 
taught us how, starting from such sequences, we may finally unravel all 
the spectral regularities. A system of about 900 lines scattered tnore or 
less densely over the whole visible region and acouinulatiiig in tlui red 
is represented by Paschen as a combination of four ,v-, ten ji-, and tw(dvc 
d-terms, which in part follow a new kind of series laws, This aihrn 
abundant material for speculative work in the theory of series. 

position here with regard to the permanence of multipli- 
ciiiies? Are there, actually more d-terms than j^-terms or may, perlmpa, 
two of the d4erms be regarded as improper multiplicities in such a way 
that the number of proper jp- and d-terms again becomes equal (for 
example, both equal to 10) ? It is, of course, to be noted that the 
classification of the terms as s, p, d may itself be open to doubt. For 
originally claimed some of the d-terms as .s-terms, 

Qx 1 * * recognised them as d-terms from their behaviour 

m the Stark effect. 


* Mittedmigen d. JPhysik. Ges. Zurich, 1919, Nr. 19 n 
the observations of Nyquist, Pfiys. Key., 10 , '2B7 (1917). ^ 


MeisBuer makes use of. 
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What selective conditions govern the combination of these various 
terms ? What “composite” line-configurations occur here ? Is it possible 
to distribute inner quantum numbers among the terms in such a way that 
the observed combinations can be i^ead off from a general scheme ? In 
this connexion Grotrian* * * § and Land^t have already made noteworthy 
suggestions and have recognised regularities. Can the Ne-spectrum be 
brought into quantitative relationship with the Na-ground spectrum as is 
to be required according to our law of displacement ? And, above all, 
does the Ne-spectrum subject itself to the cross law? If we extend this 
law literally, then in the case of Ne as in that of other elements of even 
valency we should expect only simple and triplet terms. Now Paschen 
pointed out early in his first work on neon that among the Zeeman 
effects of the neon lines as observed by Lohmann J there are characteristic 
types that are known from the Hg-triplets, and Land6 summarises 
Paschen’s analysis as signifying that the whole neon spectrum consists 
of combinations of series of two simple terms, two triplet terms, and a 
simple term with a triplet term. According to this, then, the cross law 
would also be brilliantly confirmed in the case of this most complicated 
of all hitherto ordered spectra. Por the rest, it must be emphasised that 
the Ne-spectrum is far from having been sufficiently investigated magneto- 
optically, and that, therefore, final conclusions must for the present be 
postponed. 

Finally, we have yet to deal briefly with the triplet series of Mn. They 
have been declared to be arc lines whereas our table provides for the trip- 
let series in Group VII only as spark lines. The contradiction is over- 
come by a conjecture of E. Ladenburg § based on chemical facts, according 
to which the number of outer electrons in the case of Mn and its neigh- 
bouring elements would be 2. We here find ourselves at a point of the 
periodic system, directly before the Fe triad, in the middle of the first 
great period, where the number of outer electrons no longer increases 
regularly as at the beginnings of the periods, but rather remain stationary 
whilst at the same time the whole arrangement of the electrons becomes 
remodelled (cf. p. 108). It thus becomes intelligible that in the case of 
these elements the cross relationship between doublet- and triplet-systems 
drops out and that particularly in the case of Mn the occurrence of the 
electrons in pairs as suggested by chemical facts produces triplet series as 
a consequence. 

Thus even in the case of Mn there does not seem to be a real contra- 
diction to our cross law, so long as we follow the above procedure and do 
not refer the exchange (crossing over) of the line-structure to the columns 
of the periodic system (the maximmi mUncies) but rather to the number 

* Physikal. Zeitschr., 21, 6S9 (1920). ilUd., 22, 417 (1921). 

i Dissertation, Halle, 1907. Continued by Takamine and Yamada, Proo. Toldo 

Math. Phys. Soc., 7, 277 (1918). 

§ Naturwissenschaften, 1920, Heft 1. 
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of outer electrons actually effective in the emission of lines {the actual or 
effective valency). 

The reader will inquire how the relationship between the number of 
outer electrons and the line-structure, which doubtless exists, is to be ex- 
plained in terms of the models. In the appendix to the following section 
we shall give an answer to this question albeit only a provisional one. 


§ 7. The Anomalous Zeeman Effect. 


In Chapter V, § 6, we developed the quantum theory oiihe normal 
Zeeman effect. Apart from the case of hydrogen, with the model of which 
our description linked up, this normal effect occurs only in the case of 
lines of very simple structure (cf. p. 384) that is, in the case of such lines 
as are composed of two simple teo^ms.'^ The normal Lorentz resolution 
amounts to 




m iwc 


( 1 ) 


In the transverse effect (observation perpendicular to the magnetic lines 
of force) it gives the measure of the distance of the middle component 
polarised in a parallel direction and each of the two outer components 
polarised in a perpendicular direction. 

In the case of multiple lines, on the other hand, anomalous Zeeman 
effects occur. Even when t.his Zeeman phenomenon was first discovered 
(in 1896) anomalous resolutions intruded themselves. What Zeeman 
first observed was a broadening of the D-lines which showed itself in the 
spectroscope, associated with a characteristic polarisation of the light at 
the broadened edges. Now, the two D-lines by no means split up into 
a normal triplet, but rather the one (D^) gives rise to a quartet of lines, 
and the other (D 2 ) to a sextet of lines polarised partly in a parallel direc- 
tion and partly in a perpendicular direction (cf. Eig. 96). The fact that 
Zeeman actually succeeded at all in proving the polarisation of the outer 
edges of the broadening in this complicated configuration of lines is only 
due to the circumstance that here as in the normal triplet the perpendic- 
ularly polarised components are arranged on the outside and those 
polarised in the parallel direction lie more towards the middle of the 
picture of resolution. Whereas initially the departures from the theory 
of the normal Zeeman effect appeared discouraging from the point of view 
of quantitative research, now it is just the laws which underlie these de- 
partures that claim the greatest interest. As we shall see in the appendix 
to this section we have to recognise that we have at our disposal in these 
phenomena, which are just as much ordered as they are manifold, one of 
the most effective means of laying bai'e the structure of the atom. For 

* In a certain sense this statement is tautologous. For we should only allow such 
lines to stand as simple lines, and such terms as simple terms, as behave in a normal 
manner in the Zeeman effect. 
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the present we shall, indeed, as in the preceding section, not proceed 
along the lines of the model. Nevertheless we shall succeed in giving a 
theoretical account of the empirical data, which will borrow its form from 
the quantum theory of atomic models and of which the claim to physical 
truth is based on the fact that nowhere does it use undetermined para- 
meters but only whole numbers. 

There are two rules that govern the realm of the anomalous Zeeman 
effects, namely Preston’s* rule and Eunge’st rule. 

Preston’s rule states that related lines, that is, lines which are com- 
posed of similar terms, give rise to the same Zeeman effects. Hereby 
those terms are defined as similar which have the same multiplicity and 
the same azimuthal quantum number (i.e. bear the same symbol s,p, d, 
. * The Zeeman type is on the other hand independent of the radial 
quantum number (number of the member in the series) and of the chemical 
nature of the element. 

On the other hand Eunge’s rule states that the line-resolutions that 
occur in the anomalous Zeeman effects are, when measured in wave- 
numbers (and not in wave-lengths) rational multiples of the normal 
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Fig. 9C. 


Lorent^: resolution (1). Let us consider the following two resolution 
pictures from the point of view of these two rules. 

Pig. 96 represents the type of D-lines. Both D-lines have been drawn 
in spite of their somewhat different wave-lengths, one above the other. 
In the upper row we have the quartet, in the lower the sextet which we 
have already mentioned on p. 384. Here p denotes “polarised in a 
])araliol direction,” and s denotes “ polarised in a perpendicular direction ” ; 
the nomenclature refers to the transverse effect and to the direction of 
vibration of the electric force at the point of observation relatively to the 
linos of force of the magnetic field (cf. p. 294). The density of the lines 
in this as well as in the succeeding figures indicates the approximate in- 
tonsifcy of the components. The distances of the components of resolution 
fi’om the original line are all multiples of | of the normal Lorentz resolu- 
tion : the Bunge de^iominator'' is equal to 3. 

The same type of i-esolutibn now occurs, besides in the D-lines, also 
in all members of the H.S. of Na, as well as in the II N.S. which, as we 

** Of. Kaysar’s Handbucff, 2, 619. 

t Phyaikal. Zeitsohr., 8, 232 (1907) ; the rule was set up on the basis of the particu- 
IMy abundant iSeewan types of Neon. 
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know, is built up of the same terms, the s- and the p-term * The same 
type again occurs in the H.S. and the II N.S. of the remaining .alkalies 
and in the elements Cu, Ag as far as the latter have doublet terms. But 
the same type also characterises the doublet terms of similar composition 
in the case of the earths Al, In, Tl, and not only these but also the spark 
spectra of the alkaline earths and of the elements Zn, Cd, Hg. Preston’s 
rule here links up with our cross law (p. 380). According to Preston’s 
rule the same line-multiplicity (when the combination of terms is the 
same) entails the same Zeeman type. According to the cross law, on the 
other hand, the circumstance whether the number of outer electrons is 
even or odd conditions the equality of line-multiplicity (doublet systems 
are conditioned by an odd, triplet systems by an even number). Conse- 
quently in the groups of the periodic system the Zeeman type must also 
occur alternately in the arc spectra and must be the same as in the spark 
spectra of the intervening group. {Cross Law of the Zeeman Types.) 

A = 5461 
A = 4359 
A = 4047 

Initial Line 
Fig 97. 

Fig. 97 represents as the second most important case the resolution 
picture of the II N S. of triplet systems as first observed for Hg by Eunge 
and Paschen.t The wave-lengths on the right are the Hg-lines 2pi - Is, 

- Is, 2^3 - Is. In each case the distances of the components from 
the original lines are half-multiples of the normal resolution Av ; here 
Bionge's denominator is equal to 2. 

But the same resolution picture does not only occur in the triplet lines 
of Hg given in the figure but also in all similarly constructed combina- 
tions of Hg, Cd, Zn, and of the alkaline earths; also in the spark spectra 
of the earths, as well as in certain lines of Neon, which, on account of the 
even number of its outer electrons belongs to the alkaline earths, accord- 
ing to our cross law. 

Conditions are much more complicated in the I N.S. in the case of the 
composite doublets and triplets, that is, in the combinations {pd). Fig. 98 
represents the resolution picture corresponding to the doublet systems. 
Here, too, the inner components are polarised in a parallel direction, and 
the outer ones in a perpendicular direction, as is indicated by the brackets 
p, s at the lower edge of the figure. Only such j)-components as intrude 

* The use of the symbols s and p for the polarisations as well as for the terms 
here is unfortunate but can be avoided only with difficulty. 

t Berliner Akademie, Feb. 1902. 
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into the region otherwise occupied by s-components have been indicated 
by the letter p as such. In the case of all three lines, of which the com- 
posite doublet consists, the distances of the components (measured from 
the position of the original line) are multiples of oi the normal resolution. 
Bunge' s denominator amounts to 15. The *‘Eiinge numerator*’ (as we 



Fig. 98. — I. Subsidiary Series of the Doublets. 


shall call the multiple number in question for each component) may be 
read off from the scale under the figure. It has been designated by q and 
assumes in the complete picture of the three lines the values ± (1, 3, 4, 8, 
11, 12, 13, 15, 16, 17, 19, 2,1, 24). 
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Fig. 99. — Subsidiary Series of the Triplets. 

The same resolution picture is found present in the case of all com- 
posite doublets {p, d) in all members of the I N.S. and in all elements 
with doublet systems. It was first ascertained to this degree of complete- 
ness by E. Back.* 

Eig. 99 represents the resolution picture for the six lines of the com- 
posite triplets (p, d). Concerning the arrangement of the picture the 

* Short note in the “ Haturwissenschaften,’' 1921j Heft 12. 
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same is to be said as for the preceding figure. The letter p (“ parallel ") 
has been written beside only those components that overlap beyond the 
middle part of the figure occupied by p-oomponents. The. Bunge de- 
nmiinator is here 6. The Eunge numerator denoted by q varies from 1 
to 15. 

A part of the resolution pictures represented in Fig. 99 has already 
been ascertained by Miller, Moore, and Eunge-Paschen. The complete 
scheme, however, in this case, too, is due to Back."^ It holds for the 
triplet combinations {p, d) of all elements. 

We might now inquire into the Zeeman types {di, hj) of the Berg- 
mann series, which have hitherto remained unknown, or into the com- 
bination (y?iS), {piD), {Fdj) between simple and triplet lines, which have 
in many cases been observed, or into the combinations (did'j), {PiP'j) (<3^* 
p. 368). We prefer, however, to add some remarks about this in relation- 
ship with the theory, which teaches us how to get a survey of all possible 
resolutions. Here it only remains to emphasise that the preceding 
figures are far from exhausting the abundance of anomalous Zeeman 
effects. 

The Zeeman effect has long been used as the most powerful means 
of classification in getting a survey of the series relationships of spectral 
lines. Only such lines can be regarded as properly arranged or ordered 
which exhibit the Zeeman effects to which they are entitled by Preston's 
Eule, and which are the same for similar elements. We recall, for ex- 
ample, those multiplicities which (in the case of He and 0) we called 
“ improper.” The contradiction to Preston’s rule here indicates that the 
doublet view is a necessary one. Even nowadays there are sufficient 
spectra that elude being ordered into series, but they, too, will finally 
have to disclose their inner structure when subjected to the criterion of 
the similarity of the Zeeman effects. 

A large group of apparent contradictions to the Preston rule has been 
cleared up by the important discovery of the Paschen-Back effect.t We 
begin by distinguishing between “ weak” and “strong” magnetic fielclB. 
A field is to be regarded as weak when the displacements Af produced by 
it are small compared with the original distances Avy between the lines 
when no field is present ; it is to be regarded as strong when these dis- 
placements are large compared with Avq. The terms “ strong ” and 
weak have thus a sense relative to the magnitude of the line-multi- 
plicity which happens to be under consideration at the moment. 

In the case of weak fields the Zeeman type of each line of a line- 
configuration can develop itself undisturbed by the Zeeman type of the 
neighbouring line. But as the field increases, the resolution pictures of 
t e neighbouring lines tend finally to overlap and interpenetrate. But 
before this stage arrives the Zeeman types exert a mutual influence on 

* Dissertation, Tubingen, 1921. 
t Aim. d. Phys., 39, 897 (1912), and 40, 960 (1918). 
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each other. The resolution pictures shown in our figures experience dis- 
turbances and distortions. In the case of strong fields an asymptotic 
condition finally sets in, as if the original multiplicities were not present 
at all. Under the influence of a field that is strong in the above sense 
every line-configuration behaves like a simple line, as we may easily 
understand, and exhibits the normal Zeeman effect. That is what Paschen 
and Back proved in the case of a number of narrow doublets and triplets. 
Our definition of strong fields entails that for a simple line even the 
weakest magnetic field is to be regarded as “strong.” For the D-lines of 
Na (initial separation is 6 A) a field of 180,000 gauss, which cannot be 
produced in reality, would just produce the complete Paschen-Back 
effect. The first stages, however, of the kansformation and mutual in- 
fluence between and may be shown by a field of 30,000 gauss.* 
In the magneto-optic investigation of the corresponding lithium line 
X ~ 6^708 whose components on the other hand, are originally only 
0T3 A apart, we very soon arrive at the conditions of the Paschen-Back 
effect ; its transformation may thus be observed as far as the final stage 
of the normal trijplet.t Compared with the remaining alkalies, lithium 
used to appear an exception to Preston’s rule \ through the discovery of 
Paschen and Back this and many other exceptions have been cleared up. 

Besides the “ total ” Paschen-Back effect we have also to consider a 
“partial” one. By this we mean, for example, the case that in the com- 
bination {jpd) the magnetic field is strong enough relative to the small 
^-difference but weak relative to the greater Ai/ of the |>difference. In 
this case we should no longer write the line-configuration as 
as {f id), and should then be able to treat the d-tenn as a simple term. 
(Further details are given at the end of this section.) The Zeeman 
type is then neither the normal one as in the case of two simple terms, 
nor the one, as in the case of two multiple terms represented in Figs. 98 
and 99 ; but it may be predicted from the general theory that is to be 
developed, and is, indeed, found to be in agreement with experiment. 

Of course, the Paschen-Back effect links together only such lines as 
belong together in a series as multiplicities. Two lines of two different 
series, however near together they may be, in no wise affect each other 
magneto-optically in this case, the two resolution pictures interpenetrate 
without influencing each other. This, too, is the reason why we have 
not to expect a Paschen-Back effect in the fine structures of hydrogen ; 
for the mutually neighbouring components of the Balrner lines are 
members of different series (they are '' serienfremd*') (cf. Chap. VIII, § 4). 

We next turn our attention to the theory. The most general point of 
view in the theory of spectra is that given by the Principle of Combina- 
tiom There is no doubt that this principle must also hold for the 

* Of. E. Back, loc, Disa., p. 23. 

'I' Of. E. Kent in the work quoted on p. 361. 
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anomalous Zeeman effects,*^ It will work as follows: The magneto* 
optically resolved line denotes the transition of the atom from an initial 
to a final configuration. The magnetic field influences the energy of the 
initial and the final configuration separately; thus, it also influences 
separately the two terms of which the series representation of the line is 
composed. If this representation is v — then we get for the 

magnetic resolution 

A.V = Avj — Av2 . . . . . (2) 

In accordance with Range’s rule we set 


Av = S Avrj, 


. ( 3 ) 


where r is the Range denominator and denotes a fixed and characteristic 
number for the term combination under consideration, q is the Runge 
numerator ; this varies within each resolution picture, as indicated in the 
preceding figures, and by its different values distinguishes the various 
components of the resolution. 

The basis of formula (3)' is, however, according to the principle of 
combination, to be sought in the corresponding behaviour of the terms. 
We therefore set 




Avq — ^Avnorm 




and we deduce from (3) and (4) that 




thus 


r.r, 




r == 


. , ( 4 ) 

. . ( 5 ) 

. (6) 

This deduction has been called by the author the Law of Magneto-optic 
Besolittion.t It states : — 

• . observable B-unge denominator r of the term combination remlves 
P^duct ’'2 o,nd is composed of their 

The practical use^of this law of resolution at once suggests itself: 
w erever ™ * 6 empirical sciences we speah of rational numbers, we 
mean numbers with small numerators and denominators. Otherwise we 
■npii t ^ them from irrational numbers in ex- 

Sw T’ “ observable Eunge denominators into 

thafirsll complicated cases with a meaning 

careful regarded as signifying the limit to which most 

careful spectroscopy can penetrate. (Note the difference between A and 
TK less than i per cent.) In the case of the neon spectrum J the law 

+L! 

J A. Loiuaami;D4ertation: &lle, 1907. 
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of resolution has already demonstrated its practical use and validity by 
allowing the rather uncertain denominators determined by Eunge * on 
the one hand and by Takamine and Yamada t on the other to be cor- 
rected and reduced to smaller denominators. 

It is advisable to make at this early stage a reservation about the 
exact formulation of the law. If and rg have common factors, then it 
does not follow from (5) that r — but that r is equal to the smallest 
common mnltiple of and If and rg were known originally, then r 
would also be known imamhiguously as the smallest common multiple. 
Actually, not and but r is originally given by observation ; the re- 
duction towards and is not then unambiguous. Let us consider an 
example that is important for the sequel. Suppose 6 == 2 . 3. Then, 
by the law of resolution we could have {a) yq = 2, rg ~ 3 ; but we could 
just as well have ih) = 1 . 2, = 2 . 3. We shall see below how, by 

enlisting the aid of further observations, we may arrive at a means of 
deciding between (a) and (b). 

Let us first consider simple lines. The Zeeman effect is normal for 
these, thus 

r == 1 . 

Erom this it necessarily follows for each term that participates in the 
building up of simple lines that 

= rg = 1. 

We apply this statement to the s-term of any series systems what- 
soever, which is, even in the case of doublet and triplet systems, always 
a simple term. We shall thus take as our starting-point that the Bunge 
denominator of the s4erm is always equal to 1. 

We next consider doublet systems. We found for the combination 
{sp) of these in the H.S. and the II N.S. (cf. Pig. 96) that r *= 3. Since 
we set equal to 1 for the 5-term, we get unambiguously that = 3 for 
the Eunge denominator of the j?-term. Let us now consider the com- 
bination {pd). Eor these we had in Eig. 98 r = 15. This gives us a first 
test of our law of resolution : 15 is divisible by 3. From r = 15 and « 3 
it follows that = 5. This conclusion is, however, no longer unam- 
biguous. Thus rg « 3 . 5 would also be compatible with r == 15, Ti » 3. 
We shall, at any rate, try to do with the simpler assumption « 5, By 
extrapolating we get the following scheme for the Bimge denominator of 
the doublet terms. 

S P d b X y /rr\ 

1 3 5 (7) (9) (ii) ' ; * ^ ^ 

The bracketed numbers have been extrapolated. 

* Of. the quotation on p. 885 and the essay by the author quoted in Note 1. 
fProo. Tokio Math. Phys. Soc., 7, 277 (1918-1914). 



392 


Chapter VI. Series Spectra in General 

.We now turn to the triplet systems. For the combination (sp) we 
here have from Fig. 97 that r = 2. Since for the s-term we have again 
to set = 1 it follows unambiguously for the p4erm that = 2. In 
the combination (pel), Fig. 99, r was equal to 6. Here again we have a 
test of our law of resolution : 6 is divisible by 2. It would at first sight 
appear right to conclude that the Eunge denominator is equal to 3 for 
the d^-term. When the author originally assumed this, he arrived at the 
following (as we shall see erroneous) scheme for the Eunge denominators 
of the triplet-systems. 

$ p d h X y 

1 2 3 (4) (5) (6) 

But the conclusion = 3 for the d-term is not the only possible one. 
As already remarked on page 391, we may also conclude from r = 6 and 

= 2 == 1 , 2 (p-term) that rg = 2 . 3 (d-term). We may deci e between 
these two possibilities by arguing from the combination (Pd) between the 
simple terms and the triplet terms of the alkaline earths. Since here 
rj^ ~ 1 (P-term), the Eunge denominator r of the combination necessarily 
becomes identical with the denominator of the d-term. For r we get 
from observation not the value 6 but the value 3. Thus we must make 
up our minds to drop the simplest assumption (a) of page 391 for 
the d-term, and must set for it rg ~ 6 = 2 . 3. The combination (d?:d'j) 
also compels us to do so, cf. page 368 ; the Eunge denominators of its 
Zeeman pictures are likewise 6, and not 3. 

We thus arrive at the following scheme for the triplet terms : 

s p d h X y /gy 

1 1.2 2.3 (3.4) (4.5) (5 . 6) ‘ ^ ^ 

The bracketing here also denotes extrapolation. 

All this of course only holds for weah magnetic fields. For strong 
fields the Eunge denominator must assume the value 1 throughout, both 
in the doublet as well as in the triplet systems. 

A knowledge of the Eunge denominators is, however, only the first 
step to the complete theory of the Zeeman effects. The explanation of 
the normal Zeeman effect by the theory of quanta must serve as a perfect 
example of the full theory. In this way we arrive at the following result 
(eqn. (12) on p. 299) : through the magnetic field the original energy Wq 
of the Kepler orbits became changed to 

W . = W„ + mh.± = W„ + mhAv„„„, . . . (9) 

The “magnetic quantum number” m is here equivalent to the 
“ equatorial quantum number ” n-^ which occurred earlier. Since was 
a part of the azimuthal quantum number n Ui + n.^)^ or m, re- 
spectively, is smaller than or at most equal to n. Furthermore, since the 
energy can undergo a decrease as well as an increase, depending on 
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the sense in which the Kepler orbit is traversed, we must allow the 
negative as well as the positive sign before m in (9). If we exclude 
the value m = 0 we have then* ^7% possible values for the magnetic 
quantum number, namely : 

±( 1 , 2 , ( 10 ) 

and just as many possible positions of the corresponding “magnetic 
levels." To this there next comes into account the principle of selection 
(formulated on p. 300 for the equatorial quantum number) : 

Change of the magnetic quantum number by ± 1 leads to circular, in 
the transverse effect, to linear polarisation pe^yendimilar to the 
field. 

Change of the magnetic quantum number by 0 leads to linear polari- 
sation parallel to the field. 


How is this to be extended on to the case of doublet systems ? At 
first there will occur in place of Avnami ii^ (9) -AE,wrm, where r is by (7) 

, in general equal to 2n — 1. Then the inner quantum number n,: will 
have to enter into (9) as the distinguishing characteristic of both doublet 
levels in (9). Starting from this, Land6 t has succeeded in evolving the 
correct generalisation of (9) namely : 

w = Wo(%) + . . . (11) 


Here the argument m of indicates that the original energy is different 
according as we consider the upper doublet level (m = n) or the lower 
one (m == 7i - 1). The magnetic quantum number m is to assume in 
(11) the following values in place of ( 10 ) : 

± ( 1 , 3 , . . . 2iii ^ 1) . . . . ( 12 ) 

The number of magnetic levels is thus not as before 2w but 27^/. Finally 
the rule of selection for r)i is to preserve its earlier form with the 
difference that now the quantum jump of 2 units is to take the place of 
the quantum jump of 1 unit, as is evident from a comparison of (10) ’ 
with (12). 

The content of eqn. (11) is illustrated in Fig. 100. The outer parts 
of the figure apply to weak fields which alone come into consideration at 
present, the left side referring to the terms the right to the terms 
representation of the 5-term has been placed in the middle ; 
it holds for strong as well as for weak fields. 


* Following Bohr we proved on pages 246 and 810 that for hydrogen the zero level 
is forbidden. This exclusion does not in general extend to other models. Actually we 
shall have to allow the zero level for weak fields in the case of the triplet terms and 
altogether for strong fields. 

t Zeitschr. f. Phys., 5, 231 (1921). 



S94j Chapter Vl. Series Spectra in General 


I I 

1 8,05 = 1 « 
jj^'iStrongandl 
. 'Weak Fields! 



i 


, U-' 

1 

, 1 

1 

1 

t 

1 -l' 

-1 

1 -Lr~“ 





In the case of each term the 
magnetic levels are equidistant. 
Their distances from each other 
are, by (11), calculated in parts 
of \ 

2 4 2 6 4 8 6 

3 3 5 5 7 7 

for the terms 

^2’ 

respectively. 

To verify this hypothesis let 
us first deduce from it the type 
of resolution of the D-lines. Cor- 
responding to the combinations 
and sp 2 (h >2 ^i) » follow 

Land6 by writing in the upper 
rows of the following schemes for 
each value of m the correspond- 
ing magnetic level of the s-term, 
and in the lower rows the cor- 
responding levels of the or 
;p 2 -term, respectively. If we form 
the difference of the numbers 
which stand one vertically below 
the other, we get the y)-com- 
ponents (on account of Aw = 0). 
If we form the difference in an 
oblique direction in the schemes, 
downwards towards the right or 
left, we get the s-components (on 
account of Aw = ± 2). These 
differences are given in the 
lowest line of the schemes and 
are denoted according to their 
mode of origin by p (parallel) or 
s (perpendicular). 

The result agrees, as we may 
convince ourselves, completely 
with the results of the observa- 
tions expressed in Fig. 96. 

In the same way we may ob- 
, tain the resolution pictures in the 
1 I N.S., the combinations 


Fig. 100 . 
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To prevent the corresponding schemes from being overloaded, 'we shall 
write them down only for positive values of m and add only those for 
negative values that give rise to new components and not stich as differ 
merely in sign. Accordingly we must suppose those with the reversed 
sign, added everywhere to the numbers of the lowest row as being those 
which would result from the same process if we were to complete the 
scheme in the direction of negative valires of 
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These results, too, agree perfectly with observation (Pig. 98). And 
now we may, without trouble, write down the Zeeman types (that have 
not been observed) of the Bergmann lines. Por example, we find for the 
combination by extending the foregoing schemes appropriately: 

13 5 

y>components : gg, gg, gg, 

^ 35 37 39 41 43 45 

s-componeats: gg, gg, gg, gg. gg, gg. 
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Here a limiting law already expresses itself, which holds for very high 
quantum numbers n and nu thus, for example (cf. p. 331), for the com- 
bination {x, y), (yz) . . , : in the limit n oo , as the terms become more 
and more like those of hydrogen, the Zeeman effect also becomes in- 
creasingly like that of hydrogen; the p-components accumulate at the 
point 0, the s-cornponents at the point 1 of the normal resolution. 

To prove this we shall first change the form of eqn. (11). For the 
upper or lower level, respectively, of a doublet system we have 

ni n 1 /. 1 \ 

n, - 1 2 \ 2n - l}’ 

or, respectively, m n - 1, H = |(l - 2 , 7 -l)' 

Furthermore, we write for the upper or lower level 

W,(^) = w + 

or, respectively, Wo(?^ - 1) = W - 

so that W denotes the level which bisects the two original ones, and Avo 
denotes the original doublet-difference. We then get from (11) 

W-W±iki,. + irf,(l± . (IS) 

It is to he noted that the inner quantum number has dropped oid, and has 
been replaced by a plus or mmus sign. We shall later return to consider 
the importance of this circumstance. 

Let us next consider the transition n -t- 1 n in the case of a very 
great n. We get the jp-component if we give m the same value in both 
terms. Calculated in units of ifs resolution will be, by (13) : 

* i ” (siT 1 - 2„ -i) - » »- 1 ■ ■ <“•) 

This is equal to zero when = 1, 2, . . , and 7 ii( 5= co . The s-com- 
ponents come about if we make m jump by 2 units, for example, from 
m + 2 to m. From (13) there then results : 

I (m + 2) ( 1 ± 2-^ -^) - I m ( 1 ± 

~ 2n + 1 i ~ 1 = 1, 2, . . . n, and n = oo 

In the limit w = oo , therefore, the normal Zeeman effect, as stated, arises, 
both as^ regards the position of the p-components as that of the s-components. 

It is true that this result holds only if in deriving (13a, b) we take 
for the two terms (13) that are to be subtracted from each other either 
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the upper or the lower sign, as we tacitly did, but not if we take the upper 
sign in the one case, and the lower in the other. That is to say : the 
normal Zeeman effect presents itself asymptotically when two upper or 
two lower doublet levels are combined, and this combination gives rise to 
d, principal line of the line configuration in question (cf. p. 360). But in 
the combination of an upper doublet level with a lower one, which leads 
to the satellite of the line-configuration under consideration (cf. p. 365) 
the Zeeman effect does not contract asymptotically to the normal posi- 
tion of the p- and the 5-component, but becomes diffuse. Nevertheless, 
the law formulated above may be maintained because we may assume, on 
the ground that the similarity with the hydrogen type increases, that the 
intensity of the satellite and its resolution picture decreases more and 
more to zero as n increases. 

We next turn to the triplet systems by imagining, as above, a “ weak*’ 
magnetic field to be acting. The magnetic levels of the terms have in 
this case, too, been determined by Land6 Qoc. cit) by means of a fortunate 
generalised rt^sum^ of the empirical resolutions. 

The Bunge denominator of the triplet systems (cf. p. 392) was 
r = n{n - 1). But it actually has this value only in the case of the most 
central triplet component ; in the case of the two outer triplet components 
it becomes reduced to n or n ~ 1, respectively, and this is, of course, no 
contradiction to the assertion that the common denominator of the trip- 
let is n{n - 1). To write down the general formula for the energy, we 
do best by starting from (13), but we write it separately for each of the 
three triplet levels : 



+ - jAvnom 

W., ■+ mh(^ - 

^ \ n n— IJ 

Wjj ~ --j^Avnorm 


(M) 


The triplet here appears in a certain sense as a configuration of two 
doublets that have been combined. On account of the change of sign ± 
it is seen from analogy with (13) that (W1W2) actually form a first doub- 
let, and (W2W3) a second doublet. The differences of frequencies when 
the field is free (that is, when no magnetic field is acting), which we 
denoted on page 371 by Ay^^ ^^d Av‘^3^ ^^re determined from the quantities 
Wv: in (14) as follows : — 


Ayi2 


Ai/^^ 


W, W2 

h 

W2 - W3 

h 


( 15 ) 




The inner qxxanttim nnm- 
her, just as in (13), does not 
occur in the expression (14:) 
for the energy. Ikit it is 
contained implioitly in the 
magnetic quantum number m* 
Por the latter is to assume 
all the integral values 

± (0, 1,2, .. . %) (16) 
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Accordingly, its highest value 
is n, n — 1, n — 2, in 
W^, Wg, respectively (cf. our 
earlier data about the inner 
quantum number of the trip- 
lets on page 366). The value 
0 is not excluded. 

We set down as our mag- 
netic principle of selection : 
m is to change only by leaps 
of 0 or 1; in the transverse 
effect the jump 0 leads tc 
parallel polarisation, and the 
jump 1 to perpendicular po 
larisation. 

In Fig. 101 the magnetic 
1 levels for each p-, and d 
i term have been drawn. Thai 
; number is in general equal t 


+ 1, that is, 3 for th 
s-term, 6, 3, 1 for the m 
^ 3 -terms, and 7, 5, 3 for th 
dy-terms. All th 
levels lie equi-distantly i%n 
symmetrically about the zBti 
level. For the present oid 
the outer and the centri 
columns of the figure, wh|c 
refer to “ W6Mi.k fields,” coja: 
into consideration. 

We test the data of tl 
figure in thei case of the ooi' 
binations {spi) in the follotvii 
tables ; they are arranged jx 
as the tables on page 395. 


Fig. 101. 
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The result contained in the lowest rows again agrees fully with the 
earlier data of Fig. 97, with one exception : in the combination (sp.^) the 
p-component (0) that is bracketed in our table is not real ; it is not actu- 
ally observed. This component corresponds to the transition 0 -> 0 of m ; 
the simultaneous transition of n,: is 1-^1. Just as earlier (p. 367) we 
forbade the inner quantum number to undergo the transition 0 0 so we 

must now also forbid the magnetic quantum number to undergo the tran- 
sition 0 -> 0, hut only tvhen the inner quantum member simultaneously re- 
mains unchanged,"^ It is to be noted that according to this the transition 
0 0 in the case of the combinations and (sp^), m is not forbidden 

to undergo the transition 0 0, and this has actually been observed. 

We shall not write down the resolution pictures for the combinations 
{pidj ) ; they, too, agree fully with observation (Fig. 99). We merely 
mention that in the combinations {pidf) and {p^jd.^ our supplementary 
rule is also shown to hold good, inasmuch as here the transitions 0 0 of 

m become unreal (or virtual) in accordance with observation. ‘ Likewise, 
we shall refrain from extrapolating our scheme for the case of the Berg- 
mann lines. The law that was enunciated for doublets on page 396, and 
according to which the anomalous effect asymptotically approaches the 
normal effect in the principal lines of the higher term-combinations, may 
be extended unchanged to triplet systems. 

On the other hand, we must briefly enter into the question of the im- 
portant combinations between simple and triplet terms. Of course, the 
simple terms S, P, D . . . are subject to normal resolution. But, accord- 
ing to page 368, they have an inner quantum number that diflers from 


^ Land^, loc, cit 
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the azimuthal one, namely, 0, 1, 2, . . • or generally wj = ^ 1- 

in their case, too, we suppose the magnetic quantum number to te 
restricted by the rule (15), the number of their magnetic levels will be 
reduced as compared with the normal case. As an example, we regard 
the combination (Spa) (A = 2537 in the case of Hg). On account of 
m = 0 the term S has only the one magnetic level 0 ; the magnetic levels 
of p 2 are given in Mg. 101. We get as the combination of these two the 
so-called “f-Type,” which is well kown experimentally, and is dis- 
tinguished by its simplicity, according to the following scheme* : 



S p 


A comparison with the combination (sp.^) on page 399 iR inBtriicti?6 : 
since the magnetic level m = 1 is missing in the term S, the ^-components 
1/2 and the s-components 2 drop out from the resolution picture. Since, 
on the other hand, the inner quantum number in (Sj}^) perforiiis the tram 
sition 0 1, that is, does not remain unaltered as in the case of the 

middle component 0 actually occurs as a real component. 

In the same way the schemes of the combinations 
(P 2 P), that, according to page 367, are not forbidden, may be written 
down. According to a communication by Paschen to the author, they^ 
too, agree with observation. 

All in all, we may assert that, in virtue of inner quantum numbers, of 
the magneto-optical law of resolution, and of LandtI’s energy-levels, we 
have a practical mastery over the extensive realm of the anomalous 
Zeeman effects for weak fields. 

We next come to the strong fields, that is, to the Paschon-Ikick (\ffevL 
Here we have for the special case of the D-line type a phenomenological 
theory by Toigt t which seems to meet the facts correctly at least 
qualitatively. Yoigt’s theory signifies for the anomalous effect, in par« 
ticular that of the D-lines, what Lorentja’s theory denotes for the normal 
effect. 

Like Lorentz’s theory, Voigt's assumes quasi-elastically hound elcKitrons 
capable of vibrating, and, corresponding to the ratio of the intensities 

* Lande, Physikal. Zeitschr., 22, 417 (1921). 

t W. Yoigt, Ann. d. Phys., 41, 403 (1913), and 42> 210 (1918). Of. alBO tlie HiiiqilifitKl 
form of Voigt’s theory due to Sommerfeld, Q-ottinger Nachr., March, 1914, aH alno 
Hilbert-Pestschrift, 1922 (of which a reprint is about to appear in tlie Zcitncdir. f. 
Phys., 1922). Voigt deals with the process of absorption, Sommerfeld with Uiat of 
emission. 
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it assumes one electron with the original frequency and two 
with the frequency D 2 . Their motions are linked together by the mag- 
netic field in a peculiar way. The equations of vibration are set down 
independently and differently from each other for the components that 
are parallel and perpendicular to the magnetic field. From them we 
calculate the vibration numbers as functions of the ratio 



^l^norm 


(17) 


where Ai/^ denotes the original difference between the frequencies of 
and D 2 . Since Avuorm is proportional to the magnetic field, v gives us an 
inverse measure of the magnetic intensity of field. Great values of v 
denote “ weak ” fields, small values denote “ strong ” fields, in the sense 
of page 388. The Av’s calculated according to Voigt give for great values 
of V the resolution picture shown in Fig. 96 ; for small values of v they 
give the normal Paschen-Back effect, and also represent within the limits 
of errors of observation the process of transformation from the one type 
to the other when the fields are intermediate between “ weak and 
“ strong.” * 

To translate Voigt’s formulae into the language of quanta we have to 
deduce, according to the series scheme of the D-lines, 1 / = Is - 2 ^i, the 
resolutions of the terms Is and 2pi from the resolutions Av of the lines. 
The resolution of Is is the normal one ; hence, in subtracting the resolu- 
tion Avnom of the s-term from Voigt’s Av of the lines, we get the resolution 
of the two ^-terms, and, indeed, we get it for the various magnetic 
quantum-numbers m = ± 1 , ± 3, which, according to page 395, come 
into consideration for the D-lines. Since we can determine each indi- 
vidual jp-level from one parallel and one perpendicular component of the 
resolution picture, we get for the position of each level two determinations 
that are identical with and check each other. The result may be com- 
pressed into the simple formula : 


W - W -h 


i(“* V 


14 .^ mv -l- 
o 


Avn 


Here the upper sign applies to the energy-levels the lower to 
the first case, m runs through the values m — ± 1 , + 3 , in the second, the 
values ± 1 . 

It signifies only a slight generalisation if we make use of the corre- 
sponding formula for all terms and replace the Bunge denominator under 
the square root by r = - 1 , thus : 

w = W + g ± . . (18) 


26 


Of., for example, the work by Kent, mentioned on page 861 , 



402 


Chapter VI. Series Spectra in (Jeneral 


We 


next test this formula for weak fields, v . 


^ - 




. , 2mv , .,,2 A,, _ A„ JL 

^ -L Hh ^ — ^'O * 

2m - 1 


1. Wo tlujii have : 



m, 

2 'M - 1 


and hence, by (18), ' 1 \ 

W = W ± 2 ^^’'0 + 2 (^ " 2 m 

This has brought us back to eqn. 13 on page 3SHi ; hence all the 
resolution-pictures there deduced also obey our general e(|n. (18). 

On the other hand, for strong fields, that is 1, eijn. (18) gives 
directly 

^ + • ■ ■ • 

Since m was an odd number in the case of the doublet-BysteniM, 

^L^J- will be an s-ucn number. Thus eqn. (19) asHerts that tho rosola- 

2 

tion becomes normal for strong fields. At the same timt) it tells u& how 
the anomalous energy-levels of the weak fields are related to the noniial 
levels of the strong fields and pass over into them. Tliis is repraH©nt®cl 
for the p- and ^Z-terms by the middle columns in Fig. lOO. The firrows 
that have been inserted indicate in which sense the anomaloua levels 
must be displaced if they are finally to become normal levels. A glatioa 
at the figure tells us that the whole Paschen-Back effect cjonsists only ill a 
mostly trifling smoothing out and adjustment of the energy-levels. Those 
levels that are from the outset normal remain normal ; these are the two 
levels of the 5 -term and the two outermost levels of the pj- and rfj-tarriw. 
For all of these, \m\ = 27i - 1 holds. lienoe from eqn. (18) it follows 
that 

w = W H- I (± l»l| +('(’ ± l))AiW«, 

= W -h ^fcAVj) + '2 Al^nHCKj. 

This again denotes the normal Zeeman effect, and indeed for all values 
of V. 

We now come to the triplet systems, A vibration theory has aol 
been worked out for these. We can, therefore, describe the tranHit iun 
from weak to strong fields only qualitatively and not quantitatively. 
This is done by means of the arrows in the second and fourth cohunns 
of Fig. 101, which have been drawn from analogy with Voigt‘8 forimila* 
for the doublet systems. Levels that were naturally normal remain 
here again and are unaffected by the transformation (the ^ero-lev©li am 



m 


§ 7. The Anomalous Zeeman Effect 

^ ^-^^ception to this). The Paschen-Back effect again consists purely in 
^^yntematic smoothing out of the originally anomalous energy-levels. 

^ noteworthy feature in this process is that levels which have been 

! \ * * always bear the magnetic quantum-number 

corresponds to their resolution. From a comparison of the first and 
i.oticl columns for the <^-terms in Fig. 101 it follows, for example, that 
^ normal level + 1 (second column) arises from the level 0 (first 
^ *^'Unui) and hence also bears the same quantum-number w = 0 as the 
nf it,.i - As a matter of fact we may imagine the transition from weak to 
Hit fields to be carried out adiabatically so that the quantum-numbers 
preserved in principle. In the same way the normal level 0 
I column) arises from the level - ^ (first column), and accordingly 

•* receives its quantum-number m = — 1. The levels of the multiple 
^ tfhat have been normalised by the Faschen-Bach effect are thus in 
displaced, as regards their guantum-numhers, relatively to the 
III if/Sficilly normal levels such as would belong to the simple terms. 

B or example, we recognise a confirmation of this curious displace- 
ttitnit in the ^‘partial Paschen-Back effect” (cf. p. 389), which has been 
obttorved by Back in the I N.S. of Mg. The rZ-differences are so small 
hi the case of Mg that any perceptible magnetic field must be considered 
^ Htrong ” in comparison with them. Accordingly we write the formula 
of the Mg lines in question, X = 3838, 3832, 3830, not as i/ - 2pi - Uj, 
l>Uti y = — 3d (cf. p. 389), but notice, in doing so, that the 

iniigiietic quantum-numbers of the normalised d-term that has artificially 
iMicsome simple differ from those of an originally simple term in the sense 
of th© displacement mentioned just above. In the following table there 
ar«s wiutten under the m-values of the upper row the resolutions of the 
ioriiiH Pi when the field is weak, and in the next three rows the resolu- 
tiijinH of the three d-terrns when the fields are strong. The brackets 
iibciva the table indicate that the term^PjL consists of five, the term p^ of 
lhrts«3 levels, and the term 5)3 of only one isero-level. The magnetic levels 
iif till© d-terrns are indeed all integral (normal), but are in general dis- 
jilaoad with respect to the scale of the m's (the levels of an originally 
Hiitiple term). "We next prove the effect of this in the resolution-pictures 
©f tire individual combinations {pid). 

i jet us first consider (p^d). Out of the zero-level of p>^ together with 
tht.i rf.-l©vels 1, 0, “ 1 vertically beneath it there arise the 

jp-components 0, ± 1. 

I f, on the other hand, we proceed from the same zero-level to the d-levels 
ai the right or left of the middle, there arise the 

s-oomponents 0, ± 1, ± 2. 

hlxactly this resolution-picture has actually been observed by Back. 


* Naturwissenschaftea, 1921, 12 Heft, Tab. 4. 
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In the case of the combination {p^d) we correspondingly got from the 
three middle rows of the. scheme the 

p-components (0), ± -I-, ± 1 (± ■;*')> 

and, by combining with the neighbouring rows on the right and. left, the 
5-components 0 , ± ± 1 , ± §, ±2 (± 5 ). 

This type, too, in particular, as regards the drawing together of the 
p- and 5-components, agrees with the observations of .Back j only the 
bracketed components are missing in the observations, and this is 
obviously due to their too feeble intensity, and is formally explained by 
the principle of correspondence. 

Finally, the combination (p^d) gives the p-components : 



and the 5-components : 



This, too, agrees with observation, with the exception of the additional 
bracketed components. 

The combination is particularly instructive. Although in this 
case we connect the normal zero-level of p^ with the normalised levels of 
the ^^-term, the normal triplet 0(p), ± l(s) does not arise, but the quintet 
0(p, s), ± l(p, s), ± 2(5) appears. This is purely a consequence of the 
displacement of the normalised level relative to its natural position. If^ 
on the other hand, we had combined the zero-level of pjj with entirely 
normal d-levels, we should clearly have obtained only the normal triplel, 
namely 0 - 0 as a p-component, and 0 + 1 as 5-components. 

The circumstances are quite similar in the case of the partial Paschen- 
Back effect of the doublet systems, for example, in the case of Na, 
V = 2p4 - 4:d, a result which Mr. Back has kindly communicated to the 
author. 

Looking back we may say that for strong fields, too, our account, 
which is a mixture of the quantum theory and of a phenomenological 
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theoiy vibration, has fared remarkably well. The extrapolation of 

^ s equations has been shown to be fully trustworthy, in particular 
111 tihe ease of the doublet systems.^ There is no doubt that this fruitful- 
ness of "Voigt’s theory as extended in this way is ultimately due again to 
’10 correspondence between the quantum theory and the classical 

theory of radiation, which has been so happily formulated by Bohr * 

• It -ttio tlianks of the author are due to Mr. W. Heisenberg for kindly collaborating 
. treatment. It is due to him, too, that the author has found it possible in 

J- **' following addendum, to solve the problem of the anomalous Zeeman effects and of 
to rna -multiplicities, on which they are founded, on the basis of Bohr’s model. 
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ADDENDUM 

W E use the following picture to represent diagrammatically a douhkt 
atom, that is, an atom out of the first or third group of the 
periodic system or an ionised atom out of the second group, 
and so forth : an outer valency electron, comparatively far removed from 
the remainder of the atom, and an atomic trunk, which comprises the rest 
of the atom and that is treated as forming a whole, are coupled together 
by the internal atomic magnetic field Hj;,* which arises through the revolu- 
tion of the valency electron about the atomic trunk. If /x is the magnetic 
moment of the atomic trunk, due to the circulations of its inner electrons, 
and if 0 is the angle- between and the axis of yu,, then the effectiye 
part' of the magnetic energy corresponding to this coupling is : 

fjLlLiQosO (20) 

We make the following fundamental assumption, which is justified by 
its success: when the valency electron is in the ground orbit 1,9 the atom 
has the total impulse t 1, and, averaged for time, this is shared equally 
bekveen the valency electron and the atomic trunh, so that each has the 
mean moment of momentum If the valency electron is removed to a 
p- or a cZ-orbit, its moment increases by 1 or 2 . . . units, that is, now 
amounts to |, f or in general to w - where n is taken as the azimuthal 
quantum number we used earlier. The moment of the atomic trunk 
hereby retains its value as regards magnitude ; how it behaves with 
regard to direction will be decided by systematic calculations below. 

Erom this starting-point we next get a revision of the nomenclature and 
view of quantum numbers that we have hitherto adopted. The total 
quantum of the motion of the valency electron (current number of the 
series term, sum of the azimuthal and radial quantum) is an integral 
number, as is shown by the series representation. On the other hand, 
the phase integrals that belong individually to the azimuthal and radial 
motion are half-numbers. If we call the numbers in question n* and 
then by our above remark n* = - -I ; on the other hand, we have to 

demand that n'"^ = n' -1-, in order that the sum may remain 

*In a note of Nov., 1916 (Bayer, Akad.) the author lias considered the magnetic 
action of an electron that circulates in the interior of the trunk upon the outer electron 
and has shown that this is to he neglected in the series representation. What we are 
dealing with in the text is the opposite action. 

fHere and in the sequel we express the moment of momentum in terms of the 
unit hl^TT, 
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equal to the whole number n + n'. The total moment of momentum 
of the atom is determined by the geometrical sum of the moment of 
momentum of the outer electron and of that of the atomic trunk. When 
no external magnetic field acts, then, as we shall show, the axes of 
both moments of momentum are in the same sense or parallel to one 
another in the opposite sense, and the total impulse of the atom becomes 



Thus, as Land6 first stated, our inner qtmihim member nc has the signifi- 
cance of the total moment, and its two different values correspond, in the 
case of the doublet atom, to the two different possible ways of circidatmg of 
the atomic trwik. The principle of selection for the inner quantum number 
n.iis, in view of this, according to Bubinoioicz directly intelligible, indeed 
more so than the principle of selection for the azimuthal quantum number n. 

From the mechanical moment of momentum we get the corresponding 
magnetic moment of the circulation of the electron (cf. p. 249) by multi- 
plying the former by el2mc. Consequently, the magnetic moment of the 
atomic trunk or of the valency electron, if we now insert the hitherto 
suppressed factor hj^ir becomes, respectively : 


1 _e_^ h 

2 2mc * 27r 


or 


e 

2mG 


h 

27r 


( 22 ) 


According to this, then, the magnetic moment of the atomic trunk becomes 
equal to half that of a Bohr magneton. 

We now impose an external magnetic field IT. Let this form an angle 
or respectively, with the axes of the mean moment of- momentum of 
the valency electron or the atomic trunk. If 9, as in (20), is the angle 
between the latter two axes, then, by the cosine law, 

cos 9 = cos 9 1 cos 9 2 + sin 9^ sin 9^ cos (y^ - y^) . (23) 

where the angles y^^ and y^ determine the position of the “ Knotenlinie ” 
in the plane perpendicular to H for the mean orbital plane of the valency 
electron or of the atomic trunk respectively. We imagine the angle 9i to 
be fixed by “ spatial quantising.” Thus, besides the moment of the 
valency electron, also its component in the direction of IT can assume 
only discrete values. We designate these values* by w* (“magnetic 
quantum number”) and assume them to be like n* half integers. Then 
we have in complete analogy with the spatial quantising of the hydrogen 
orbits (eqn. (6) on p. 244) : ^ 

cos 9 (24) 

Our earlier magnetic quantum number m of the doublet systems was twice the 
present w*. Whereas the earlier one assumed the values + (1, 3, 5, , . , 2n - 1), our 
present w* assumes the values'^ + (I, 
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tViP external field H and of the inner atomic field Jd;. 

The magnetic energy of the whole doublet atom is composed of the 

»' *»• = ““ 

eons. (20), (22), (24), and (1)] : 

- liK 


o ^ ^ rt/JLJL 

cos = n* • • H cos ST, 


m^hAv 


'norm* 


2. The magnetic energy of the atomic trunk in the field H [see eqna. 
(20), (22), and (1)] : 

II TT cos ^ H ^2 o O.JlAvnoriti^ 

008(^2 2 2mc 27r ^ 2 


3. The mutual magnetic energy between the valency electron and the 
atomic trunk [see eqns, (20) and (1)] : 


/xt2H^ cos (9 = . 


h 


cos $hAv,i()riii.* 

2 Jd. 


If we add, further, an amount W as energy that is not of mapetic 
origin, we get as the total energy, if we substitute for cos 9 from (23) and 

set ^ = -y : 

W == + h(pi* + -|•X)Av7^,(5n/i • • * (25) 

in which we have used the abbreviation 

X = cos 62 + '^^[cos cos O 2 + sin sin 0^ cos (y^ - 72)] . (26) 

The postulate that the atomic trunk is to adjust itself in the magnetic field 
requires that : 

_ 2)W _ Q 
c)y 2 <)^2 


Prom this it follows, on the one hand, that 

sin (yi - y^) = 0 . 


(27) 


that is, “the magnetic axis of the atomic trunk and the orbit of the 
valency electron lie in a plane which contains the field direction H ; *’ and, 
on the other hand, a condition for follows from which we get after a 
simple calculation 

X^ = 1 + 2'U cos , (28) 

If we now use eqn. (24) and insert (28) in (25), we get 

W = W+ft(m*±iyi + 2^"+^).Av.„,™. . (29) 
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which agrees exactly with eqn. (18). As we saw above that the facts of 
the whole magneto-optics of doublet systems arise out of this equation, 
these facts are now also explained in terms of the atomic model. 

Pictorially our deduction of eqn. (29) teaches us the following : The 
orbit of the valency electron is fixed with respect to the external magnetic 
field by spatial quantising. The atomic trunk adjusts itself into the 
direction of the resultant of the external and the inner atomic magnetic 
field, that is, it lies in general obliquely to the external magnetic field. 
Only when the latter field is strong compared with the inner atomic field, 
does the atomic trunk take the exact direction of the external field. Then 
the final result of the Paschen-Back effect is attained and we get appreci- 
ably normal resolution. 

As a bye-product of these considerations we, of course, get the ex- 
planation of the doublets in a free field (no external magnetic field) on the 
basis of the atomic model. These doublets correspond to the difference in 
the mutual energy of the valency electron and the atomic trunk in the 
two opposite motions of the latter. The distance between the doublets 
becomes (as also follows from eqn. (29) for v — co: 

A ^ 6 H,: 

m ^ttg 

By calculating the magnetic action of a definite p- or (i-orbit of the 
valency electron at the focus of the orbit, whereby we have now to take 
account of the present mechanical significance of the quantum numbers 
(%*, in place of n and n'), we get for Li 

Aj/p = 0*32 cm.“ h Ai/<« == 0*035 cm.- h 

This agrees excellently with our data on page 361. In the case of the 
heavier elements the extension of the atomic trunk is to be taken into 
consideration, and hence the calculation of at the focus of the orbit 
no longer suffices. This circumstance brings with it the increase of the 
doublet difference with increase of atomic number, with which we are 
acquainted from page 371. 

In spite of the striking agreement between the theoretical and the 
observed doublet interval for Li we should scarcely need to regard our 
model of the doublet atoms as inevitable, if it were not linked up with 
the whole realm of the Zeeman effect for ' doublets. But inasmuch as 
formula (18), which has been obtained empirically or half empirically, 
may be deduced accurately from our model of doublet atoms, our explana- 
tion of the doublets in a free field seems quite assured. 

We shall only briefiy sketch the corresponding theory of triplet atoms. 
According to the cross law we have here an even number of outer 
electrons of which t%oo are favoured as valency electrons, one being the 
inner and the other the outer valency electron. For the unexcited state 
we distribute an impulse 1 in each case in the mean equally between the 
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atomic trunk and each of the two valency electrons. Here two cases are 
possible : the two impulses 1 are of opposite or of the scx/me sign, 

1. In the first case the atomic trunk receives the imjjulse 

+ -0 + f - 5) = 0. 


The inner valency electron receives, say, - -J-, and the outer -f or, in 
the excited state, n - This is the case of the simple terms. The 
sum of the moments becomes n - 1, that is, again n/, cf. page B 67 ; the 
Zeeman effect becomes normal because the atomic trunk does not respond 
magnetically since its magnetic moment is zero. In particular, it is 
highly satisfactory that the ground-orbit S of the tri].)let atoiris is dis- 
tinguished by the value % = 0 of the total moment of inonienturn. 

2, In the second case which we must ascribe to the true triplet terms 
the atomic trunk has the moment of momentum 

+ 1 + 1 = 1, 

and each of the two valency electrons is associated in the unoxcitod state 
(s-tem) with the momentum + In the excited state the momentum 
of the external valency electron becomes increased to n - -I, whereas 
those of the inner valency electron and the atomic trunk retain the values 
J- and 1 respectively. The mutual adjustment and the poBsible eventuality 
ot a change of sign must be obtained from the exact investigation of their 
adjustment in an external magnetic field H. 

fl approximate assumption, which is without doubt justi- 

bed, that the inner valency electron is perfectly rigidly coupled to the atomic 

trunx ; thus let us characterise its position by the common angle and 
teat the sum of its moments of momentum, 1 + | as one quantity, 
et us, on the other hand, determine the position of tha valency electrons 

Lnable r/ 1 direction of the field H is 

Ser values m {m = •< magnetic quantum 

number _ integer). Then the following relation holds :~ 


i cos dg + n* cos 


m 


(30) 


4oVaS“ns'iL''?m amounts of energy, as enumerated on pag, 

4ua and using (30), we now get : — 

W = W + h(m + X)A.w,„, . . . (31 

of the atomic fJ h Poa*ulate that the complex consistiiii 

Itself into the direction of the resultant of the fields H and FI- <li«r( 
follows from this and from eqn. (30) a cubic equation in X. Tw ofTt! 
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I’notK iii-o gi-ven by the two outer levels of the triplet ; the middle level may , 
he. lirouf^ht into relation with them rationally. I’or weak external fields 
* * * J 1|’, 1) they are given by 


W = 


W + h 
W + h 
W + h 


3i’ 1 

j + (^1 + - 

- 7 -^ + m{l - 7, ■+ 

4: 7r \ 

3 ft 

- V + mil 


. ): 


fi — 1 
1 

71 ~ 


^yncmn, 

^I'nonx. 


. (B2) 


^ equations agree exactly with eqn. (X4) as far as the coeiiicients 

m> mx\ concerned. Hence, like the latter eqnations, they rejmsent the 
2/eeman effects of the triplet systems foT wecth fields cAmipletely 
tiud e^'^rveiotly, 'We merely mention in passing that the cubic ecjuation 
nsiiy i&Ibd be manipulated approximately for strong lieldB, and that it then 
givcrt Ciiior^y-levels that represent the Paschen-Baok etfect correctly. 

rxeixt compare those parts of eqns. (32) and (14) that do not in- 
\ tn. We get in this way 

g 

== yV + 2 ^hl^Vnormi 


^2 = W - \ 


w.^ = W - '^vhb.Vmrm^ 


l-’roni these it follows by eqn. (16) that for triplet- differences when no 

Ikilci m present 


3A 1 \ 

3/ 

S 1 \ 1 


2V 2n») ■ 

2( 

4 " - 

. (33) 

4- 1 • 27^■* 

- 

1 = n :n ~ ij 



111 is in bigjhly significant, and states that: In the ome of the j[hteyrm the 
(if the triplet-differences is to be 2 : 1, for the d-terni it is to be 3 : 2, 
tuid ffir the h-term 4 : 3. Table 41 on page 371 shows in its last two 
t-nUumiH bow exactly this deduction of the theory is confirmed by ohserya- 
iiiin ftu* low atomic numbers. Saunders* ineasin'ornonts (mentioned on 
p. 3r>2) oC the triplets of the Bergmann lines of 3hi also agree well with 
utir cUui notion within the limits of error. The fact tliat in the case of 
higlnn’ mtomic numbers departures from the ideal values come about is 
i* 5 vphuniMl, as above for doublet atoms, by the extension of the inner 
a-toini*.*- complex of which we took no account in onr calculation. 

'V\m pfictorial meaning of our three triplet- levels is m follows:, the 
Hiithlle. ];>ath of the outer valency electron is in gone nil inclined to the 
inoinoutal plane of the inner complex, atomic trunk 4- inner valency 
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electron. The angle of inclination of both componentB of the trip](3t atom 
has the three values (when no external field is present) 

0 "^ 

cos ^ + 1, cos $ — cos (9 “ 1. 

Here 0* denotes the number 0 - just as dcuioted n - The 
middle triplet-level that corresponds to this value of cob 6 thus in a certain 
sense tends towards the crossed position cos 6> = 0 of l>otli (sornponents, 
but cannot, by the quantum conditions, quite reach it. The two outer 
triplet-levels cos ^ = ±1 denote parallel orientation vn> a similar or op^ 
posite sense. When an external magnetic field is impoHod the orbit of the^ 
outer valency electron adjusts itself in exact accordance witli it, m pre- 
scribed by the quantum theory, whereas the inner complex ciisplayg tho 
same behaviour only as the field gradually becomes stronger. If we add 
to this what was said above about the pictorial significance of the simple 
terms, we may assert that also in the case of the atoniH, which gonemte 
triplet lines, the objects of the theory of atomic model h are fully realised* 
With regard to the more precise foundation of our argument and 
concerning certain difficulties that still subsist in the caBS of tripl<d» atoms, 
for example, with respect to the meaning of the inner atomic number, we 
refer the reader to the more detailed account by W. lloisenbarg in the 
Zeitschrift filr Physik, 1922. 
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BAND SPECTRA* * * § 

§ 1. Historical and Empirical Preliminaries. Uniform View of Deslandres 

and Balmer Terms. 

T he first step towards ordering band spectra and describing them 
by formulae was taken by Deslandres. The formulae which he ob- 
tained from consideration of a great number of empirical data be- 
came the model of all later developments in a way similar to that in which 
Balmer’s formula became the archetype of all series representations. 
Schwarzschild created the foundation for the theoretical interpretation of 
Deslandres formulae in the light of the quantum theory and Bohr’s models 
in the same work (cf. p. 276) in which he alsot reated the Stark effect. 
He there started from the idea proposed by N. Bjerrum t for the infra-red 
absorption spectra, according to which the various lines of the band corre- 
spond to various rotational states of the absorbing gas molecules. We are 
indebted to tieurlinger 1: for testing and deepening Schwarzschild’s theory 
by considering the empirical data. But his results received general notice 
only when Lenz § set down the same results, in part independently of 
Pleurlinger and in part going beyond him, from comprehensive theoretical 
points of view. 

Owing to the complexity and confusion of the data of observation it is 
not easy to get a provisional survey of the emj)irical facts. We must, 
therefore, restrict ourselves to a few remarks concerning the nomenclature 
chiefly and we shall reserve the outstanding results of experiment till later, 
when we deal with their theoretical interpretation. 

Expressed generally, band spectra are characterised by the close se- 
quence of their lines and by the accumulation of the latter at the so-called 
edges or heads of the bands. The name ^‘band spectra ” is due to the fact 
that when the dispersion of the resolving apparatus is small they give the 
impression of continuously tinted bands. The bands are shaded off some 
at the red end and some at the violet end, that is some have edges on the 

* Mr. Kratiser very kindly co-operated in the account given in this chapter, 

t Nemst-Festsohrift, 1912, p. 90. 

:1:T. Heurlinger, Untermchungen uber die Struktur der Bmtdenspektren. Dis- 
sertation Lund, 1918, and also Arkiv. f5r Matematik. Astron. och Fysik, 12 (1916) ; 
Physikal Zeitschr., 20, 188 (1919); Zeitsohr. f. 'wissenschaftl ; Photographie, 18, 241 
(1919). 

§ W. Lenz, Yerh. d. D. Phys. Ges., 31, 632 (1919). 
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red side and others on the violet side (of. in thin corvnexicni 
of § 2 in Chap. IV.). 

Band lines that seem to start out from tlie same edg'C art* 
belonging together to one or movijs par Utd hdudn (Hinglc^ haiidN), 1 he 
that such partial bands mutually overlap iucrea<HCH the dillimilf) uf mihn 
ing and interpreting the band-spectra. The edgCH of tijc hiiiiilH n'riii w 
more or less regular sequence. Among the totality of edgon irl fho 
there may be distinguished, at least in the cleartn* eiwes, sevctiil ijnutjis f<f 
bands. Thus each group unites a series of lieads of hiyiiis to ir liiglirr 
single form. Fig. 106 on page 429 exhil)itH suc?h a group with file 
of bands and partial bands that start out from them towaolH fin* viu!i< 
and overlap mutually. The various groups of hands, too, foilow in ri'giiliii 
sequence and form a system of bands. The complete iniod eiiiisHioii nf n 
carrying agent consists not of one l)ut in general of stn'eral luyttl s\r4feiiii4. 
It was already emphasised on page 202 that the carrier of hioid 
is not the atom but the molecule. 

But the appearance of the bands is by no means alwayis such iis htm^ 
described. There are types of band spectra that have hitlieito re sistetl 
all attempts to find order in their structure and tliat do not a I low flieiii* 
selves to be arranged into groups and systenm. To thorn lieloiig. 
among others, the so-called manydmes spectra (<vf. ^ 5). '"11 Imrids tliitl 
lie in the infra-red are distinguished by their particular sim pi icily ; hi iliihr 
case a single band is observed alone and the overlii/pping of groiipH of hiMal* 
does not occur. We shall, therefore, deal principally (p) with liman ajuietrm* 

Our first concern is to arrive theoretically at tlawgrcnjiicl-idtaiic^iil cif 
band-emission, Deslandres’ term, and to bring it into rolatioiialiiii willi llie 
ground-element of series-emission, Balmer'a term. 

We start from the Bjerrum-Schwar^^schild idea of the mUiior, hill in 
doing so we do not ^ think, as on page 198, of each individual 
rotating at a fixed distance from a centre, hut mom general !v, of a riiiitl 
body rotating about a principal axis which we may regard an rtqirertefiliiig 
a molecule schematically. Let its moment of inertia about flu? priimi|iifcl 
axis be J,^it8 angular velocity o) or Then the moment of iiioiiiiaiiiifii 
and kinetic energy are, respectively, as we know, 

M « Jo, 

2 2JV 

Since the angle of rotation ^ is a cyclical co-onlinato of (lie mofioii, 
the quantum condition for this rotator is, analogously to eqii. f 1 M, no 

27rM = mh (m is an integer). 

From this it follows that 
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We now distinguish between two cases : 

I. The moment of inertia has a principal component independent 
of the rotation and is only unappreciably affected by the rotation (Ex- 
ample : the earth and its flattening), 

II. The moment of inertia is produced by the rotation itself and 
vanishes when the rotation vanishes (Example : a centrifugal governor, 
or Bohr’s model of the hydrogen atom). 

In Case I we have for the mth quantum state 

J = Jq -f AJ,„ (AJi,i much less than J^j) , . (2) 

In Case II we get in particular for the hydrogen model 

I VI ~ ~ • • • • (^) 


where /jl is the electronic mass, am and a-^ the radius of the wth and the 
1st Bohr circle. 

If we insert the values (2) and (3) in (1), we get in Case I a value for 
the energy that is approximately (i.e. neglecting AJjh) proportional to : 

¥ 


E 


kin — 


Stt^J 




whereas in Case II the of the numerator cancels with the denominator 
and we get a result that is proportional to 1/m^ : 

V . 1 

S7r^(xal m^' 

By dividing by h we get from the energy to the '' term,” that is, to the 
contribution which the energy-step in question makes to a possible spectral 
emission of our rotator. In this way we get in Case I the Deslandres' term 

- CT ■ ■■ « 

and in Case II the Balmer term 


•' E = — j — ^ . ... (5) 

Sir^jjLai ¥ ^ 

The equality of the two values given in (5) for the Eydberg frequency 
actually follows from the following value for (cf. p. 212) : 

W 

Concerning the Balmer term we have yet to add that in the above we 
have taken account only of the hinetic energy of the rotator ; if we now 
add the potential energy, only the sign of the term becomes changed (cf. 
Note 5). 

Accordingly we may regard the Deslandres' term as just as funda- 
mental as Balmer’s, the former for systems with an initial moment of 
inertia (molecules) the latter for systems without a moment of inertia 
originally (atoms). 
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§ 2. The Infra-Eed Absorption Bands. Rotation and 
Rotation-Vibration Spectra 

Suppose the rigid system considered in the preceding section to be a 
diatomic molecule, for example, HCl, N2, and so forth. Let it consist 
of two nuclear points surrounded by electronic systems that are negligible 
as regards distribution of mass. The line which connects the nuclei is a 
principal axis of the system (“ axis of figure ”), and so is, indeed, every 
axis perpendicular to the latter (“equatorial axis”). It was an axis of 
the latter type that we meant when we spoke in the previous section about 
rotations about a principal axis of the rigid system. The moment of 
inertia J refers to it. On the other hand the axis of figure has a moment 
of inertia that is practically zero ; rotations about this axis do not come 
into consideration as regards quanta (cf. § 6 ). 

When we called the system rigid this was only implied in an ap- 
proximate sense. The nuclei have, indeed, a position of equilibrium, 
under the influence of their mutual repulsions and the electronic attrac- 
tions, but can move out of it if disturbances of equilibrium, collisions or 
energy-absorption or -emission occur. They then execute vibrations about 
the position of equilibrium. We assume that these “ nuclear vibrations 
occur in the direction of the axis of figure. In this sense every mole- 
cule represents not only a rotator but also an oscillator. If the vibrations 
are infinitely small, we have a harmonic oscillator ; let its frequency be 
i/q. If the vibrations are regarded as finite, that is, if the nuclei move 
away from the immediate vicinity of their position of equilibrmm to 
neigbouring parts of the field, then their mutual bond varies with the 
magnitude of the amplitude. The oscillator is then nondmrmonic and, 
indeed, perceptibly so, because the true quantum state already entails 
rather considerable amplitudes and thus in no wise allows itself to be 
described as a harmonic vibration. 

From the behaviour of the specific heats of gases we know that the 
rotational degrees of freedom (just as the translational degrees of freedom) 
are in full action at normal temperatures but that the vibrational degrees 
of freedom do not make themselves observed in the specific heat in the 
case of the simpler gases such as N2, Og, HCl, and so forth. From this 
we conclude that the rotational component of the motion is always 
present and, indeed, to a considerable degree, whereas the component of 
oscillation is often not excited and, when it is, only occurs in the process 
of rotation. 

For the present we assume our "oscillator to be harmonic. Further- 
more, we here make the general observation that the important point for 
spectral ^ questions is not the presence of an oscillation but rather the 
change in the state of oscillation, and not the presence of a rotation, but 
rather the change in the state of rotation. In the theoretical treatment 
we take the standpoint of the ^process of emission. The application of 
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this to the process of absorption which chiefly comes under observation is 
directly evident. 

Let m' be any arbitrary rotational quantum-number, and m one that 
is fixed. Let m' characterise the initial state and m the final state of the 
rotation in the process of emission. If for the present we take into 
account only the energy of rotation, that is, if we assume that any oscilla- 
tion that may be present at the same time does not alter its state then we 
should get from Bohr’s hypothesis (fiv = energy difference) and from the 
calculation of the Deslandres’ term, eqn. (4) of the preceding section : 

V == B(w'^ - m^) (1) 

We call the wave-numbers thus represented a pure rotation spectrum. 

We shall assume with Schwarzschild more generally that the change 
of the rotational energy is connected with a change of configuration of the 
molecule, whether this consists in a re-shufiiing of the electrons, as 
Schwarzschild assumes in describing visible spectra, or whether it con- 
sists in a sudden change in the nuclear vibration, as we shall now assume 
for the purposes of the infra-red spectrum, or whether finally it is due to 
both phenomena simultaneously, as we shall have to assume later. 

The nuclear vibrations, just like the rotations, are divided up into 
quanta. As we are calculating for the present with a harmonic oscillator, 
the nuclear vibrations are quantised according to energy elements 
After what has just been said about the thermodynamic behaviour of 
gases, only the smallest values 0 or 1 come into consideration for the 
oscillation quantum n at normal temperatures, but any arbitrary values 
for the rotation quantum number m. Let n' be the quantum number of 
the initial oscillation, n that of the final oscillation. The change of 
energy then amounts to 

h[n! - n)vQ 

and the contribution of this energy-leap to the wave-number is 

{n' - n)vQ, 

Through the superposition of this contribution on the contribution (1) of 
the rotation we get 

V = (n' - n)vQ -P B(m'2 - rfi^) . . . (2) 

We call the sum total of the possible waves given in this expression a 
rotation vibration spectrum. 

But the transition m'--> m assumed by Schwarzschild (quantum leap of 
several units) contradicts the selection principle, not yet known in 
Schwarzschild’s lifetime, according to which the jump in the rotational 
quantum number must be equal to ± 1; we shall later take into con- 
sideration the fact that under certain circumstances the quantum jump 0 
must also be allowed. In the same way the transition n in which 
the oscillation quantum number jumps by several units is contrary to 
the principle of correspondence, which in the case of the harmonic 
27 



418 Chapter VII. Band Spectra 

oscillator likewise (cf. Note 10, d) only allows quantum jumps of one unit. 
Thus we set 

m' m ± 1 and n' n ± 1 . . . (3) 

and get from (1), when m' = m + 1, 

V = B(2m + 1) . . . . . (4) 

and from (2) when m' = m ± 1, w' ~ = +1 

. / V = vq + B(± 2m + 1) . . . • (S) 

Concerning this wo have to remark that in the rotation spectrum (4) 
the assumption m' = m — 1 would lead to negative wave-numbers ; such 
belong to absorption processes and thus drop out here, where we have 
taken the point of view of emission. Consequently in (4) we had only 
to take into consideration the possibility m' = m + 1 for the jump in the 
rotational quantum-number. Likewise in the rotation -vibration spectrum 
(5) the assumption n' ^ n - 1 would lead to negative wave-numbers. 
Tor we have to notice that in general the value of predominates con- 
siderably over that of B. That is why the formula 

V = -- vy 4- B(2m + 1) . . . . (6) 

- 0 , 

which would result if we assumed n' - n = - 1, m' = m 4- 1, can never 
lead to a positive v ; but the formula 

v ~ vq 4* B( — 2m 4- 1), 

contained in (5), which corresponds to the assumption n' ~ w = 4-1, 
= m - 1, represents positive wave-numbers. 

It is remarkable that as early as 1916 Bohr postulated in an essay* 
(which, however, appeared in print only in 1921) the restriction (3) for 
rotation quanta in just the case of infra-red band spectra supporting his 
argument on the general correspondence between classical and quantum 
radiation, this being a first suggestion of the correspondence principle 
which he later formulated. 

What is common in the content of eqns. (4) and (5) is that they re- 
present equidistant sequences of lines with the constant difference in wave- 
number 

. . . . ( 7 ) 

In the rotation spectra (4) we have one such system, in the rotation- 
vibration spectra (5) two systems, according to the choice of the sign, a 
positive branch and a negative branch which, however, continue in one 
another beyond the zero point ** m = 0. As we shall see presently in 
Tig. 102, this zero point is not itself represented in the sequence of lines. 

We have examples of both kinds of bands in the infra-red absorption 
spectra (which have also been observed by Paschen t as emission spectra). 

* Appears in his GesammelteAbhandlungen (Vieweg, Braunschweig, 1921 ), p. 138 . 
t Ann, d. Phys., 53, 336 ( 1894 ). 
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/ rotation spectra have been observed in the case of water vapour by 

I iit * and Eva von Bahr.t Botation-ribration spectray resolved into 

^ wore first observed in the case of HCl and HgO by the same experi- 

* *1 curators, and were recently measured with great precision by Sleator % 

t lio case of water-vapour and by Imes § in that of HF, HGl, HBr. The 
^ u *5t)C^ropolar nature of the molecules, that is, the circumstance that they are 
^•oitrpOHed of one positive and one negative ion is essential 11 for the occur- 
rice of infra-red absorption. The rotation spectra lie in the more distant 
lit i^n-rcd at 100/x in round numbers (the latest measurements of Eubens 

♦ mtetid as far as 132ju.), the rotation- vibration spectra lie in the nearer 
lit Ti’a-rcd involving wave-lengths of several /x’s. 

An interesting relationship, already anticipated by Bjerrum and proved 
^ Ibhicken, exists between the rotation-spectra and the rotation- vibration 
«1>octra: the frequency-differences Av of successive lines are essentially 
in both spectra. By eqn. (7) this denotes theoretically that the 
1 1 lotnonts of inertia of the molecules in both states do not essentially differ 
fi'orn one another. 

The original interpretation of infra-red bands by Bjerrum, which was 
ti#ritccodent to Bohr’s theory, was of course, different. Bjerrum did not 
<|titx,irtise the moment of momentum, but the energy of the rotating mole- 
tsixle ; moreover, he assumed the absorption frequencies to be equal to the 
mechanical frequencies, that is, he did not determine them from Bohr’s 
f i-ecpioncy condition. He thus obtained from the frequency difference of 
1 : neighbouring rotational states 


Av = 


h 


(B) 


is, twice our value (7). We have already met with this difference 
ilcstioted by the factor 2 before, on page 199, where we compared the 
titiutriising of the rotator with that of the oscillator. 

It would be possible to decide experimentally between formulae (7) and 
i H ) only if the moment of inertia J of the molecules were accurately known 
rrotn another quarter, and this is not the case. Nevertheless, there can 
1 »o no doubt nowadays that Bjerrum’s view is to be given up in favour of 

'^"^'Topass on to the finer questions, such as, firstly, the position of the 
■n,iM or zero-line within the rotation-vibration bands we Fig. 102, 

«Uio to lines {loo. cit) as well as the sketch. Fig 103, that belongs to rt. 
■■ I' i lo gat) in the sequence of the saw-edge immediately strikes us in Fig. 

N ot only is a tooth-edge missing here, but the intensity of the continuous 

vllrina. Deu’tslhl^Phys^^Ges., 15, 731 and 1150 (1913). 

Slnalior, AstropbyB. Journ., 48, 124 (1918). 

§ iiuoH, ibid.y 50, 251 (1919). pu-nn fi-es 689 (1913) ; Bubens and v. 

11 Of. ‘W. Ikirmeister, Verh. d. Deutsen. rnys. u-es., j.o, ; , 

•Warlionborg, ihid., 13, 796 (1911). 
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background and the size of the tooth-edges clearly group themselves about 
this gap. We take this to mean the following: under all circumstances 
the frequency with which the various states of rotation occur depends on 
the quantum number m according to some law of distribution, and like- 
wise under all circumstances the intensity of the absorption lines is pro- 
portional to the frequency of occurrence of the initial state in question. 
Equal intervals in the spectrum to the right and left of the null-line cor- 
respond say to equal values of m and accordingly exhibit absorption lines 
of approximately equal intensity. The course of the intensity here agrees 
well with the Maxwell-Boltzmann law of distribution, which, as in the 
classical theory of gases, we should expect first of all. The dependence 
of the intensity on the temperature (displacement of the two maxima of 
intensity outwards in proportion to the root of the absorbed temperature, 
a relation that emerges directly out of the work of Paschen (loc. cit.) agrees, 
so it seems, fully with this law. 



Fig. 102. — Botation vibration spectrum of HOI, photographed by Imes by means 
of a reflexion grating of great dispersive power. The absorption per cent is plotted as 
the ordinate, and an angle of deflexion is plotted as the abscissa ; the scale added above 
gives the corresponding wave-lengths in terms of fx. The middle of the band (see the 
gap in the row of teeth) corresponds to \ = 3*46;u. 

On account of their minimum of intensity in the middle the rotation 
vibration spectra, before they had been successfully resolved, used to be 
called “double bands” in contradistinction to the simple bands of the 
rotation-spectra, which exhibit no such gap. 

According to (5) the position of the zero-point is given by 

1/ ~ vq -1- B . . . . • (^) 

It does not thus coincide with the position of the nuclear vibration i/^, but 
differs from it by B, that is, by half the distance between two teeth, Av in 
eqn. (7). Consequently two dotted lines have been inserted in Pig. 103 ; 
the one corresponds to the zero position m = 0, the other to the nuclear 
vibration vq. In accordance with eqn. (9) the latter bisects the distance 
between the lines 1 0 and 0 1. 

Now, what does the omission of the zero-line signify theoretically ? 
It is a little easier to give the answer from the point of view of absorption 
than from that of emission. Thus we now take m (the final state in emis- 
sion) as standing for the initial state in absorption. , The dropping out of 
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the zero-line in absorption m§ans that the transition 0 1 does not occur. 

From this we conclude that the unexcited molecule is in the rotationless 
state m = 0 either not at all, or rarely, or only for a very short time. This 
deduction is surprising at first sight and is excellently confirmed by the 
behaviour of the specific heat of rotation in the case of water according to 
calculations of Eeiche * and Bohr.t We remark on the other hand that 
the reversed process of absorption 1 0, which corresponds in Fig, 102, 

to the first tooth-edge, marked 1, of the positive branch, is by no means 
forbidden, that is, that the rotationless state is certainly possible as the 
final state of absorption. This seems quite compatible with the assumed 
instability of the state m = 0. 

According to Kirchhoffs’ law we must assume for the process of emis- 
sion, if it is excited as temperature radiation, that in its case likewise, the 
zero line drops out. But now, this signifies that the transition 1 -> 0 does 
not occur, that is, that the rotationless state m = 0 is not the final state 


V 

3->4 1-^2 0->l l->0 2->l 3->2 4->3 

Fig. 103. 

aimed at by emission. This is difficult to picture physically, the more so 
as in the case of absorption the state m = 0 is certainly possible, as one 
remarked, as the final state. It is equally difficult to understand that the 
emissive process 0 1 is certainly not, according to Kirchhoffs law and 

according to observation in the case of absorption spectra, forbidden, that 
is that the rotationless state, in spite of its assumed instability must be 
possible as the initial state of the emission. A direct observation of infra- 
red emission spectra, in particular in the neighbourhood of the zero-line 
would accordingly, in view of the confidence that we must repose in 
Kirchhoffs law, be highly desirable. 

Earlier, in considering the atom, in particular in interpreting the Zee- 
man and the Stark effects (cf. p. 282), we excluded the orbits of vanish- 
ingly small azimuthal quantum-number, that correspond in a certain 
sense to the rotationless state m = 0 of the molecule, as being unreal, by 
means of a supplementary condition of selection. But in that case the 
position was much simx^ler than at present. The state m « 0 occurred 
neither as an initial nor as a final state, and could thus be regarded 
straightway as forbidden, whereas now the decree forbidding this state is 
only conditional and apparently different for emission and absorption. 

* Ann. d. Phys., 58, 682 (1919). 
t On page 148 of the essay quoted on page 418. 
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We revert to the selective conditions (3), including both those for the 
rotation quantum as well as those for the oscillation quantum in Note 
10, and consider them from the point of view of the principle of corre- 
spondence. This principle in itself asserts nothing about the rotatiordess 
state m = 0. But if we adduce the observed fact that the nuclear fre- 
quency V == i/q, dotted in Fig. 103, does not belong to the Bystem of band- 
lines, it likewise allows us to infer that the rotationlcss state is improbable. 

The equality of the distances between successive lines of the band, 
asserted in eqn. (7) is very imperfect, as may be seen directly in Fig, 102 ; 
actually, a definite retrogression, namely, a decrease of the distance Ar 
between the teeth towards the side of short waves, is clearly bIiowiu 
A ccording to Kratzer,* the explanation is as follows : whereas Intherto 
we have simply superposed rotation and oscillation on each other, a 
mutual action, between both actually occurs. There are two causes for 
this : on account of the oscillation the moment of inertia J of the molecule 
is no longer constant but variable. Its mean value is different from its 
original value J when there was no oscillation. In consequence of the 
rotation, on the other hand, the position of equilibrium of the nuclei, and 
hence also — in the case cf an non-harmonic oscillator — the strength of 
the bond is changed. 

In the formula (11) that follows the member due to the mutual action 
is represented by - To a first approximation the coefficient is 

proportional to the oscillation quantum n, and contains, for the rest, the 
molecular constants (moment of inertia, the law of force between the 
nuclei). Thus to a first approximation the member due to the mutual 
action is proportional to the square of the rotation quantum and to the 
first power of the oscillation quantum. In the harmonic case, too, the 
coefficient does not vanish (on account of the first of the two above- 
mentioned causes of the mutual action) ; here it carries a negative Bign. 
Increasingly non-harmonic connection between the nuclei gradually 
makes the sign of an positive. 

Let W„i denote the energy of the molecule that is associated with 
the rotation quantum m and the oscillation quantum %, and WJ*' corre- 
spondingly the energy of the rotationless molecule for the oscillation 
quantum n, for which we set nhv^ in the harmonic case. In the non- 
G9'Se there stands in place of this a development of the form 

nhvf^{l - 4 - . . .) . , . ( 10 ) 

which advances in powers of xn; the little constant u? depends on the 
law governing the non-harmonic oonne:xion. 

On the other hand, the formula for is : 

= W” - nfittnh + {m?‘ - . . .) . . (11) 


Kratzer, Zeitschrift f. Phys., 3, 289 (1920). 
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The last term is the rotational energy, and corresponds to the Deslandres’ 
term. The brackets denote that when we take into consideration the centri- 
fugal effects a supplementary member involving becomes added to 
m2, and apparently changes the moment of inertia J [ef. § 1, eqn. (2), 
where the corresponding change was denoted by AJ„J. The formnlse 
(10) and (11) are derived in Note 17. 

Arguing from eqn. (11) we now find it easy to account lor the gradual 
change in the distance between the tooth-edges of the absorption bands. 

It is to be noted that according to page 416 the initial value of n must 
be assumed equal to zero in the process of absorption, If, as before, we 
represent this same process as a process of emission, we have to insert in 
the former the final value 0 for n, and set the initial value equal to 
1, 2, . . . But for the initial value w = 0 the first two terms in (11) 
drop out, not, however, for the initial value n = 1, 2, . . . In the ex- 
pression for the difference the first two terms due to the initial state re- 
main. standing, and furnish a member quadratic in m to the formula for 
the band. This explains the gradual change in question of the interval 
between the lines. From (11) we easily get for the distance between suc- 
cessive peaks : 

Av(l -^- . . .) ” (2m — l)an ■ . • 

Thus the constant interval Av calculated in (7), on the one hand, becomes 
slightly altered by the centrifugal effects of the rotation, as was first shown 

experimentally by If . Bucken, and as is indicated by the brackets (1 -H . . .), 

and, on the other hand, and more markedly, it becomes systematically 
reduced as m increases owing to the mutual action between the oscillation 
and the rotation when is positive (non-harmonic oscillator). It is just 
the latter that is shown in Fig. 102. 

Whereas only jumps of the oscillation quantum by 1 were possible for 
the harmonic oscillator, eqn. (4), any arbitrary jumps- >1 are now ad- 
missible for the non-harmonic oscillator now under consideration, cor- 
responding to its overtones. From this it follows that the fust member 
on the right in eqn. (5) is generally to be replaced by 

v„(l - £C), 2v„(l - 2x), 3v„(l -3x) (13) 

We infer this directly from eqn. (10) by assuming m = 0 for the final 
state of the process of emission (initial state of the absorption), and 
n = 1, 2, 3 . . . for its final state. Two conclusions of a different kind 
may be drawn from (13). 4 . In addition to the “ ground band hitherto 

considered, which also occurs in the harmonic oscillator, there are 
“overtone bands” of approximately two, three times the wave-number 
of the middle of the band. 2. These wave-numbers are not in the exact 
ratio 1:2:3: . . ., but are out of tune with one another according to 
the measure of the quantity x. 

Mandersloot (Biss., Amsterdam, 1914) appears to have been the first 
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to meet with success in looking for such overtone-bands (in the case of 
CO). Then we have to mention Brinsmade and Kemble * * * § who estab- 
lished the presence of an overtone-band in measurements which they had 
carried out themselves. Hettnerf gives a comprehensive r6sum6 of their 
own and other measurements of infra-red bands that have partly been 
resolved into lines. The following numbers signify the observed wave- 
lengths of the “ centres of the bands ” (that is, essentially, of the zero 
lines) in terms of /x : — 

Table 46. 



yo 

2^0 

HCl 

3-46 

1-76 

HBr 

3-91 

1*98 

CO 

4-67 

2*35 


In the case of H^O Hettner derived from the frequencies Vp of two 
ground-bands no less than 12 over-tone bands and combination-bands 
approximately of the form : 

+ 5yl/2* 

According to Kratzer, loo. cit,, the second and third overtone-bands may 
be recognised besides the first in observations of HON noted by Bur- 
meister. 

The band at X, = 3-46^ in the case of HCl quoted in Table 46 was 
shown in Fig. 102. The corresponding overtone-band X = l*76/>i,, like- 
wise measured by Imes, is added in Fig. 104. It exhibits not only the 

Percent 1-825 1-800 1-775 1-750 1-725^^ 

30 
20 
10 


Fig. 104. 

same Ar, but also, as Kratzer remarks, a double an (twice as rapid ' a 
change in the Ar), and by both of these circumstances proves itself to be 
attributable to the ground-band 3*46 as an overtone-band. But particular 
interest attaches to the subsidiary maxima that occur in this band. Accord- 
ing to Loomis X and Kratzer, § they are to be explained by the existence 
of the isotopes, Olgr, and Cl^^. For since the nuclear vibration vq depends 

* J. B. Brinsmade and E. 0. Kemble, Proc. Nat. Ac., 3, 420 (1917). 

t Hettner, Zeitschr. f. Phys.,1, 351 (1920). 

JF. W. Loomis, Astropbys. Journ,, 52, 248 (1920). 

§ A. Kratzer, Zeitsclir. f. Phys., 3, 460 (1920). 
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on the mutual connexion and the masses of the vibrating nuclei, and 
since, in the case of two isotopes, the connexions are the same, and the 
masses are different, so we get two somewhat different for OI35 and 
Clg^, and hence two rotation-vibration bands that are a little displaced 
relatively. The subsidiary maxima denote the band of CI37, and are 
small compared with the principal maxima of the band OI35, correspond- 
ing to the relative amounts 1 : 3 of CI37 and Clgr, (cf. p. 86). 

The difference between the two nuclear vibrations is derived theoreti- 
cally as follows : 

If /X denotes, as on page 220, the ‘‘ resulting ” mass, that is 

JL = i + i ± = 1+1 

then, by Note 17, this enters into the ordinary formula for calculating the 
characteristic frequencies 



If we designate the relative distance between the vibration-frequencies of 

HCI35 and HCI3J by ■— and the relative difference of wave-lengths by 

dk . 

-J-, we get 

Vi- _ i-\= Vi - 

1/ 2 V M37/ 2V35 llj 1295 

that is, 

sx = - ix = - cms. = - 13-54A . . (14) 

V 12^0 

The negative sign denotes that the lines of CI35 have the shorter wave- 
lengths, that is that superposed on their long-wave side they have the 
small tooth-edges corresponding to CI37 ; cf. Fig. 104. The value of SX 
in -(14) likewise agrees with experiment ; according to Imes, its experi- 
mental value is 14 ± lA. We referred earlier, on page 86, to this 
beautiful confirmation of Aston’s observations on isotopes. 

§ 3. Visible Bands. Meaning of the Head of the Band 

To carry our considerations over into the visible region, we have to 
add to the two partial phenomena of rotation and oscillation as a third 
phenomenon a change in the structure of the atoms or ions constituting 
the molecules. The simultaneous occurrence of these three partial 
phenomena is postulated, at least for a homoeopolar molecule like N^ by 
the principle of correspondence (cf. Note 10 d). 

We are thus now dealing in a certain sense in the initial and the 
final state with two different molecules, that differ by Just the required 
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change of configuration of their constituents. The result of this is thiait 
all constants that depend on the details of the molecular structure, in 
particular the moment of inertia J and the ground frequency Vq of th.e 
nuclear vibration, become different in the initial and final state. We 
designate them (in analogy with m\ m, and w', n on p. 417) by J', J, v'q, k, 
and so forth. 

We first consider the rotational constituent, so as to be able to under- 
stand afterwards the structure of a partial band in the visible region. W © 
thus form the difference of the Deslandres’ term, eqn. (4) in g 1 for th.© 
initial state (m' — m ± 1, J') and for the final state (m, J) : 

Jim'^ _ hm^ _ 4 - 


and, owing to the frequency jump and the changes of configuration in fill© 
electronic structure, we also add the member + ve', the indices Ic a-xicL 
e refer to the nuclei and the electrons ; takes the plade of the nuclea.r 
vibration that we designated by vq under the simpler conditions of fill© 
preceding paragraph. In this way we get the general band formula 


1/ = A ± + Cm^ 


The constants A, B, 0, have the following meaning (cf. also eqn. 
in § 1) : 


A = yyfc Ffi + 


h 






( 2 ) 

(^) 

(3) 


In Fig. 105 we have drawn the parabola y = A + 2'Bm 4- Gm^ con- 
tained in eqn. (2) ; m is plotted as the ordinate, and y as the abscissa^ 
This type of graphical representation is probably to be credited to Fortrafi-*^ 
The parabola has been drawn as a continuous curve as far as the axis of 
the abscissae, -m = 0, and thence onwards it is dotted. That arc of fill© 
parabola v - A — 2'Bm + Cm^ (that is, the bottom sign in eqn. (2)), wliiolx 
.corresponds to positive ordinates m has also been drawn continuously, filae 
other part being dotted. Both parabolas are cut by the system of tiori- 
zontal straight lines of which the ordinates m are integers, and the paints 
of intersection have been projected perpendicularly on to the axis of fill 1*5 
abscissae. This gives rise in the lower strip of the figure to the observajTalci 
arrangement of the band-lines v and their characteristic accumulation Uifi 
the head of the band. The one part of the lines corresponds to the arc of 
the parabola with a positive sign for B, and is to be called the 
branch, the other owes its origin to the parabolic arc with the nega.fii'V'® 
sign and is called the negative branch. 

From this figure we may get a splendid survey of the 'position of thB 
head of the hand in the system of the band-lines. The analytical con- 


R. Fortisit, Th^se (Paris, 1914), p. 109. 
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dition for the position of the head of the band is, according to (2) (if we 
treat m for the time being as a continuous variable) : 

^ j?L=: 0 = ± B + Cm . , . . (4) 

2 dm ^ ^ 



6'5'4' 3^ 2' l' 0 1 2 3 4 

Fig. 106 . 


The head of the band is not, like the edge of a line series, a natural point 
of accumulation, but in a certain sense an accidental one. The lines do 
not crowd together infinitely densely, but only to a finite maximum of 
density". The circumstance that the lines of the band partly tend towards 
the head of the band and partly tend away from it, apparently disturbs 
the regularity of the course of the lines. But the regularity becomes 
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perfect if, as in Mg. 105, we imagine the two-dimensional parabolic law o£ 
(m, 1 /) to be tahen in conjunction with the one-dimensional scale of tMo 
f's. We are indebted to J. N. Thiele^ for having given the explanatiort 
of this view of the band-head as being a somewhat accidental ccccpniioUtiofi^ 
oj Urns conditioned hy the scale of the v’s. 

To be able to draw inferences concerning the properties of the emitting 
molecule from the representation of bands given in (2), it is essential that 
the number m giving the position of the band-lines be correctly counted. 

If we displace the zero-point of the enumeration, we thereby alter tMe 
significance of the constants A and B in (8). The position number nrxxBiy 
not, as in the case of Deslandres, be counted from the head of the bancd ; 
rather, in approaching the head and then moving away from it, it advances 
continuously, corresponding to the circumstance that the head of the band 
denotes no real singularity of the band law. 

To arrive at a natural method of counting m and at a correct choice o£ 
the zero-line (m = 0) when a partial band is empirically given, we reverb 
to Fig. 102 for the infra-red bands. Here the immediately evident saddle-- 
shaped hollow in the course of the intensity curve formed the boundary 
between the positive and the negative branch and served as the zero- lino 
of the enumeration. In the case of the visible bands, too, an analogons 
cut in the distribution of intensity may be proved to occur; it, lihewise, 
has to serve to define the zero-line. The intensity zero is then to be aiS- 
eribed to this line itself. On both sides of it the intensity of the band- 
lines first increases, then decreases, likewise in agreement with Fig. 102 
and with the explanation there given according to the Maxwell-Boltzmann 
law. In the scale of the m’s the intensity is symmetrical on each side o£ 
the zero-line and is equal for corresponding points on the positive and, 
negative branches. But in the scale of tj^e v’s the symmetry of the coirrso 
of the intensity becomes unrecognisible omaccount of the folding back andu 
tbe distortion of scale caused by projection. In Fig. 105 the thickness of 
the strokes in the strip at the bottom denotes the increase and decrease 
of the intensity of the lines both in the positive branch (to the right of tlie 
zero-line) as well as in the negative branch (from the zero-line to the headL 
of the hand and beyond it). The fact that in our diagrammatic representa- 
tion as well as in many real cases one of the two maxima of intensity 
happens to lie near the head of the band produces the result that tlno 
latter often appears to be brought out as a strong fluting in the spectmim 
as a whole. This circumstance is, however, essentially accidental ajindL 
depends, moreover, on the temperature. To this it is to be further re- 
marked that in the case of infra-red band spectra the symmetry seerrrs 
only to be slightly disturbed in the scale of the v’s, too (Fig. 102). 

The criterion of intensity for the position of the zero line which is hiex^e 
developed is due to Heurlinger (he, cit). Another criterion was set xxqp 

■*' Astropliys. Journ., 6, 65, 1897 ; Kopenhagener Akad., 1899, p. 143. 
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by Portrat (Zoo. cit) a little earlier. In the regular progress of the band- 
lines disturbances sometimes occur, abnormalities of frequency, and indeed, 
they occur in ^airs, Portrat suggests that the zero-point of the enumera- 
tion be placed in the middle of the abnormal pair, that is, so that opposite 
order-numbers ± m (more exactly + m, and - m - 1) become allocated 
to the disturbed lines. Heurlinger then succeeded in showing that this 
criterion suggested by Portrat is practically identical with his own 
criterion of intensity. The theoretical significance of the disturbances 
hereby indeed remains unexplained (just like the corresponding occur- 
rences in the series spectra) but is of no account for the practical 
application of the criterion. 

The classical instance of the theory of bands is. furnished by the so- 
called cyanogen bands, We follow Eunge and Grotrian* in ascribing 
them, contrary to their name, to the N 2 -molecule. Their lines consist of 
very narrow doublets, separated only for higher values of m. Their 



3884 3872 3862 8856 8850 


Fig. 106. 

The cyanogen band x = 3884 out of the carbon arc. At the edges the lines that 
are no longer resolved, appear as continuous black strips. Taken in the 
second order of a large concave grating. 

centres of gravity follow the ^..and law (2) considerably closely. Heur- 
linger has subjected them to a new exact treatment and partial re- 
measurement. In several of these bands there are several hundred lines. 
For example, in a partial band of the group X = 4216 the lines from 
^ - 77 to w = - 15 and m = - 30 are all present with the ex- 

ception of m = 0, even if they are of course not separable in the vicinity 
of the head of the band (between m = - 15 and w — - 30 for the 
partial band just quoted) ; the whole complex of lines is arranged in 
regular sequence. 

Our Pig. 106 represents the group of five band heads already mentioned 
on page 414. The one which has the longest wave-length among them 
has the wave-length X == 3884, The second head lies at X = 3872, the 
third at X =5 3862, and so forth. The partial band belonging to each head 
is subdivided into a positive and a negative branch. Heurlinger has 
determined the zero-lines for each of the three heads mentioned and has 


Fhysikal Zeitsohrift, 15, 646 (1914). 
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worked ont the constants of formula (2). For example, he linds for the 
first of them, A, = 3884 : 

2B = 3*84 cm.”\ 0 = 6*8 .10"”*^ om.'” * 


t 3 hat is, he gets an essentially smaller value for 
to our eqn. (3) this was to he expected. 


C than for 31 According' 
For B is })roportional to 


1 

r 


whereas C is proportional to 


1 

r 


1 

r 


that is, a quantity small compared with B since it is the dilference be- 
tween ’two quantities that presumably differ only slightly. I^lxaofcly 
similar conditions concerning the values of B and C alBO follow from 
the remaining partial bands of Fig. 106. We shall revert to the numerical 
relationships between the constants of the various partial 1 lands in § 4* 

A further test is furnished by the absolute value of 11 To be able to 
compare it with our theoretical formula (3) we have to lionir in mind that 
Heurlinger calculates in wave-numbers (cm.~^) whereas tlu) theory useH 
frequencies (sec.“^). To reduce the former to the latter we have to 
multiply by c = 3 ,10^^ and so have also to replace B by cB. On this 
basis we then calculate by (3) : 


_ h __ 6*54. 10-2" 

^ 127r2 . 3*84 . 


1.44. 10 -iJo grill, crnl . ( 6 ) 


If we set this equal to 2*14. mu. Z^, where I denotes half the distance 
between the two nitrogen molecules, and 14mH denotes the mass of the 
individual nitrogen atom, we get 

P = 1-^4 ■ ^ 0-32. 10-« 21 = 1-13 . 10-«cm8. 

2-14: . 1-65 . 10-24 

We thus arrive quite unmistakably at the well-known order of molecular 
size. 

W. Lenz* has recognised a brilliant confirmation of the theory of 
bands in photographs of the fluorescence of iodine taken by 351, W. Wood + 
Wood illuminates iodine vapour at a low pressure by means of th© 
Bfg-line 5461 (ground-member of the sharp subsidiary series). The iodin© 
molecules, in absorbing the corresponding energy quantum hv, is brought 
into an excited angeregt”) state. This state is asscciated with & 
perfectly definite value of the rotation quantum m. The iodine molecule 
re-emits the energy that is taken up, passing from the excited 8>jate to 
one of less energy. But the principle of selection allows only the transi- 
tions - 1 and m -> m + 1 (when the oscillation quantum and 

^ Physikal. Zeitschr., 21, 691 ( 1920 ). t Phil. Mag., 35, 286 (1918). 



§ a. Visible Bands. Meaning of tke Head of the Band 4S1 

t.h(^ electronic configuration change simultaneously). Hence the re- 
e, mission occurs as a doublet or, with due consideration to the circum- 
stiuico that in the case of the non-harmonic oscillator, the oscillation 
<{uantuni is capable of arbitrary jumps, it occurs in. a system of dotihUts 
sc*4itt<n-(Hl over the spectrum. Wood has observed about twenty such 
Each of them proclaims, as Lenz points out, in a very attractive 
way the- sovereignty of the principle of selection over the rotation 
ipiantuni; o-ach shows us the process of birth of a partial hand by two 
of its memhors. If, however, during the moment of absorption and that 
of n'i-emission* we make the iodine molecules collide more frequently 
with tn\.ch, other (at higher pressure) or with foreign atoms (by adding 
inm’i, gases), then other values of the rotation quantum are thereby 
pi’oduciHl. hlach doublet then becomes multiplied to form a complete 
jiartialbancl : under these circumstances Wood’s duoreseence photographs 
approtich the ordinary band type. 

Hitherto in describing the partial bands we have spoken only of a 
positive and a negative branch. In complicated cases a third branch 
hcvcoitu^s added, which we call the zero branch; Heurlinger calls it 
Q-series and the positive and negative branches E- and S-series. 

We shall not here consider the circumstances that there are even cases 
in which more than three branches emerge from the same head. 

The mutual relationship between the positive, the negative, and the 
y.ero hratich may he described in general outline if in the principle of 
Hcdcctiou of the rotation quantum, eqn. (3) on p. 418, we allow the 
transition — ► w besides the transitions m + 1. —> m. In eqn. (1) at the 
beginning of this section we have then to set m = m and we get in place 
of (^) and (3) : 

1/ =3 A. + (2a) 


A =■ v* + v„, C - j ) 


(3a) 


l-biti (2a) now again represents a parabola; in tbe diagram of Big. 105 it 
waul (I lie Hymmotrieally to the axis of abscissa ; its own axis falls along 
t,h(» latter axis and is at the same time the sero line from which m is 

oountuLio^ is founded on, the measurements by Grebe and Holtz t of 
watiii'-vaxjout in the vicinity of the edge X = 3064A, it was s etc e y 
I leudinwsr and kindly placed at the disposal of the author. Between _ 
positive and the negative branches we see the sero branch in an 

rysynu^ 

uLL! has been placed in the middle of the doublets, which are heie 
» 111 this view o£ the 

Huurliiigor, DiHsortaition, Tab. Ill, P- 'xxK. 
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in part widely separated and of which the interpretation in terms of the 
model is as yet wrapt in obscurity. As we see, the general course of the 
curves and their images at any rate agrees qioalitatively with theory. 
But quantitatively the following difficulty of combination exists. If, 
quite apart from the special formulae (2) and (2a) iwe represent the 



initial and the final state of the rotation by the general functions f{m) 
and p(m), we first get for our three branches : — 

jZero branch . . . m v = f{m) - 

Positive branch . . m + 1 m, v = f{m -f 1) - g(m)^ 

Negative branch . . m - 1 v =/(m - 1) - 

If we now write down the zero branch twice, for m and for m + 1, and 
exchange m + 1 for m in the negative branch, we get the following three 
equations : — 

Zero branch . . . v = f{m + 1) ~ g(m + 1)\ 

„ „ . . • == fH - J 

Positive branch . . v — f {m + 1) - g{m) 

Negative branch . . v = f{m) 1)J 
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Accordingly the bracketed sums of v- values should be equal to one 
another. In reality they exhibit small systematic differences, “ combina- 
tion defects.” Just as in the case of the Eontgen spectra (Chap. VIII, 

§ 7) we must conclude from this that it is not the theory in general, nor 
the combination principle that is faulty, but rather that the allocation of 
the combined lines is not yet exactly correct. 

§ 4. Law of the Edge of the Band. Band Systems. 

Hitherto we have spoken only of the coefficients B and C of the band 
formula, which contain the influence of the rotations. To explain, 
further, the general arrangement of band systems we must deal with the 
coefficient A which contains the influence of the nuclear and electronic 
vibrations. 

Firstly, our interest is directed at the “ nuclear vibration ” which 
must be analysed according to eqn. (10), §2 ; let the ‘‘electronic vibra- 
tion ” be summarised as before in the symbol and remain unanalysed. 
Thus we assume that the oscillation quantum of the nuclear vibration 
jumps from n' to n. In this jump the coefficients and of eqn. (10) 
also change, say from x' to x. The application of Bohr’s frequency 
condition (10) then gives us : 

= n'vQ{l - x^n') - wvo(l - xn) qn 

= {n' - n)vQ + n(yQ - vq ) — iif'^'x' 4 * 

We have to insert this value of in the coeflicient A, eqn. (3) of the 
previous section. According to the values of n and w' we thus get a 
double manifold of A-values which deflne the xero lines {v « A) of a 
douhly infinite system of fwrtial baiids, of the so-called “ band system.” 

We now consider the second row of eqn. (1) in greater detail. Its in- 
dividual members are arranged in order of magnitude. The first member 
is the principal one. It depends only on the quantum jumj) n’ - n. • The 
second member is small compared with the first as the change v,/ - vq is a 
small quantity and depends on the absolute value of the quantum-number 
n. The third member is in general still smaller as the coefficients x and 
x' are each small (cf, p. 422). 

The principal member has different values for the quantum- jump 0 
and the quantum-jump 1 (ground-vibration) or 2 (“first overtone ”), and 
so forth. By keeping fixed the principal member, that is the quantum 
jump, and varying the value of n, we get a singly infinite series of partial 
bands, or zero-lines, respectively, that are more closely related together 
and are neighbours within the same band system ; we call them a hand 
groujo. The separate individuals of the band group differ in the second 
and third member of eqn. (1) and are numbered according to the value 
of n (or, what is the same of n'). 

Fig. 108 deals with the system of cyanogen bands. It exhibits four 
groups that correspond, from left to right, to the quantum jumps An 
28 
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= ~ 2, 1, 0, + 1. The group = 0 at A == 3884 is already quite 
familiar to’us ’from Big. 106. It comprises five band heads for which u 
is, respectively, from left to right, equal to 0, 1, 2, 4. Thus these five 

band heads successively correspond (on account of An == 0) to the (pantmn 

jumps ^ . . 

0-^0, 1 1, 3 -> 3, 4~>4. 

If we add to the right and left side of eqn. (1) the quantity q- B, 
then on the left we get, according to eqn. (3) of page 426, the quantity A, 
that is, the wave-number of one of the mill-lines of our band system, 
namely : 

A — 1/0 + B “4“ ^ vq (1 — X 91^ — (1 “* xn'j . (2) 

In this equation we have already essentially deduced Deslandres* Law 
of the Edges of Bands.’* Concerning its name we must remark that the 
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law does not exactly represent the position of the hand heads, but that of 
the corresponding zero-lines, whose importance for P systematising band- 
spectra had escaped Deslandres himself. The law is only approximately 
true for the band edges v — v-^ that are more or less close to the 2 *er 0 “ 
lines V = A. Deslandres writes his law of hand edges in the form 

= a'n' -f - {m + hrfi) + K . . (2a) 

It clearly coincides with (2) if we set 

a — Z) = - vqX, a' = Vq, Z)' = - VqX'j K = 4 - B. 

Table 47 * shows how exactly eqn. (2) gives the position of the zero-lines 
in the ‘'cyanogen bands.’* In it the horizontal rows denote equal initial 
quanta, the vertical columns equal final quanta. Thus the diagonal row 
corresponds to the quantum jump % and represents the group 
An = 0 on Fig. 108; the parallels to the diagonal correspond, in the 
upward direction towards the right, to the groups A 7 i = - 1, *=: — 2, 

and to the left downwards, to Aw = 4- 1. The five constants a, i, ci'^ V, 

* This table has been calculated by A. Kratzer : a provisional commuiiication ap- 
pears in Physikal. Zeitsehr., 22, 552 (1921) ; it is given in greater detail in Ann. d. Phys. , 
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K of law (2) have been chosen so that the connexion with the measured 
zero-lines is perfect in particular in the first horizontal row of the table 

Table 47 



n = 0 

1 

2 

3 

4 

5 

6 


(8884) 

25,797-83 

(4216) 

23,755-44 

(4606) 

21,739-54 





1 

ij 

25,797-83 

(3590) 

27,921-3 

23,755-44 

(3872) 

25,879-0 

21,739-55 

(4197) 

23,863-0 

(4578) 

21,878-4 




1 

al 

27,921-38 

25,878-99 

(3586) 

27,962-7 

23,863-10 

(3862) 

25,945-5 

21,873-71 

(4181) 

23,956-5 

(4553) 



1 

4 


27,962-04 

25,946-15 

(3584) 

23,956-76 i 
(3855) 

21,993-87 

(4168) 

(4532) 


\ 



27,989-70 

26,000-31 

24,037-42 

(3860) 

22,101-03 

(4153) 

(4515) 





26,040-47 

24,104-08 

22,194-19 


1st line Wave-length of the edge. 

2nd ,, Wave-length of the empirical zero-line. 
3rd ,, Wave-length of the calculated zero-line. 


where the empirical data are most exact. The deviation then remains 
very small in the other rows, too. At the lower end of the table the 
empirical determination of the zero-lines is wanting (instead of it only 
the edges are at our disposal) ; so that here comparison with theory cannot 
be carried out directly. 

Whereas in Table 47 we considered the values A of the system of 
cyanogen bands, in Table 48 we set out the values of B and C of the same 
system, so far as they have been determined by Heurlinger (of. p. 430). 
The arrangement is the same as in the preceding table. Thus, numbers 

Table 48 



n “ 

= 0 

1 

2 

3 


2B 

100 0 

2B 

100 C 

2 B 

100 C 

2B 

100 0 

n' = 0 

3-84 

6-8 

3*83 

8-5 

3-85 

10-1 



1 

8-88 

4-5 

3-81 

6*4 

3-80 

8-2 

3*82 

9-7 

2 

— . 

— 

3-80 

4-1 

3-88 

6-6 

3-78 

7-6 


that belong to the same group lie in an oblique column which goes from 
the top left corner to the bottom right corner. For example, the numbers 
that correspond to the group An = 0 of Fig. 108 are : 

2 B = 3-84, 3-81, 3*88, 

100 C = 6-8, 6-4, 5*6. 
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What was said on page 430 about the relative size of B : 0 applies to 
all members of this and the remaining groups. But still more : the size 
fo B is appreciably the same in the whole system, that of 0 varies much 
more. This, too, is intelligible from eqn. (3) on page 426, B is propor- 
tional to 1/J', so that it sensibly retains its value so long as the shape of 
the molecule does not alter appreciably. On the other hand G depends 
on the difference of the reciprocal moments of inertia, J' and J and is thus 
much more sensitive to changes of shape than B. 

But the expressions (3) for B and 0 on page 426 are not exact enough. 
For, according to § 2, there has to be added to the rotation that was alone 
taken into account in (3), also the mutual action between rotation and os- 
cillation. As may be gathered from'the factor of in eqn. (11) on page 
422, the latter is taken into consideration quite simply by replacing 

h h 


We therefore now get instead of the value of B in eqn. (3) on page 426 
the value expressed as a function of n' : 


"D / "h h ft 


( 3 ) 


Here the proportionality of a^ with n emphasised on page 422 receives 
expression and the new constant a == jn' is correspondingly introduced. 
If we correspondingly write 


B(«) 


h 

8^J 


Ofn — 


87r^J 


(3a) 


with the further constant a, we get instead of C in eqn. (3) on page 426 
more exactly 

C(^, n') - B(^') - B(n) .... (4) 

Thus in B as well as in 0 we have to expect linear progress with n or n' 
respectively. This shows itself most clearly in Table 48 in the case of C 
(it is obscured by the inexactness of the last decimal in the case of the 
quantity B, which varies but slightly). For example, in the middle verti- 
cal column we have the numbers, depending on n' : 8-5, 6*4, 4*1; in the 
middle horizontal row, that is, depending on n we have : 4*5, 6*4, 8 ‘2, 9*7. 
The fact that the one column decreases and the other (row) increases is 
in agreement with eqns. (4) and (3). 

In eqn. (2) we wrote down the law for the zero-lines of a band system. 
We have only to combine this law with the law for the individual partial 
band, eqn. (2) of the preceding section, to get from it to the complete law 
of lines for the whole band system : 

V = A(7z, n') ± 2B(w')m -f G{n, n')m^ + (5) 

Let us again set out the significance of the coefficients according to eqns. 
(2) and (4) : 
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A{n, n') = vg + B(w') + n'vQ{l - n'x') - nvo(l - nx) + . . . 

G{n, n') = B(n') - B(9z). I 

Thus our law (5) contains three quantum numbers and nine disposable 
constants : 

^e, ^0, Vq\ X, x\ J , L, a, a . 

With their help we may in principle represent, for example, over 1000 
lines in the system of cyanogen bands; in the case of greater values of m 
we must indeed, to obtain numerical agreement, also take into consider- 
ation the higher powers of m, indicated in (5) by . . . (concerning, in the 
main, the change of the moment of inertia with the rotation ; cf. p. 423). 

But we have still not finally achieved our object of setting up the 
general law of band systems (5). For one and the same molecule may 
possess several band systems, in that it is capable of several values of the 
electronic frequency ve ; these band systems, like the violet and red cya- 
nogen bands may lie in quite distinct and separate regions of the spectrum. 
It will be surmised that the various values of will arrange themselves 
similarly to the various electronic jumps in line-series of the atoms, 
although we are here dealing not with atoms but with the complicated 
electronic systems of the molecules. We may well call band systems 
arranged together in series in this way system-series.” We have still 
to solve the problem, then, of extending the system law (5) to the “ Imv 
of system-series ” We shall get to know examples of this at the end of 
the next section. 

If it is true that two electronic jumps that is, two transitions that 
give rise to two different band systems, have either the initial or the final 
state in common, then the representation of the common term obtained 
for the one band system may be applied to the other. Conversely, we 
may conclude from the fact that the violet and the red cyanogen bands 
have the same terms in the final state, as Heurlinger has shown, that here 
the molecular constitution and the chemical nature of the carrier must be 
the same. Furthermore, from the fact that the initial term of the red 
cyanogen bands also occurs in the first positive group of nitrogen as the 
final term, it is to be concluded that both the cyanogen bands and also the 
positive nitrogen group must have the same carrier, that is that they all 
belong to the nitrogen molecule or, according to circumstances, to one and 
the same nitrogen-compound, differing from Ng. 

From this example we see that the exact analysis of band systems 
will lead to illuminating disclosures about the molecular nature of* their 
carriers. 

§ 5- Many Lines Spectra* 

The general character of the many lines spectrum of hydrogen has 
already been desoribed on page 209, and has been illustrated by a figure 



4^8 


Chapter VIL Band Spectra 

on page 210. Only the quantity but not the arrangement of the lines 
reminds us of the character of band-spectra. Band-heads are entirely 
wanting. The few partial bands that have hitherto been arranged to- 
gether (cf. p. 209) are poor in lines ; the two discovered by Fulcher com- 
prise only five or six lines, the four discovered by Croze each about 12 
lines. The sequence of lines in the partial bands is hereby so widely 
scattered that it is no longer evident that they belong together. 

We shall show that this general character follows naturally from the 
smallness of the moment of inertia of the hydrogen molecule, and ar- 
ranges itself as a limiting case into the general theory of band-spectra. 

In eqn. (7), § 2, we obtained as the distance between neighbouring 
band-lines 

= = ^ . . . . ( 1 ) 

The same value also follows for lines near the zero-line from the general 
eqn. (2), § 3, if we neglect the quadratic member. 

In the case of the cyanogen bands we^had (cf. Table 48) 2B = Av = 
3‘8 cm.”b corresponding to a value 0‘6A for AX. In Fulcher’s partial 
bands of the many ^ lines spectrum, however, Ar = lOOA, which corre- 
sponds at X = 6000a to the value Av =280 cm.~i. Thus in the many 
lines spectrum the line-interval Av is about 74 times as great as in the 
cyanogen bands. From this it follows by eqn. (1) that the moment of 
inertia of hydrogen is 74 times as small as that of the carrier of the 
cyanogen bands. Whereas we found in the former case 

J = 1-44 . 10”3^ grm. cm.^, 2Z = 1T3 . 10"*^ cms. . (2) 

we now get 

^ J = 1*9 . 10-^1 grm. cm.^, % ~ 0*5 . lO”^ cms. . (3) 

The moment of inertia of the hydrogen molecule found in this way 
need not be that of the normal state. In the normal unexcited state it 
is not the visible many lines spectrum, but (cf. p. 344) a band spectrum 
situated in the extreme ultra-violet that is emitted. This already follows 
from the fact that hydrogen gas is quite transparent in the visible region. 
Indeed, we must accept the idea that the Hg-molecule is capable of very 
different states with perhaps other values for the moment of inertia, which 
give rise to other sequences of lines of the spectrum. The lines hitherto 
associated together form only a very small fraction of the sum-total of 
lines. 

The value (3) of J is of importance for the question of the model of 
the H 2 -molecule. From Bohr’s model on page 76 it follows that 

rf = 2*9 . 10 grm. cm.^ ... (4) 

It is obvious that the moment of inertia cannot be greater in the unexcited 
state than in a possible excited state on which the value (3^ is based. 
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Contrary to this, (4) is perceptibly greater than (3). Thus Bohr's model 
does not, at any rate, represent the normal state of the Hg-molecule. 
We have here touched on one of the objections that were already raised 
against this model on page 78. On the other hand, the value 
J = 2*10"^^ deduced by Eeiche* from the behaviour of the specific heat 
agrees almost exactly with our value (3). 

The small value of J explains immediately in the sense of eqn. (1) 
why the successive lines belonging to a partial band are so far apart in 
the many lines spectrum. But it also explains why there are only so few 
lines of observable intensity in each partial band. 

Let us first call to mind the fact discovered by Nernst and Eucken 
that at very low temperatures (below 200"’ abs.) the rotation of the H 2 - 
molecule dies away more and more, and that hydrogen approaches more 
and more to the monatomic gases in its thermal behaviour. In general 
language the reason is to be found in Boltzmann's probability factor 

eT 

(k — Boltzmann’s constant = the gas constant divided by Loschmidt’s or 
Avogradro’s number). If we here insert for the kinetic energy of the ro- 
tator its value out of eqn. (1), g 1, we get 

Q ( 0 ) 

The decisive quantity is the product JT. The smaller it is, the less is the 
probability of a definite rotation quantum m. At very low temperatures 
all values t m>l become, statistically suppressed; that is what Nernst 
and Eucken have shown. But even at moderate and higher tempera- 
tures the product JT is much smaller in the case of hydrogen, owing to 
its small J, than for other gases. For this reason greater values of m 
are statistically suppressed in the case of hydrogen at higher temperatures 
also. 

Concerning the distribution of intensity in the band-spectra it follows 
from this that within a partial band of the many lines spectrum the in- 
tensity decreases much more quickly as m increases than, for example, in 
an Ng-band. The ratio of the moment of inertia of to that of is, 
by eqns. (2) and (3), about equal to 100 : 1. Accordingly, by eqn. (5), 
the same temperature being assumed, the number of lines of observable 
intensity in an N 2 -band will be about ten times as great as in an lig- 
band. Whereas the cyanogen bands possessed partial bands of about 100 
lines, the partial bands in the many lines spectrum of will consist of 
only 10 lines. 

* Ann. d. Phys., 58, 682 (1919). 

+ m = 0 also drops out here. Of. Keiche, loc, city and Bohr, Gesamraelte Ab- 
handl., p. 146. 
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This accounts for the particular character of hydrogen bands, namely, 
that they are sequences of small numbers of lines widely separated ; in a 
certain sense they are torsi of normally developed bands. There can be no 
question under these circumstances of accumulations of these lines to form 
band-heads. If many such short sequences of lines are thrust within 
each other, we get the appearance of the many lines spectrum, a confusion 
of lines without flutings Kannelierungen'') or regularities obvious to 
the eye. 

The many lines spectrum of helium forms an instructive intermediaiy 
between the many lines spectrum of hydrogen and the ordinary band- 
spectra. It was discovered by Goldstein"^ (1913); Fowler has measured 
it out, but has only partly communicated his results.! Whereas in the 
case of the many lines spectrum of hydrogen the band character had en- 
tirely vanished, it is still recognisable in the spectrum just mentioned, but 
is far from being as pronounced as, for example, in the case of the cyano- 
gen bands. The sequences of lines are partly head-less, and partly fur- 
nished with a band-head. The number of lines of the negative branch 
amount to 11 in the partial band measured by Fowler; the interval be- 
tween the lines is of the order of magnitude Af = 30 in the vicinity of 
the zero-line. From this, by eqn. (1). the moment of inertia 

J = 1*7 . 

would follow, that is a value ten times greater than for and ten times 
smaller than for These numbers give expression to the intermediate 
position of our present spectrum as compared with the many lineB spec- 
trum of hydrogen on the one hand, and the true band spectra on the other. 

But what are we to think of the “moment of inertia" of helium? 
The moment of inertia of the helium atom is practically equal to nothing : 
so that we can only be dealing with the moment of inertia of an “ He- 
molecule " of transitory existence. We may picture its mode of origin 
more clearly as follows. Suppose two He-atoms are in an excited state 
such that one of each of the two He-electrons of each atom are slightly 
more distant from the nucleus than usual. Two such He-atoms resemble 
two hydrogen atoms, for they each consist of an outer electron and an 
atomic residue bearing a single positive charge. Thus they are able to 
enter into a bond similar to that of two hydrogen a, toms, and may, there- 
fore, combine to form an He 2 -molecule. 

Hereby the excitation conditions for H and He are opposite. In the 
case of H the many lines spectrum arises more readily (at lower poten- 
tials) than the Balmer spectrum; in that of He, however, the many lines 
spectrum requires greater excitation than the ordinary series spectra* 
This seems quite compatible with the preceding view, according to which 

Proa Eoy^'soc^’sS ^146 (1913). Independently and a little later, Ouris, 

t 91/210 ( 1915 ). 
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a preliminary condition for the genesis of the “ He-molecule ” is a con- 
siderable loosening of the He-atoms. 

The rule on page 202, according to which hand-spectra are to be 
attributed to moleades, line-spectra to atoms, is here strikingly illustrated ; 
the spectral character of the band-spectrum compels us, as it were, to 
assume the transitory existence of an Heg-molecule. As this is assumed 
only for the case of electric excitation, it by no means contradicts other 
chemical observations that have to do with unexcited molecules. 

The many lines spectrum of He consists of numerous partial bands 
and exhibits many heads. To the eye they seem to arrange themselves 
into greater units, groups, and systems. But Fowler has gone a step 
further. He has succeeded in extracting from within these greater units 
such sequences as satisfy a quantitative series formula of the nature of 
Eydberg’s, a formula in which Eydberg’s number E actually occurs. 
Although nothing more exact with regard to measurement can be gathered 
from the matter at present published, yet we feel disposed to see in this an 
indication of the system series,” of which we spoke at the exrd of the 
preceding section. Thus we should be dealing with the energy-levels 
of the electronic configuration in the He^-molecule and their quantum 
jumps ; in our general formula of systems, (5) and (6) of the preceding 
section, they would receive expression in the member 

On the other hand our Fig. 66 on page 210 discloses a peculiar rela- 
tionship between the many lines spectrum of hydrogen and the Balmer 
series. We are inclined to interpret this relationship in the same sense. 
Even if it is not necessarily apparent that the changes of configuratioii in 
the Hg-molecule follow the same laws quantitatively as in the case of the 
H-atom, yet a certain qualitative relationship between the molecular 
and the atomic configurations and hence also between the many lines 
spectrum and the Bairn er spectrum is comprehensible. We can, of 
course, pass sound judgment on this point only when the analysis of the 
many lines spectrum of hydrogen has been carried much further than at 
present. 

§ 6- Q-yroscopic Motion of Molecules. Zeeman Effect of Band-Spectra. 

The assumption hitherto made that the molecule rotates about a fixed 
axis is very special and admissible only when the axis of rotation coin- 
cides with a principal axis of the mass-distribution. The general motion 
of the molecule is not rotation but gyroscopic motion. We distinguish, as 
is known, between the symmetrical and the unsymmetrical top, according 
as the moment of inertia of the mass-distribution is an ellipsoid of re- 
volution or a tri-axial ellipsoid. Diatomic molecules (Hg, ITCl, etc.) 
represent symmetrical tops, tri- and poly-atomic molecules as a rule (cf. 
under HgO below) unsymmetrical tops. Whereas the general motion of 
a symmetrical top under no forces is regular precession^ the general 
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motion of an unsymmetrical top is designated Foinsot motion ; the latter 
cannot, like regular precession, be represented by elementary formnte, 
but only by elliptic integrals, and may be made clear by the rolling of 
the momental ellipsoid of inertia on the fixed invariable plane. Only* in 
the case of the “ spherical top,’* which, however, is scarcely likely to come 
into consideration as a picture of molecular motions, does the general 
motion under no forces pass over into simple rotation. 

Even the diatomic molecule already i*epresents a symmetrical top of 
special mass-distribution. The moment of inertia K about the line con- 
necting the nuclei (the “ axis of figure,” cf. the beginning of § 2) is very 
small compared with the moment of inertia J about the axes (“ sequatorial 
axes ”) perpendicular to it, the ratio of the former to the latter being 

K : J ^ m : M, 


where m denotes the electronic mass, M the sum of the nuclear masses. 
The treatment of di-atomic molecules as symmetrical tops is justified 
only to the extent to which we neglect m in comparison with M. In 
view of the varying position of the electrons in the molecular structure, 
in respect to both space and time, differences in the equatorial moment 
of inertia J would otherwise arise, which we neglect when we speak of a 
uniform J, that is, of a symmetrical top. The same holds generally ; only 
if we are permitted to neglect the motions of the electrons, may we treat 
the molecule approximately as a top, that is, as a rigid body. 

So far our description of the motion of di-atomic molecules as pure 
rotation is helped by the very smallness of the ratio K/J. If we denote 
the moment of momentum about the axis of figure by N, the total moment 
of momentum by M, then the moment of momentum about the equatorial 
axis becomes \/M^ - N^, and the corresponding amounts of kinetic 


energy are 
W 
2K 


( 1 ) 


- W 
2 J ■ 


( 2 ) 


for the axis of figure and the equatorial axis, respectively. 

Now, by the theory of quanta we have under all circumstances 


N 


mji 

'Itt 


( 3 ) 


M = 


mh 

Stt 


(4) 


where and m are integers. Hence to excite rotation about the axis of 
figure or the equatorial axis, respectively, the following amounts of energy 
are necessary : — 


m\}i? 

8^^ 


(5) 


8^^ 



On account of the ratio K/J the former is far greater than the latter, if 
we assume and m to be of the same order of magnitude. Simul- 
taneously with the energy the angular velocity about the axis of figure, if 
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aresent at all, also becomes very great. Only when the excitation is very 
ntense, that is at a very high temperature, is it possible for a rotation to 
tiake place about the axis of figure and then, too, only with relatively 
small values of ; at modern temperatures no rotation about the axis of 
figure takes place. The molecule does not then function as a top, hut as a 
rimple rotator about an equatorial axis, such as we have hitherto assumed 
it to be. 

The conclusion is just the same as for the hydrogen molecule in the 
preceding section. There it was the small value of J in the expression 
(4) for the probability, which caused the rotations of the hydrogen 
molecule to die away ; here it is the small value of K which particularly 
suppresses the rotations about the axis of figure or restricts it to small 
values of In both cases the essential feature is the discrete nature of 
the quantum number and the finite height of the first quantum step ; in 
the case of a continuous distribution of the possibilities of state or phasq, 
the axis of figure of di-atomic molecules would also, as is well known, 
receive its share of the rotational energy. 

In refusing to admit that a moment of momentum about the axis of 
figure can be excited at modern temperatures, we do not wish to imply 
that such a moment of momentum cannot in principle exist. It might — 
in the case of paramagnetic molecules — belong to the inner molecular 
constitution. We must, indeed, go as far as demanding that even at the 
absolute zero of temperature paramagnetic molecules are endowed by their 
very nature with a resultant moment of momentum of their inner elec- 
tronic motions, and we cannot outright exclude the possibility that this 
moment of momentum may also have a component along the axis of 
figure. 

By (5) and (6) the total kinetic energy of the molecule becomes 



Bor Wq “ 0 it naturally passes over into the expression for pure rotation, 
eqn. (1) of § 1. If, on the other hand, we represent the kinetic energy, as 
in general mechanics, by using the Bulerian angles <l>, \]/, 6 
about the axis of figure, xj/ - angle about the axis of precession, that is, 
about the direction of the total moment of momentum, 0 = the angle 
between both axes) and the corresponding velocities <^, \j/, 0, then we see 
that </> and ij/ are cyclic co-ordinates of the rotational problem. This con- 
tains the subsequent justification of our quantum hypothesis (3) and (4) 
in the sense of the method of separation (cf. Note 7a) as well as the 
possibility of integrating the problem by elementary methods in the 
symmetrical case. Obviously, in virtue of the meaning of the Eulerian 
angle $, there exists between the total moment of momentum M and the 
partial moment of momentum N the relation 

N = M cos (9 (8) 
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From this the corresponding relation for the quantum numbers and h 
follows by (3) and (4) : — 

mQ == w cos ^ (9) 

From this we draw two conclusions : (1) the precessional angle 6 is re- 
stricted to certain rational yalues determined by (9) (directional or spatial 
quantising). (2) For a given the quantum number m can only assume 
values 

m>m(^ . . . . . (10) 

We now come to the unsymmetrical top. In its case, too, the 
quantising may be carried out exactly,* but, corresponding to the com- 
plicated nature of the Poinsot motion, the formulae are cumbersome and 
have so far not been made use of for band-spectra. We must, therefore, 
endeavour to link up its treatment with that of the symmetidcal top. In 
the case of water- vapour H^O, which is of chief interest to us, this seems 
fully justified. We follow Kossel in imagining that the structure of the 
hydrogen molecule is, if not completely, at least approximately sym- 
metrical, that is, the O-nucleus approximately lies on the same axis as 
the two H-nuclei. The moment of inertia K about this unique axis of 
the molecular structure is then considerably smaller than about the other 
principal axis. If a rotation about the unique axis occurs, its angular 
velocity (see above) is very great. This suggests to us to use in our 
calculations, instead of the momentary configuration, the mean configura- 
tion of the H 20 -molecule that arises through rotation about the unique 
principal axis. This averaged HgO-molecule is of course a symmetrical 
top, so that in its case we may speak of a uniform value J of the equa- 
torial moment of inertia, and may use the expression (7) for the kinetic 
energy in our calculations. 

To pass on to band formulae we follow Bohr by forming the difference 
between the initial and the final state. In doing this we must, of course, 
take into account the change of oscillation and of the electronic con- 
figuration besides the change in rotation. The state of oscillation is now 
considerably more manifold than in the case of di-atomic molecules be- 
cause now not one but two or more free vibrations of the nucleus are 
possible (cf. what was said about H 2 O on p. 424). In addition to the 
change in the rotational quantum number m we must now take into 
account the change of the proper rotation which (on account of 
K ^ J) causes considerably greater differences of energy than the former 
differences which are of the same order of magnitude as for the change 
in the quantum number of oscillation. Whereas the change in m pro- 
duces the individual partial band, the change in takes us on a con- 
siderable distance in the spectrum, into another region of the band 

* P. Epstein discusses the various ways of doing this in Physikal. Zeitachr., 20, 289 
(1919), where detailed references are given. 
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spectrum. Through this newly added degree of freedom corresponding 
to the quantum number as well as through the greater manifold of 
possibilities of oscillation the structure of the whole band-system is, as is 
easy to understand, considerably more complicated than before. This 
shows itself in the case of H^O even in the infra-red spectrum, which 
distinguished itself among the di-atomic molecules by its particular sim- 
plicity of design, but which in the case of H 2 O consists of a whole array 
of partial bands that partly overlap. 

We here restrict ourselves to the law of the individual partial band, 
and thus consider only changes of m, whereas we sum up the action of 
the simultaneous change of with that of the oscillation state and elec- 
tronic state in a constant term that we shall not analyse further. If, 
for the moment, we here also take into consideration the transition 
m ± 1 w, we get as the component of rotation v^ot of the band formula, 
and, at the same time (disregarding the constant term), as the law of the 
partial band, from (7) : — 

Wot = - y) = B' ± 2B'm + (B' - B)m2, 

exactly as in eqn. (2), § 3, and with the rotation of eqn. (6), § 4. But, 
compared with the earlier expression, there is the following characteristic 
difference : Whereas m was formerly able to assume all values except 
zero, we may now, by (10), use only the values m !> (The correspond- 
ing condition as for the final state m, would also have to be imposed 
for the initial condition m ± 1, m^', and would here require that 
± 1 ^ ; but this only leads to a further definite restriction for m 

if we make definite assumptions about the quantum jump 

The restriction ^ i> 0 denotes that in the band specPmm of poly- 
atomic molecules still more neighbouring lines must drop out on both sides 
of the zero {null) line. Lenz * first enunciated this conclusion. Brom the 
essay quoted on page 418, but which was only published in 1921, we see 
that Bohr conceived the same idea, particularly as applied to infra-red 
spectra, some years earlier. This conclusion is confirmed in a convincing 
fashion in our Fig. 107. Here there is missing in the band spectrum of 
H^O not only the zero line m =» 0, but also the lines m « 1 in the posi- 
tive and negative branch. Thus Pig. 107 proclaims that the molecule 
of water vapour when emitting the band spectrum in question with the 
quaintum number mo — 1 rotates about its unique axis, which is ap- 
proximately the line connecting the nuclei. We here briefly mention in 
passing that peculiarities also occur in the infra-red of water vapour in 
the vicinity of the band 6-24 /x. Over and above this, Heurlinger has 
established in his dissertation that in the case of several band-spectra 
produced by complicated carriers (MgHg, etc.) various band lines that 


In the essay quoted in § 1. 
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are neighbouring to the zero line are dropped out. Eunge * appears 
to have ascertained the same in the case of Og bands. 

But there is a still more striking consequence of molecular gyroscopic 
motion, mamely the occurrence of the zero branch in addition to the posi- 
tive and negative branches (which are alone present in the cyanogen 
bands), for example, in the case of H^O (Big. 107) and of the above- 
mentioned complicated carriers, for which Heurlinger established the 
absence of certain lines. To be able to decide when a zero branch will 
appear and when it will be absent, we must refer to the principle of 
correspondence (cf. Note lOg). This states that if the molecule executes 
a regular precession, the transition m m which was forbidden in the 
case of pure rotation, becomes admissible ; here m denotes the quantum 
number of the total moment of momentum. Now, as we have to expect 
pure rotation only in the case of diatomic molecules of an axially sym- 
metrical structure, but more or less regular precession in the case of 
polyatomic molecules, which are partly or wholly unsymmetrical, the 
transition w w, and hence eqn. (2a) on page 431 is in fact shown to 
be valid for molecules of this type. 

Thm toe bring the existence of the zero branch into relationship with 
the fact that the molecule can, on account of a certain lack of symmetry in 
its structure, perform a precessional motion. 

The fact that there was no zero branch in the case of the cyanogen 
bands is a further confirmation of this view of the zero branch, in so far 
as we deny that the carrier of the cyanogen bands in the excited state, 
too, has no paramagnetic properties (electronic motion with a resultant 
moment about the axis of figure). 

The surest criterion for the existence or non-existence of a moment 
of momentum resulting from electronic motions is, however, furnished — 
in the case of molecules as well as of atoms — by the Zeeman effect. Un- 
fortunately we are still far from having a systematic survey of the IZee- 
man phenomena that are possible for band-spectra. It has already been 
mentioned in the previous section that in the case of the lines of H^-bands 
that have been grouped together into partial bands, of the many-lines- 
spectrum, no Zeeman effect occurs. In the case of the cyanogen bands 
only a decidedly small magnetic effect, that varies with the square of 
the field, has been shown to take place. t ■ In the case of other band- 
spectra there are cases of anomalous resolution and of negative polarisa- 
tion, that is polarisation in a reverse sense to that in the normal effect. 
In view of the many possibilities 'of the arrangement of the electronic 
revolutions in the molecule there is no reason for surprise in this. Lenz 
finds (loc. cit.) that, even in the simple case of a di-atomic molecule which 
is furnished with a moment about the axis of figure due to electronic 
revolution involving the quantum number it is possible for a Zeeman 

* Zeeman- Jubilaumskeft, Physica, 1, 254 (1921). 
t A. Bachem, Zeitschr. f. Phys., 3, 372 (1920). 
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effect with reversed sign to occur. But this assumption, which is 
founded on schematic grounds, does not seem to suffice for the quanti- 
tative explanation of the observations in question, and, indeed, the data 
of observation are far from being sufficient to allow a final judgment. 

§ 7. Continuous Spectra. 

Besides band-spectra which appear discontinuous if the dispersion 
is insufficient, there are beyond doubt also really continuous spectra both 
in emission and in absorption. 

The continuous character seems to have been established most 
securely in the case of those absorption bands that link up with the limit 
of the H.S. of the alkalies. After having first been observed by Wood in 
the case of Na they were investigated in detail by Holtzmark.* Our 
Fig. 64 exhibits the sequence of Na-vapour absorption lines continually 
increasing in density as far as the series limit, where the figure is cut off. 
Actually, the absorption region extends further, and, indeed, becomes 
gradually and continuously darker. Corresponding emission and absorp- 
tion bands that must be due to hydrogen, and, indeed, to dissociated 
hydrogen, have been observed in star spectra at the limit of the Bal- 
mer series; they have been worked out and plotted by Hartmann.* 
The continuous emission spectrum of hydrogen, mentioned on page 203 
that was produced by Stark by means of excitation by canal rays is ob- 
viously of the same origin as these star-spectra ; it begins at X = 360 
(limit of the Balmer series) and extends to at least X = 200 /.t/x with a 
maximum of darkening at X == 250 /x/x. 

The occurrence of continuous spectra in the Eontgen region is well 
known. The absorption spectra shown in Figs. 58, 59, 61 are analogous 
to the visible spectra just discussed. They link up with the K- or the 
L-limits on the side of short waves, that is, they are sharply limited on 
the side of long waves. In addition to this there is the continuous emis- 
sion spectrum of Eontgen rays, which we called imptolse spectrum on 
page 25, and which is sharply cut off on the side of short waves. 

The theory of the continuous bands that link up with the series 
limits has been sketched by Bohr.t The exact validity of the frequency 
hypothesis 

/iv = - We (1) 

is retained in it. If a continuous spectrum is to come about, then either 
the initial or the final states (or both) must form a continuous manifold. 
The states in question must not then be quantized or, expressed in 
other words, the electron involved may not, in the initial or the final 
state, belong to the atomic configuration but must be a free electron. A 
continuous emission spectrum arises if an originally free electron is taken 

* Physikal. Zeitschr., 18 , 429 (1917). 
t Kopenhagener Akademie, Part IT., § 6. 
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up into the configuration of an originally ionised atom and thus neutralises 
the latter. A continuous absorption spectrum arises if, say, an originally 
neutral atom becomes ionised and thereby sets an electron free. 

Let us consider the process of emission more closely* The originally 
free electron is, so to speak, at an infinite distance from the atom. Its 
energy 

. * ( 2 ) 

is therefore able to assume all positive values. If the electron becomes 
attached to the atom, it passes over into a definite quantum orbit. The 
energy that it possesses in this orbit is negative, being 

W, = ^ TiG (3) 

where G is the limit of the series for which the quantum orbit in question 
is the final orbit. Brom (1), (2), and (3) it follows that 

y = G + EMw/Zi- .... (4:) 

The continuous spectrum represented by (4) thus links up continuously 
with the series limit G on the side of short waves, v = G occurs when 
an electron with vanishingly small kinetic energy enters into the atomic 
configuration ; v ]> G occurs if the electron had an initial velocity. The 
released electron leaves with the energy Em-)!- We also see immediately 
why we said in connexion with Holtzmark’s photographs that the inten- 
sity of the continuous spectrum must link up continuously with the inten- 
sity of the line spectrum that accumulates at the limit G. As a matter 
of fact the transition to a quantum orbit of very high order is, physically, 
no longer different from the transition to infinity ; consequently the pro- 
bability of these transitions will also merge into each other, that is, the 
intensity of the continuous spectrum will follow on that of the absorption 
series continuously. 

Instead of absorption process we may also say, process of ionisation 
or photo-electric effect. As we know [cf. eqn. (3a) on p. 342], hG denotes 
at the same time tfie work of ionisation, that is, the least amount of work 
necessary to release an electron from the quantum orbit in question. If 
this minimum amount is exceeded, the photo-electric energy asserts 
itself. Only when the origin of the photo-electric electron is at the peri- 
phery (“surface”) of the atom, does G have the ordinary significance of 
work of ionisation. In general a greater or less amount hG has to be 
deducted from the exciting energy hv according to the depth from which 
the electron is released. In addition to this “ work of escape out of the 
atom” there comes into consideration in the visible region the “ work of 
escape out of the surface of the metal ” (surface work, cf. p. 38), which 
is of the order of the contact differences of potential. On the other hand, 
in the Eontgen region the latter amount may be neglected. The K-limit 
of the excited atom or one of the L-limits, and so forth, here plays the 
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part of the G-limit above. De Broglie by photographing the magnetic 
spectrum (or “ velocity ” spectrum) of the electrons released photo-electric- 
ally by a characteristic Eontgen radiation was able to show that the 
kinetic energy of the released electrons comes out to be less than the hv 
of the exciting Eontgen radiation by exactly the amount of energy corre- 
sponding to the nearest Eontgen limit. Ellis t showed the same for y-rays, 
where it appeared that for the limit G- that is to be subtracted only the 
K-limit of the element receiving the radiation appears to come into account. 
The otherwise unknown hv of the exciting y-rays may here be calculated 
from the known K-limit, and the observed energy of the released elec- 
trons. In this case it is noteworthy that the primary y-rays have shown 
themselves to be strictly discontinuous, that is they form a line-spectrum ; 
thus a continuous background (cf. p. 34), did not show itself. The con- 
jecture, already expressed on page 172, that the hardness of true y-lines 
is probably considerably greater than the lines claimed as y-radiation by 
Eutherford and Andrade is thus confirmed here. 

After this digression we must revert to continuous spectra. In the 
case of iodine an emission spectrum has been photographed by Steubing :|; 
which appears as a continuous band even at dispersions that completely 
resolve the (very narrow) band spectrum of iodine. Franck § connects 
this in a very interesting manner, with the electronegative behaviour of 
the iodine atom, with its tendency to perfect itself into an 8-shell by 
taking up a foreign electron (cf. p. 103). The difference between this, 
and the continuous emission spectra considered above consists in the 
circumstance that the iodine atom need not be ionised to attract an elec- 
tron to itself, but that rather even in the case of the neutral iodine atom, too, 
the electron affinity suffices to effect the assimilation of the foreign elec- 
tron. Here, too, the continuous character of the spectrum corresponds 
to the continuous distribution of the initial kinetic energy of the adopted 
electron ; eqn. (4) continues to stand, with the difference that the quantity 
G, that is the long wave limit of the continuous spectrum now directly 
measures the electron affinity of the iodine atom. From his measurements 
of the ionisation potential of HCl, HBr, HI, KnippingH calculates the 
electron affinity of the halogens, in particular that of I, and finds that 
they agree excellently with the values obtained by Franck and Steubing. 
In the case of Br, too, the agreement is perfect; the corresponding con- 
tinuous band has here been recognised by Steubing in older photographs 
by Bder and Yalenta. In the case of 01 the continuous spectrum is as 
yet unknown. 

According to the principle of correspondence (Note 10), the contrast 
between line-spectra and continuous spectra is, as Bohr mentions (loo. cit.), 
the same as that between Fourier' e series and Fourier's integral. The 

* Address at the Third Solvay Congress, Brussels, 1921. 

t Proc. Boy. Soc., 99a, 261 (1921). X J^eitsohrift f. Phys., 5, 428 (1921). 

§ Ann. d. Phys., 693 (1921). ll Zeitachr. t Phys., 7, 328 (1921). 

29 
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electronic motions belonging to the atomic configurations allow them- 
selves, as long as they are conditionally periodic, to be developed in a 
Fourier series with respect to time ; in general several “ libration periods ” 
{rk = l/vh in the nomenclature of Note 10) serve as the intervals of the 
development. The motions of a free electron that comes from infinity or 
is ejected to infinity possess no finite libration periods. They do not 
allow themselves to be represented by a Fourier series but only by a 
Fourier integral. According to the principle of correspondence there arise 
out of the discontinuous frequencies of the members of the Fourier series 
the discontinuous frequencies of a line-spectrum. But in the same way 
there arise out of the continuous frequencies of the Fourier integral the 
infinitely close frequencies of a continuous spectrum. 

W e must not fail to remark that this indirect mode of inference is 
totally different from the direct mode at the beginning of this paragraph. 
Now we are concerned with the course in time of the motion and with its 
representation according to the classical theory of vibration ; before, we 
were concerned only with the energetic aspect of the possibilities of 
motion and its interpretation on the quantum theory. 

Finally we turn to the continuous spectra of the Eontgen region. We 
have already remarked above that the absorption bands that link up on 
the hard side with the K- or L-limits correspond exactly to the absorption 
bands that link up with the series limits in the visible region. The fact 
that emission bands have not also been observed at the same points in 
the Eontgen region is obviously due to the circumstance that gaps in the 
atomic structure that have come about in the interior through ionisation 
are filled in much more easily by electrons from the outer shells than by 
free electrons. 

But we have yet to deal briefly with the emisdon spectrum forced into 
existence by the impact of the cathode-ray particles {impulse spectrum). 
This is emitted by electrons that do not belong to the atomic configuration 
in either the initial or the final state. We have to picture to ourselves 
that the cathode-ray particle that is originally free penetrates only mo- 
mentarily into the atomic configuration, shoots past the neucleus, is 
deflected out of its orbit, and then again leaves the atomic configuration 
along a hyperbolic orbit. In this process, it is immaterial whether the 
atom as a whole is neutral or ionised. The deflexion of the electron is 
caused by the whole nuclear charge, not only by an excess charge due to 
the ionisation. The fact that the electron was also able to exist as a free 
electron after having passed through the atom is shown at the short-wave 
limit of the spectrum (p. 178). This corresponds exactly, as we know, 
to the exciting potential of the cathode-ray. But if the electron were to 
remain poised in an inner orbit of the atom, the energy of this shell [the 
quantity /^G in the nomenclature of eqn. (4)] would become added to the, 
original energy of the cathode-rays and would produce a harder limit 
than is observed. It is, however, too arbitrary to assume that the elec- 
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tron should remain poised exclusively at the periphery (“ surface ”) of the 
atom. 

After this there can scarcely be a doubt about the general view of 
this most important example of continuous spectra, especially about 
the quantum interpretation of its short wave limit : it is produced by 
such electrons as possess the full initial energy of the cathode gradient 
of potential and lose this energy completely in their passage through the 
atom. Thus, in this case, the process of retardation leads to complete 
rest, the remaining spectrum corresponds to processes in which the 
retarded electron retains a part of its initial energy and escapes out of 
the atom with it. 

Nevertheless everything still remains to be done for the proper theory 
of this impulse (or “ retardation ’*) spectrum. We are not there dealing 
with questions of frequency (these are already decided in the case of a 
continuous spectrum when the limiting frequency is given), but with 
questions of intensity. How is this frequency distributed over the 
various parts of the spectrum ? How does it increase after leaving the 
short wave limit ? Where is the maximum ? How does it decrease in 
the direction of long wave-lengths? How does the maximum in- 
tensity depend on the potential and, in particular, how does it depend 
on the atomic number of the retarding atom ? These questions have for 
the most part already been exactly answered experimentally (cf. p. 179), 
but are still quite unexplained theoretically. As in all questions of in- 
tensity, at present only the principle of correspondence seems available 
for formulating an answer ; but a satisfactory treatment has not yet been 
given along these lines. 
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THEORY OF FINE-STRUCTURE 

§ 1. Preliminaries Concerning the Theory of Relativity. Variability of 
Mass and Inertia of Energy "" 

T hat mechanics is concerned only with relative motion is a fact 
that has been known from earliest times. The statement that a 
body is in motion has a meaning only if a body of reference is 
given with respect to which the motion is measured. Whether this body 
of reference is itself at rest or in uniform motion is indifferent and can 
never be decided by mechanical observations. Irregular motions of the 
body of reference or motions in which the direction alters may, on the 
other hand, be established by observation. Accordingly the principle of 
relativity states : it is impossible to prove by mechanical means that the 
world ’ of material bodies accessible to our senses has a common uniform 
rectilinear motion. If we were unable to see the starry firmament, there 
would be no sense in talking of a progressive motion of the solar system 
in space. We may also briefly express this as follows : Mechanics denies 
absolute space, as it has no means of detecting signs of its existence. 

As our body of reference is only something to which and by means of 
which we refer our measurements of the changes of position of points 
under observation, we may appropriately replace it by a mere co- 
ordinate system of reference. Thus in the sequel we shall use the 
expresssion co-ordinate system instead of body of reference, for example, 
we shall speak of a rectangular system x,y,z. But not every co-ordinate 
system is of use to mechanics. For example, in the case of two systems 
that are rotating with respect to each other, only one can be a correct 
system. The criterion for the correctness of a co-ordinate system may be 
stated only in rather indirect terms : in it the principles of mechanics 
must be fulfilled; in particular, a point-mass which is shown to be 
subject to no external forces must, in accordance with the law of inertia 
(Newton’s First Law of Motion) be at rest with respect to the system or 
must move uniformly in a straight line. If a system x, y, z has been 
found correct on this criterion, then so is every other “ accented ” system 
x', y', z' which moves uniformly and rectilinearly with respect to the 

^Cf. the popular account by Einstein, “The Theory of Relativity” (Messrs. 
Methuen & Oo., Ltd.). A list of translations published by the same firm will be found 
at the end and on the cover of the present volunie ; it includes Einstein’s original 
papers and Weyl’s “ Space — Time — Matter.” 

m 
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former. If we take the direction of relative motion of the two systems 
as the X- or ,x‘'-axis respectively, then (Eig. 109 a or b) the following 
relations hold for the momentary position of each point P and its co- 
ordinates in space and time : 

x' =■- X - vt, y' = y, = 0 , t' = t . . (1) 

The special feature in the above way of writing the transformation 
formulae is the addition of time as a fourth co-ordinate of the moving 
mass-point. The time does not become transformed when we pass from 
one correct or “allowable’* system to another such system. Mechanics 
deals indeed nhth space that is relative hiot loith time that is absolute. 




What is the position with respect to the rest of physics, electro- 
dynamics and its sub-section optics which is distinguished by the 
accuracy of its observations? Does the relativity of space hold here 
too? We shall first recall two experiments which appear to give 
evidence against the relativity of space, that is which make absolute space 
appear as the carrier of physical phenomena. One experiment taken 
from the realm of optics (Fmeau’s experiment), the other from electro- 
dynamics proper (Rowland’s experiment). Light propagates itself 
through space with the characteristic velocity c; it is carried along 
either not at all or not to the full extent by the body of reference in 
which it is propagated, if the latter is in motion. We are familiar with 
the fundamental experiment of Eizeau, in which he directed light 
through flowing water and determined by interference measurements 
the difference of path that occurred when the light traversed the water 
partly in the direction of its motion and partly in the opposite direction. 
The velocity of light in water was found in this way to be equal, not to 
c ± V, but to 



where n is the refractive index of water, cjn is the velocity of light in 
water which is at rest, and ^(1 - 1/n^) is the convection ” effect of 
the moving water. Both quantities may be completely accounted for by 
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the action of the electrons present in the water on the light ; this action 
IS expressed in the magitude of the refraction index n. Apart from this 
action, that is, for 7^ = 1, the velocity of light would, by the above 
formula, also be equal to c in flowing water. It is concluded from the 
non-convection of the light for tz- = 1 and the only partial convection for 
n 1, which, as it is, may be explained on the ground of the electronic 
fields, that light is propagated, not like sound through matter, but 
(apparently) through absolute space. The space that is postulated for 
the purposes of the motion of light is conceived as being something 
material and is called the ether (Lichtather). 

Something similar is shown in the region of true electrodynamics by 
the proof, carried out in Helmholtz’s laboratory by Rowland, that moving 
electric charges exert a magnetic action. This action is similar to that of 
an electric current that transports the same quantity through the cross- 
section of the conductor as is conducted as a result of the motion. Thus 
the magnitude of this magnetic effect appeared to depend on the absolute 
velocity of the electric charge. Absolute velocity was affirmed to be 
velocity with respect to the universal ether. 

When scientists made an earnest endeavour to draw final consequences 
from^ the idea of the absolute system of reference, the ether contradictions 
manifested themselves. In this connexion we shall also quote two ex- 
periments, as above, one that is optical and one that is purely electro- 
dynamic. 

The final decision rested with the experiment, conceived by Maxwell 
and caiTied out by Michelson and Morley with great refinement of 
technique, directed at proving the progressive motion of the earth in 
its orbit about the sun. What was impossible mechanically was to 
succeed optically. If light really propagates itself in the absolute ether 
it should travel relatively to the earth more slowly in the earth’s 
direction than in the reverse direction. The difference of path would 
have been manifested by the interference experiments with sufficient 
accuracy. But they disclosed no difference of path; the Michelson- 
Morley experiment gave a negative result. 

The same occurred in the case of an electrodynamical experiment 
which, elaborated from an older arrangment by Rontgen, was carried 
out by Trouton and N oble. A delicately' suspended electric condenser 
represents, on account of the earth’s motion, a convection current in the 
sense implied in Rowland s experiment, and should exhibit magnetic 
forces that tend to turn the condenser. Or, expressed in other words, 
the ether wind that blows through the condenser should be made 
apparent by deflexions of the galvanometer. Here, too, no vestige of 
the existence of an absolute ether showed itself. 

It was inevitable to conclude that the absolute body of reference 
ether” was only a fabrication of man and that, in reality, optical 
and electro-dynamical events take place on the moving earth just as if 
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the earth were at rest. Generalising this, we had to assume the same 
result for every body of reference (that is not accelerated). Thus the 
principle of relativity also holds for optics and electro-dynamics : it is 
impossible to prove a uniform motion of the system of reference by means 
of optical or electrodynamic measurements carried out within the system 
of reference itself. 

In this negative form the principle of relativity of optics and electro- 
dynamics is the same as that of mechanics. From the following intro- 
ductory reflexion we recognise that, in spite of this, it leads to quite 
different results and that it makes a much deeper incision into our 
customary ideas. 

Let us again consider Figs. 109 a and b together and let us assume, 
as an example, that there is a source of light at rest in this system at O'. 
Let it emit at the time = 0 a spherical wave ; this is indicated in 
Fig. 109 b. We may imagine the accented system as the earth and the 
system at rest as the sun, with respect to which the earth moves per- 
ceptibly uniformly. The fact that we have a spherical wave in the ac- 
cented system, that is a uniform transmission in all directions is a direct 
result of the Michelson-Morley experiment. But in the unaccented 
system, too, we have according to our form of enunciation of the principle 
of relativity the same transmission in spherical waves. That is, the same 
event that appears to the “ accented ” observer as a spherical wave about 
O' is to be regarded by the “ unaccented ” observer as a spherical wave 
about 0. Those points of the accented system that are affected by the 
light disturbance at a definite accented time and which here lie on a 
sphere about O' are to appear to an unaccented observer at a definite un- 
accented time to fill a sphere described about 0. Our ordinary ideas 
rebel against this way of thinking ; we have accordingly to reform otir 
views of space and time to bring them into agreement with the principle 
of relativity of optics and electrodynamics. 

Firstly, we wish to meet an objection that has perhaps already thrust 
itself on the reader. The source of light was, for example, to be at rest in 
the accented system ; it then advances uniformly in the unaccented 
system during the emission of light. Is it not possible for this circum- 
stance to stand in the way of the equivalence of these two systems of 
reference? Might not the light-wave in the unaccented system, which 
starts from the moving source of light move differently from the source of 
light which rests in this system, in such a way that we should have a 
spherical wave in the unaccented system but not in the accented one, or that 
both spherical waves might correspond to different values of c ? We over- 
come this objection by setting up alongside the principle of relativity the 
Principle of the Constancy of the Velocity of Light, which has been 
amply confirmed by observation.* This principle states that when once 

* Since there is, in acoustics, no similar principle of the constancy of the velocity 
of sound, the following arguments cannot be applied to acoustic or other effects, but 
only to optical ones. 
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the light has left its source, it propagates itself, without any recollection 
of its origin, in accordance with the laws of the optical field, that is in all 
directions with the same velocity c. The event is at every instant deter- 
mined by the field distribution at this instant, not by the previous history 
of the optical excitation, and thus not by the accidental state of motion of 
the spurce of light at the moment of emission. The propagation of light 
is a process due to the action of the field and not an action at a distance 
over an interval of time. This state of affairs is expressed most directly 
by the idea of the ether : the transmission is determined by the mechanism of 
the ether ; the source of light, once it has excited the ether, has no influence 
on the further process. Even if, after the observations of Michelson and 
Morley and others quoted above, we may no longer recognise the ether, 
yet we must take over the advantageous features of ether into the realm 
of etherless optics. We do this by setting up the principle of the con- 
stancy of the velocity of light in the above sense, which is thus to be 
regarded as a condensate a^nd an indispensable remainder of ether physics. 

After having sketched in general outline the consequences of the 
principle of relativity of optics and electrodynamics by the above remarks 
we must now proceed to a quantitative discussion. We shall set up the 
transformation formulae which effect the transition from one optical 
system of reference to another. These transformation formulae will be 
different from the corresponding transformation formulae of mechanics, 
eqns. (1). As before, we imagine a light signal to start out from the point 
0 of h ig, 109 a at the time t = 0. It propagates itself according to the 
principle of the constancy of the velocity of light with the velocity c in all 
directions, and thus at the time t it fills a sphere of light of radius Gt whose 
equation is 

+ 2/^ + == 0 . . . . (2) 

We assume that at the time t = 0 the point O' of the accented 
system coincides with the point 0 of the unaccented system. The light- 
signal is perceived in the unaccented system, too. For an observer in 
this system it starts out from O' (cf. Fig. 109 b) and, as we know, also 
propagates itself in this system in all directions with the velocity c, 
independently of whether the light-signal is considered at rest or in 
motion, as 0 or 0 . At the time t' it fills the surface of the sphere of 
light 

x ''^ 4 + ^'2 _ = 0 . . , . ( 3 ) 

Equations (2) and (3) describe the same event. The desired trans- 
formation formulae are contained implicitly in this identity. 

We assume—without proof, for the sake of brevity — that the follow- 
ing relations as in (1) hold for the co-Ordinates that are perpendicular 
to the direction of the relative motion 

y' 


z z , 
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and, also, the transformation formula are linear. It then follows from the 
identity of (2) and (3) that ^ 

. . . • ( 5 ) 

Finally we must have 

x' == h[x ~ vt), X = h'(x + vt') . . • ( 6 ) 


where k and k' are constants yet to be determined that can depend only 
on G and the relative velocity v of both systems. The first eqn. (6) 
expresses that the point O' {x = 0) in the unaccented system has the 
position X = and is the general statement of the first of eqns. (1). The 
second eqn. (6) states that, corresponding to the complete equivalence of 
both systems in Figs. 109 a and b the point 0 in the accented system has 
the position x' = - vt' at the time t'. This equation follows from the 
first by exchanging the accented and the unaccented co-ordinates and 
simultaneously -f v with - -y. We now calculate from the second 
eqn. of (6), taking into account the first, that 



(7) 


and set the values (6) and (7) for x and t' in (5). By comparing the 
corresponding coefficients of x\ and xt, we get the following values 
that agree 


k « k' = 


^ 


where /? is an abbreviation for vjc. Hence our transformation formulie 
assume the final form, in accordance with (4), (6), and (7) 




X ~ vt 


By resolving these equations we get . 


// = 


t - %x 




X = 


X 4 " V t 




t' + 


• ( 8 ) 


(8a) 


that is, the same system of equations as (8) if + v and - v are ex- 
changed. 

These equations were first set up by H. A. Lorent^s and are called the 
Lorentz transformation.” It is the memorable service of Einstein to 
have derived them from the principle of relativity, to have applied them 
in many directions, and later to have elaborated them still further. Ac- 
cording to eqns. (8) the change in the space co-ordinates also entails a 
change in the time co-ordinate ; space- and time-transformation are in- 
dissolubly connected with each other. Electrodynamics, in giving up 
absolute s^jace (ether), is simultaneously compelled to give up the idea of 
absolute time. We follow Minkowski in calling the four-fold synthesis of 
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space- and time-co-ordinates the four-dimensional world. If we allow c to 
assume an infinite value in (8), we get back to the transformation formulae 
(1) of ordinary mechanics for ^ = 0. 

In reality, however, we may not take c == oo even in the case of 
mechanics. There can only be one principle of relativity, which per- 
meates mechanics in the same way as electrodynamics. The older 
mechanical principle of relativity must and can subject itself to that of 
optics and electrodynamics. Thus we shall claim eqns. (8) for mechanics, 
too, and shall regard eqns. (1) only as a first approximation to the exact 
transformation, one that just suffices for mechanics. Actually, the 
velocities of ponderable bodies are always so small compared with c that 
terms of the order [eqns. (8) and (1) differ only by such terms] do not 
become noticeable here. This, strictly speaking, also banishes the con- 
ception of absolute time out of mechanics. In reality the world of 
physical events is an indivisible four-dimensional manifold. It is only the 
large value of the velocity of light which brings it about that, for the 
purposes of mechanics, this four-dimensional world resolves practically 
into three-dimensional space and one-dimensional, apparently absolute, 
time {t' ^ t). 

We shall now call attention to several immediate consequences arising 
out of the rich content of eqns. (8). In the interests of brevity we shall 
refrain from giving the ingenious fictitious experiments by means of which 
Einstein made these consequences more intelligible physically, and like- 
wise from giving a full description of the four-dimensional picture which 
expresses most fully the fundamental remodelling of our space- and time- 
ideas as demanded by the theory of relativity. The popularity which this 
theory gained in wide circles after having been elaborated to the “ general 
theory of relativity ” (see below) rests largely on its philosophic content, and 
this content receives full expression only when clothed in four-dimensional 
language. On the other hand, here we aim at giving an account of the 
physical content of the “ special theory of relativity” such as is sufficient 
to enable us to understand the questions of fine structure. 

1. Lorentz Contraction. Let us consider a rod of length I at rest in 
the accented system and lying along the ic'-axis. Let the co-ordinates 
of its end points be a?' = 0 and x' — 1. We inquire what is its length in 
the unaccented system with respect to which the accented system moves 
along the positive ir-axis with the velocity v. For the purpose of measur- 
ing the length the observer in the unaccented system has to seek the 
a?- CO- ordinates of the end points of the rod^ and, indeed, such x-co- 
ordinates as correspond to simultaneous positions of the end points in his 
time scale. Simultaneous positions in the unaccented time scale are not, 
however, simultaneous positions in the accented time scale. For example, 
it follows from the last of eqns. (8) that 
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and so with x' = 0 and a?' = Z we get the two different values 


Z' = 0 and Z' = - ^Z. 

If we substitute (9) in the first of eqns. (8a) we get 

* = = V 

Thus, for x' = 0 and x' = Z, it follows that 

= 0 and x ^ sjl .... (10) 


The length of the rod in the unaccented system is equal to the differ- 
ence of these two values, that is, equal to - /3H. The rod appears 
shortened in comparison with its static length'’ 1. The contraction is 
measured by Jl - It is greater in proportion as /5 approaches 1. 

For V c the length becomes zero. From this ive already conjecture 
that 0 represents an upper limit for all velocities of matter. 

The method of derivation shows that the ground of the Lorentz- 
contraction is contained in the relative character of the conception 
“ simultaneous.” Whether two events are simultaneous, whether the 
one is perceived earlier or later than the other, depends (to a certain 
extent) on the relative state of motion of the observer. 

2. Addition Theorem of Velocities. Let a point be moving in the 
accented system with the velocity 


X 


dx' 

W 


( 11 ) 


parallel to the (r'-axis. What is its velocity in the unaccented system ? 
Bqns. (8a) state that 


dx 


dt 


dtf + 


dx' 


dx' + vdt' 

VI - ' Vi - 

From this it follows, by (11) — after division — that 
dx V -h v' 


di 


1 + 


vv 


( 12 ) 


This is Einstein’s Addition Theorem of Velocities. It asserts that 
ivo velocities that are measured in different systems (v' refers to the 
ccented, v to the unaccented, system) are not compounded additively but 
i-linearly. 

From (12) we see immediately that we can never exceed the velocity c 
y superposing two velocities v and v'j both of which are smaller than c, 
' being measured in the system of reference that is moving with the 
elocity v. To prove this, let 




' < 1 and /?'= — <!. 
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Then we have, under all circumstances, 

0<(1 - yd) (1-/3' 

that is, yd + yd' 1 + ydyd' or 

and, after multiplying by c, 


t < 1 
1 + / 8 ; 8 ' ^ 


which was to be proved. The same result holds, of course, in the case 
of repeated addition of velocities. If one of the velocities to be com- 
pounded were already to equal c then it would not be increased by the 
addition of a second velocity, for 


1 + "" 

> doj 

Conversely, it follows from (12) that if we now write and x for 

clt 


respectively, then 


3. Einstein’s Time Dilatation. Let us suppose that at a fixed point 
of the accented system time-signals are sent out at regular intervals 
They will also be perceived in the unaccented system as a regular succes- 
sion, but the intervals will appear longer. For, from the last of eqns. 
(8a), it follows, if x' is constant, that 

Ai = .... (13) 


We may take as our time-signals the second beats of a clock at rest 
in the accented system. Observed from a system that is moving with 
respect to the accented system, the clock does not beat seconds., It 
appears to lose time as compared with an exactly similar clock that is at 
rest in the unaccented system. It is common to both the accented and 
the unaccented system that the time-signals are perceived at different 
times according to the position of the place of observation, and this cir- 
cumstance concerns a much simpler fact than the Einstein-d latation 
which is included in the time-definition from the very outset. 

Or we may take as our time-signals the vibrations of an atom which 
is at rest in the accented system. Viewed from the unaccented system 
the vibrations are slower. The spectral line observed in the spectroscope 
is displaced towards the red compared with the line emitted by the same 
atom when it is at rest in the unaccented system. (This is the so-called 
transverse Doppler effect, or Doppler effect of the second order, which b 
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not to be confused with the ordinary Doppler effect which is of the first 
order in /3 and depends on the sense of the direction of motion.) 

This Einstein time-dilation is the reciprocal of the Lorentz space - 
contraction. Both together lead to the equality of two corresponding 
events in the accented and the unaccented “world.” The contraction in 
the iT-direction (the direction of the relative motion of the two systems) 
is exactly counter-balanced by the dilatation in the ;t-direction. The 
relation 

dx d>y (Iz dt ^ dx' dy' dz' dt' . . . (14) 

holds. 

This also follows analytically from the fact that the transformation 
eqns. (8) have the determinant 1. 

4. Variability of Mass. Let us consider the motion of a point-mass 
P in the plane xy. At the time ^ 0 let it have the velocity v and let 

its direction be along the .r-axis. At the same moment we attach to it a 
co-ordinate system x'y't' uniformly with the velocity v. When ^ = ii' = 0, 
P is at rest in this system and has the “ static mass ” in it. Let the 
force that acts on P be X'Y' in the accented system, and XY in the un- 
accented system. Since the point-mass also gains speed relatively to the 
accented system in the course of its motion, its mass in this system 
need no longer be the statical mass ; let its mass be denoted by m ' ; 
then m' = only at the beginning. The equations of motion (change of 
impulse == force, cf. p. 194) are for the accented system : 



If we carry out the differentiation in (15) and restrict our attention to 
the beginning of the motion 

dx' dy' 

then we get for this initial instant : 

(Px 'srt dj^y' -xrr (16) 


it' = if = 0, m' = m,) 




-X', 


Y' 


We translate the accelerations and into terms referring to 


. dh/ . 
and ^ 
dt^ dt^ 

the unaccented system. 

According to the elementary formula of the law cf falling bodies 



we write down the following expressions for the accented and unaccented 
systems, and for a sufficiently short time and A^, respectively, during 
which the motion may be regarded as a uniform acceleration : 

■ ' ^ ( 17 ) 


2df'^ 
1 cl'^x 

TW 


{Atf 


(17a) 
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According to eqn. (10) (Lorentz contraction) and (13) (Einstein 
dilatation), we have 


VI - 

By substituting tliese values in (17a) we get 

, _ 1 d^x {At'Y 

2 ■ ■ (1 - 

Comparison with (17) shows that 

d^x' d^x 1 


(17c) 


(18) 


dt^ ■ (1 - /? 2 ) 3/2 

If we do the same for the y'- and the ^/-direction, then the eqns. (17) 
and (17a) hold unchanged if x be replaced hj y. But in place of the 
first eqn. (17b) we get s = s', since no Lorentz-contraction takes place 
in the ^/-direction which is perpendicular to the direction of motion. 
Hence we now have in place of (17c) 

1 dhj {Aty 

dy 


s = 


2 dP * 1 - 
If we compare this with the equation 
/ ^ 1 


(17d) 




■ W, 


which is analogous to (17), it follows that 

d^y' _ d^y 1 

d^ ' ■ 

On account of (18) and (19) eqns. (16) pass over into 
win d^x -^1 ^^0 


(1 - ^ 2 ) S /2 ^^2 


1-/32 dt^ 


Y'. 


(19) 


(2o; 


But we must further ask how the accented forces X' Y' transform, tha 
is, what quantities XY the unaccented observer perceives as forces. Fo: 
this purpose we must borrow from electrodynamics (our question wouk 
remain unanswered in mechanics). If X'Y' denote electric forces tha 
acu on a charge e at rest in the accented system, then for the same force 
in the unaccented system we should have (the charge e' in the accented 
system is the same as the charge e) : 

X «X', Y= .... (21 

We can now at any rate regard the forces X'Y' that occur in eqnj 
(16) as forces of electrical origin if we endow our point-mass with 
charge (which may, for the rest, be arbitrary) and we may therefoi: 
apply eqns. (21) to them. Then eqns. (20) may be written, withot 
reference to the accented system in the form : 

d^x V '^0 dtyj __ 


Wn 


X, 


V 


/O' 
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In place of the static mass in eqn. (16) we here have a '‘moving 
mass/’ and indeed we have a different one for the rr-direction than for 
the ^-direction. The ic-direction is the direction of the instantaneous 
motion, the longitudinal direction ; the ^/-direction is “ transversal ” or 
perpendicular to the motion. The coefficients of longitudinal and trans- 
versal acceleration in eqns. (22), namely, 




(1 - ^)V 




(1 - W 


(23) 


is (or was) therefore called the longitudinal and the transverse mass. 
But in Chapter lY., § 1 (cf. p. ) we have already emphasised that the 
fundamental law of mechanics is wrongly called a law of acceleration, 
and that its correct name is the law of momentum or impulse. Not the 
kinematic acceleration but the dynamic momentum in the sense of 
Newton and in that of a natural system of mechanical conceptions 
defines mass. Accordingly, we re-write eqns. (22) in the form of the lata 
of momentum for the unaccented system in the manner of eqns. (15) which 
expressed the law of momentum for the accented system. They then 
simply become 


d ^ w,, ^ 

di \ ■ dt ) 


d ( ^ ^ Y 

dt yjYZ * di) 


(24) 


Here /3 now denotes the velocity of our point-mass, which varies during 
the motion, divided by c ; so that in carrying out the differentiation with 
respect to t in (24) we must now also take into account the variability of 
/?. As a matter of fact we may easily convince ourselves that the eqns. 
(24) and (25) become identical for t ^ 0, Bor 


d f m() dx\ _ m,) ^ d/3 dx 

' df) ~ “ * d¥ (T'^T^l * dt ' M 

d / dy\ _ dhj dy 

dt\jl~^^^ ' di) Ji Z. ’ dt^ (1 - ^‘^)i ■ M * dt’ 


If we now notice that, on the one hand, for t === 0, 


dx 

lii 


c/3 and 


and that, on the other hand, -4- 
dt dr dt 




li\Jl ’ 

and, secondly, that 




0, it follows, firstly, that 
/3‘^ \d^x ___ d^x 


dr^ (1 j3^)l * dP 


d / dy\ __ d^y 

j'fzrp ' df 


But, by this, our eqn. (24) becomes identical with (22) and this was 
what was to be proved. Equations (24) show that if the mechanical 
principles are interpreted correctly the moving mass is, under all 
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circumstances^ gwen hy the formula which teas set up by Lorentz as 
early as 1904, namely: 


m ~ 


^/l - ' 


(26) 


It increases according to a uniform and very simple law as the velocity 
approaches that of light. There is no longer any question of a longi- 
tudinal and a transverse mass. This distinction is purely a difficulty 
created by ourselves and due to an inappropriate view of the fundamental 
mechanical law. The experimental proof of eqn. (25) is regarded as the 
experimmtum crucis of the theory of relativity. The direct proof for the 
realm of electricity (by means of cathode rays or ^-rays) was attempted 
long ago by Kaufmann (cf. Chap. I, § 4), but was only accomplished by 
his successors at a much later date by means of refined methods.'^ It 
is comparatively easy to prove it indirectly by spectroscopic means, as 
we shall see at the end of this chapter. In both methods the subject of 
the experiment is the electron. But our mode of derivation shows that 
the variability of mass is by no means restricted to the micro-mass of 
the electron. The theory of relativity asserts that this law holds for 
every ponderable mass. It is true that the prospects of confirming the 
law experimentally on this large scale are very meagre. 

5. Inertia of Energy. We pass on from the laws of motion of the 
point-mass to the equation of energy. For this purpose we follow the 
ordinary procedure of classical mechanics and multiply eqns. (24) by 

^ and ^ respectively, and add them. No essential limitation results 
at at 


from our keeping to plane motion, that is to the two co-ordinates x, y. 
We shall, however, drop the special assumption that the £C-axis is to be 
in the direction of motion, so that in future we are to take /3'^ as standing 
for the following : 




? \di ) \(it ) 


(26) 


We then get for the right-hand side : 

■Y 

dt dt^ "IT 


as the rate of work (activity) of our force ; or, if the latter has a potential, 
it is the negative rate of change of the potential energy with respect to 
time. From this it already follows that the left-hand side must be equal 
to the time change of the part of the energy contained in the motion, 
namely of the kinetic energy. Thus we have 

dBjcin _ dx cl / dx\ ^dy d / ^ 

dt ‘ dt\JiZr^^ ' dt) dt ' dt\^i~I~"^^ ’ dt) 

*01. Schafer and G-. Neumann, Ann. d. Phys., 45, 529 (1914); Oh. E. Guye and 
Oh. Lavanchy, Arch, de Geneve, 41,5285 ( 1916 ). 
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or, if we group the right-hand side appropriately and take into account 
eqn. (26), we get 

(dx d^x dy d^\ 

* dP dt * dp) 

m-Q dj^ 


d 


nin 


'dx\^ 


‘ dl^kin ^ 

'dt di V VF- LVd^’ 




c2/3‘ 


TOr, 


= TO(,C^ 


d __ 

dt ■ Ji"- 


+ 


Jl- pi' dt 


/8 


_r_^ -r . 


If we write the expression in the brackets over a common denominator, 
then 

d'E^kin _ ,.o P _ d m,ci 


dt 




(1 -- ■^-)i ■ clit dt ■ 


We thus have 


E,,, const. 


The integration constant here added is determined by setting the kinetic 
energy equal to zero when the velocity vanishes. Thus const. = 
and 


mnG^ 


Efcm = 


1 


(27) 


Perhaps it is not superfluous to point out that the usual expression 
my 12 for the kinetic energy emerges out of this when c is made to pass 
to the limit oo . We need only develop our expression in series : 

(1 „ pi)-i == 1 + + ... 

and, after multiplying by to cancel those terms that have c in the 
denominator. Here, too, classical mechanics appears as a degenerate 
or mutilated form of relativistic mechanics. 

In conjunction with eqn. (25), eqn. (27) allows an interesting inter- 
pretation. We write it in the simple form 

Ektn = c\m - m,|) or m - w% = ■ • (28) 


Thtis the change of mass produced by the motion is equal to the kinetic 
energy divided by c^, * 

This result is to serve as the simplest example of the general law of 
inertia of energy which Einstein derived from relativistic considerations 
(conservation of the centre of gravity during radiation) and which he 
.regards as the most important result of the special theory ot relativity. 
In general, the law states : every quantity of energy of any form whatso- 
ever represents a mass ivhich is equal to this same energy divided by c" ; 
every quantity of energy in motion represents momentum. We have 
already used this law in Chapter II, § 6, p. 95 as an explanation of the 
30 
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stability of the He-iiucleiis. Furthermore, in Cha|')ier V, U |). wa 
have reduced the pressure of radiation to the saina law, naniely, in tlia 
momentum of the rays of light. 

Our survey of the theory of relativity is, of courHo, vary iiirinnplata 
and adapted in a one-sided way to meet the requiremtuvtH the. 
tions intended in the sequel Moreover, it was iinpedad liy ttu^ 
of giving an elementary account. The full beauty and oloariwHH of the 
relationships of relativity come into evidence oidy when we venture U 
take up our view-point in MinkowHki’H four-diincumiDnal world. Tliii 
somewhat laborious and lengthy calculations whicli we hml to ciarry out 
here in Nos. 4 and 5 to derive the relativistic mass and turergy. tliiui l»f- 
come superfluous, and allow themselvos to he rephuaKl Ijy more ir|i|iroj:ii> 
ate considerations. An account of the higher Ilainiltonian of 

the theory of relativity will l)e found in Note 15. Hern w«i nim ely wmfi 
to cast a glance at the powerful extension vviueli we nowada)H eiUI flie 
general theory of relativity, and shall oonti'ast it with tlie Hfmittl ilwm’H «/ 
relativity. 

After Einstein had set up the special theory of relativity in 111(15, liti 
straightway proceeded to sketch the structure of fclie gamiral thiiory «»f re- 
lativity, in which he had to overcome extremely great lie 

could not rest satisfied with systems of reference in uniform motion thiil 
occur in the special theory of relativity. Wliat jimtification wiiw there 
that they should play a distinctive part in the special theory? It woiilii 
be possible to understand why they should lie favoured only after llii 
course of phenomena had also been investigated in ariiitrary ** aofcielrniitiMl ** 
or rotating ’’ systems of reference. ,I.t was only hy doiiig this ihitl Iiii 
succeeded in disclosing the philosophical HCO|;)e of tins icleii of relativity, 

And yet another question did not cease to exercise Eiimtuirds mind; 
although in the special theory of relativity niechaincs aricl «diH,^trtKlyiifiiiiit» 
were represented very completely, yet the inost fiiruiarnmital foi'ce of mitmif, 
that of gravitation found no place in it. As early m in I!l(l7 (in the 
Ja'hfbuoh d&r BadioaktivUdi), Einstein endeavoured k> link il up \ulli im 
extended theory of relativity by pointing out the equivaleniio of a linitiii- 
geneous gravitational field with a held in acceleration. But it wiin ntily 
in 1915 that he succeeded in fitting gravitation into the gemmil Ihi^nry of 
relativity in its final form. It was' on the 29th May, If) 19, the miuittit-iilde 
day of the general theory of relativity, that the deflexion of the lig!ikm>s 
passing near the sun during an eclipse was confirmed in a striking miitiiiW 
in^the case of seven stars, in conformity with tlie prediction of EiitHltnii 
(cf. also p. 468 of the following section). From the iKiint of view tif iIiih 
extended theory of relativity the discovery of (lopernictw has &hAu to hiitler 
a collection. Iho decision of the general theory isi it is, indt*»*d, ctiio 
venient and reasonable to say with Copernicus that, the eartli in rin’iilviiig 
around the sun, but it is not wrong to say with Ptolemy that the, Him k 
revolving round^the earth I 
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§ 2. Eelativistic Kepler Motion. 

Following closely § 6, Chapter IV, we now treat the problem of two 
ies in the light of relativity. Let the nuclear charge be B, and the 
tronic charge - < 3 . We disregard the counter-motion of the nucleus. 

choose the nucleus as the origin of a system of polar co-ordinates 
I. We shall not write down the differential equations of the motion, 
shall concern ourselves with giving a graphical description rather 
a a complete treatment. We may do this, as we shall again take up 
problem in Note 16, and shall there use the methods of higher mo- 
nies which are remarkably appropriate to the nature of our problem, 
, lead to a complete solution by the shortest route. 

Relativistic Kepler motion takes place in an ellipse whose perihelion is 
micing. This means that if we represent the orbit in our polar co- 
inates r, (^, then its equation is : 

+ Cjj cos . . , . (1) 


is equation differs from the non-relativistic eqn. (8) of the Kepler 
pse on page 234 in having the factor y in the argument of the cosine, 
is factor has the meaning 

. ( 2 ) 

before, p is the areal constant of the motion, that is the moment of 
imentum of the electron about the nucleus ; p^ denotes the abbreviation 



( 3 ) 


i has the same dimensions as p. Bor c = cp (this denotes the 


ssage from relativistic me- 
anics to the limiting case 
classical mechanics), = 0, 
= 1, and hence eqn. (1) 
nply transforms into the 
linary Kepler ellipse. As 
matter of fact, on account 
the magnitude of c, p^ is 
'Ml compared with p, and y 
a little less than 1, in all 
e cases that come under 
nsideration. 

The form of the relativistic 
3pler orbit has been drawn 
Big. 110. 0 is the fixed 

3US, in which the nucleus is 
iuated, and P is the initial 
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position of the perihelion. Let ()^> == 0 be the straight line 01^ ; tlien th< 
orbit does not attain its next perihelion when (/> =» Qtt, but when ytf> 2w 
that is, when 


, Stt ^ 

<jf> = — *> Stt. 

y 


The motion of the perihelion occurs in the same Bense as tliat ol tlie orbit 
and has the angular magnitude 

A<^ = _ 27r. . , . • (4'^ 

r 

If we refer the motion to a polar system of ca-ortlinat(‘.B whicli pfu*tioi 
pates in the motion of the perihelion, namely, to the system 

O' = 0\ if/ = ycj) » (6j 


then we have again an ordinary closed ellipse. In Fig. 110 wa have akc 
inserted, as dotted circles, the geometric locus of the BuccesBiva parilialii! 
and aphelia, the outer and inner envelopes of the orbit. 

The motion of the perihelion of the relativistic Kepler ell ipso invites ui 
to make a digression into the field of astronomy. As we know, Mercuiry, k 
disobedience to Newton’s law, exhibits an advance of the perihelion, 
which, according to Newcomb,"* amounts to 4:3" per century. Can this 
anomaly be explained in the light of the preceding formula (4) ? In the 
first place, it is clear that our relativistic motion of the perihelion woulcJ 
make itself manifest most readily in the case of Mercury, the plane! 
nearest the sun. For this motion of the perihelion (4), increaseB as y de- 
creases, and y decreases as p decreases. But among all planets tlie one: 
nearest the sun has the smallest areal constant Calculation, liowevtir. 
shows that our relativistic motion of the perihelion is mucli too snudl, 
It would amount merely to 7" per century in the case of Mercury (vl 
Note 16). But it was only the wide generalisation of the relativistic 
standpoint, mentioned just at the end of the preceding section that mu,dt' 
it possible for Einstein to explain the observed motion of MaroiiiyH peri- 
helion theoretically. In this way he found that, for Meroitry, th(^ ihtur 
retical value of the motion of the perihelion was 43'' per centtiry 1 

Eeverting to eqn. (1), we now determine the constants Ci and (Ij ol 
eqn. (1) by means of the major axis a and the numerical ecoentricity c oi 
our ellipse measured in the moving system (5), and use exactly the sami 
method as in eqns. (9) and (10) on page 234. For, when tj; « 0 (perh 
helion), r = a(l - c), that is 


a(r'L €) 


C, + 0,; 


■^A later calculation by Newcomb 
criticised by E. Grossmann, Zeitsebr. f. 


fave iV\ Both numbers are cliiciiiiiitl ami 

>bys., 5, 280 (1921). 
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and when if/ = 

TT (aphelion), r — a(l + c), that is 


l = G, 0„. 

a{l e) ^ ^ 

Accordingly, 



n _ ^ ^ ^ ^ 

1 a • 1 - ^ • i _ ^2. 

thus 



1 __ 1 1 + £ cos yijEi 


W e also take note of the following formula for later reference 
1 dr €y sin y<^ 

r'd<l>'" TTT^y^ .... (6a) 

The im^pulses or momenta corresponding to the co-ordinates r, are : 

m — P — = mr ... (7) 

They differ from the corresponding impulses obtained earlier in the 
non-relativistic treatment [eqn. (4) on page 233] only in that the mass m 
is now variable according to the law : 


m 





( 8 ) 


is also now, as indicated in (7), identical with the areal constant p. 
We now formulate the quantum-conditions for our two co-ordinates 
(j> and^ r. They are : 


</) ‘iTT 



= 27r 



\j/ ~ 0 


=^n'h 


(9) 


In the second integral xj/ denotes the angle xj/ of eqn. (5). These quantum 
conditions differ from the corresponding ones (6) on page 234 only in the 
integration limits that occur in the radial guantum condition. We recall 
the general rule on p. 199 : the integration is to be taken over the whole 
. domain of values of the co-ordinate in question. In the case of the azi- 
muth this domain of values is an angular rotation ; hence we have the 
limits </> = 0 and = 27r in the first integral. In the case of the radius 
r , however, the total range of values stretches from (perihelion) to 
'f’max (aphelion), and back again to (perihelion). On account of the 
■ advance of the perihelion, this range does not correspond to an altera- 
tion of <j> by the amount 27r, but to a change of 27r in ycl > ; hence we have 
the limits i// = 0 and = 27r in the second integral. 

On account of the constancy of the azimuthal quantum condition 
at once gives 

27rp ^ nh , , , . , (10) 
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This is the quantum condition of the rotator with which we are quite 
familiar. In the radial quantum condition we take into account eqn. (7) 
and write, just as in (12) on page 235 : 


dr ; p dr 

= = dr 


■ d<j), p,i.dr = 


1 dr\'^ 


and hence, in view of eqn. (6a) : 

J „ sin2y<;f) , sm^xj/ 

(1 .4. , eos ' ^^ y (IT. 00,-^ 

Hence our radial condition passes over into 


^ 'ITT \f/ = zir 


If we insert the value (10) for p, then we get 

\{/ = ^TT 

r sinV , _ n' ,, n, 

27 r J (1 + « COS lly ' 

if/ = 0 

Except for the way in which the integration variables are designated, the 
integral on the left is identical with the integral on the left-hand side of 
eqn. (13) on page 235. We may therefore use the result there obtained 
in evaluating it and have 

• " y ' - 1 = ^ that is, 1 ~ = -J12L — . . . (13) 

^/ ~ , ny’ (w' + nyY ^ ^ 


But whereas, earlier, certain fundamental objections had to be raised 
against the use of the radial quantum condition, the present radial 
quantising is free from objection. The relativistic problem is not degen- 
erate, and the co-ordinates r, <f> ar^, uniquely defined by the nature of the 
problem. By regarding our earlier problem as the limiting case of the 
relativistic problem we also j ustified our procedure for the former. 

The size and the form of the orbit are fixed according to quanta by our 
azimiothal and radial quantum condition. In this way a discrete family 
of quantised orbits are selected out of the continuous ma^iifold of all the 
possible orbits. 

By using eqns. (2), (3), and (10) we shall express the quantity ny that 
occurs in (13) as follows : — 

We have already encountered earlier the abbreviation 


~~ he 


(14a) 


here used, namely, in eqn. (8) on page 213. It signified the speed of 
rotation ofjhe hydrogen electron in the first Bohr circle divided by c, 
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Its numerical value (a'-^ ~ 5’3. 10~®) was also determined on the page 

VE\2 . 

quoted; it shows that unless E the supplementary term a ( — j m 


(14) signifies only a small correction compared with As a result of 
(14), (13) becomes 



Concerning the graphical representation of this family of quantised 
elliptic orbits we may refer to Eigs. 71 and 72 on pages 239, 240. Within 
the limits of accuracy of the drawing, these ellipses represent the ratio 
of the major to the minor axis, or, what is the same, the eccentricity, 
with sufficient truth for the relativistic case, too ; as a matter of fact, the 
difference, as we just saw, is small, being of the order We have only 
to imagine the earlier figures modified with respect to the motion of the 
perihelion. Concerning the number of different orbits that belong to the 
same quantum sum n + n' we may also refer to Chapter IV (p. 239). 

We now come to the cahulation of the energy, in which, however, for 
the sake of brevity, we shall restrict ourselves to circular orbits. The 
calculation of the energy for elliptic orbits is rather laborious if carried 
out by the method here adopted ; we get at the result much more simply 
by the method of Note 16, in which less elementary means are adopted. 

Let a be the radius of the circular orbit, co the angular velocity of the 
electron in this orbit. According to eqns. (7) and (10), we then have 


P === 




nh 

27r 


(16) 


This is the only quantum condition that comes into consideration in 
circular orbits. Further, we have the classical condition : the centri- 
fugal force is equal to the Coulomb attraction of the nucleus. It gives us 




It follows by division from (17) and (16) that 


am 


nh 


(17) 

(18) 


This is the velocity of the electron in its orbit..^ If we divide it by c, then, 
taking into account eqn. (14a), we get 

^ c ^ n* e 


Further, it follows from the mass, which varies with the velocity, that 





( 19 ) 
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According to the law of the i 
kinetic energy ifl 


inertia ofeinn-gy l.xjH. n. h-*, . 


i I? 


1 

II . \ ■ 


On the other hand, the potential energy of the Cnul.wil. li.d.! <» 

„ ^1'' 

‘ « ■ 

To have the value of l/a in convenient form ue .■.p. . 

thus : — 

1 ‘iff 

■■ im , 

(t nh 

and substitute for m and (tm out of (ill) u.n<l ( IH|. I Iiin 
1 (27r)%'H '"W'i, 

v/. 

and henco 

{2ffCl'V)- m„ 

, 


E 


^Ipnf ^ 


v/i - V 

V n* f 


Or, taking into' account (14a) we 

d-iKy i'’m„ 

«Ac/ ■ I, , Ky 

V 

From (20) and (21) there now followa for the total energy 

W = Biivi + Fjjm, *= rM|,o‘'> 


clii I 


/ ‘ 

11^ '' 

\ 

ir# *v 

r * 1 


' 'I ' 

,C K -1 

W “ Fir ) 

IJ ^ f 


which we may write more oonvonifsntly tlnm; 


V tA f- 




We get, instead of thin, for dliplh with il'^^ um ijiiiiiiliiiti 

numbers n and n' : 


1 + 


1 -t- 


I . ;4 

u • (u • j 


'fit* 


Concerning this general energy formula we merely cejn-tit th,ti l«n <) . H 
it can easily be reduced to the simpler formula ; htr !lie piooS rd 
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eqn. (23) we mnst refer to Note 16. For hydrogen (B = e) the eqns. (23) 
and (22) assume the simpler forms : 


and 


1 + 


1 + 


W 

Wirsd^ 


1 + 


- 1/2 






li 


(24) 


respectively. 

We can now at once write down the general relativistic formula of 
the Balmer hydrogen series if we enlist the aid of Bohr’s fundamental 
equation 

= W, - W, . . . . (25) 


(Wet = the energy of the initial orbit of the hydrogen electron for the 
quantum numbers fe, h' ; W^ = the energy of the final orbit for the 
quantum numbers n, n'.) We then get 


n"' 



(n'\+ Jn^ — atj^J 


5)4 



(26) 


This compact formula inchides all the spectral phenomena that the 
hydrogen atom is capable of exhibiting. 

It only remains to make a remark about the constants that multiply 
the expression in the square bracket in our way of writing eqn. (26). 
From eqns. (25) and (24) we get 

1/ ] (27) 

h 


for which we wrote in (26) : 

V = [ ] . . . (27a) 


But from the meaning of B and a as defined by 


B = R„ 





27r6'^ 

ho 


(cf. p. 216 eqn. (16)) we see at once that the two factors in (27) and (27a) 
agree, and so our mode of writing (26) is justified. The fact that we here 
used R^ in our calculation is due to our having disregarded the counter- 
motion of the nucleus in this section. To . take this into account subse- 
quently (cf. also footnote 1 on p. 476) we shall in the sequel take R as 
standing for the value Eh (in the case of He it is the value Biie) Chap. 
IV, § 6, p. 240). 

As an analogy to (26) this significance of R gives us the following 
comprehensive formula for the wave-numbers of the spectra of the hydro- 
gen-type (He+ etc.) ; 
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The greater part of the present chapter will be devoted to exhausting 
the content of these formulae. In this section we shall merely outline its 
general character and illustrate it by the characteristics of elliptic motion. 

Bhrstly we are arrested by the fact that our present spectral formulae 
no longer merely depend on the quantum sums n + n! and Ic + h' ] rather, 
the quantum numbers n, n' and h, k' enter into our formulae unsymmetric- 
ally. From this it folloios that, corresponding to the same quantum sums, 
the lines that previously coincided are noio separated oioing to the interven- 
tion of relativity. This separation is due to the correction term which is 
associated with the small factor = 5*3 . 10 For this reason the 
separation is only slight and can be detected only by the most refined 
means of spectroscopy. The lines that were previously described as co- 
incident are split up into a configuration of close lines. The individual 
lines of this configuration, its components, determine by their intervals of 
separation and intensities the fine-structure of the line-configuration. 
When we have become acquainted spectroscopically with the fine-struc- 
ture, for example, of the hydrogen lines, we shall have ocular evidence 
not only of the actual occurrence of the elliptic ofhits but also of the 
variability of the electronic mass. Consider, for example, the represent- 
ation of the various types of orbits in Fig. 72 on page 240. 

Whereas the velocity and hence also the electronic mass remains con- 
stant in the circular orbits, it alters greatly in the elliptic orbits, particu- 
larly in those of great eccentricity. The velocity is small at the aphelion 
and increases as the perihelion is approached. When the electron is on 
such an orbit and rushes past in the immediate vicinity of the nucleus, 
it is subject to the strong field of force in the neighbourhood of the nucleus, 
and so its mass also increases with its speed. Thus we understand that 
its energy can be different from that in the circular-orbit, the more different 
the more eccentric the ellipse, and that a somewhat different position in 
the spectrum must result for the line-components corresponding to the 
various orbits. 

The motion of the perihelion of the ellipse is also connected with the 
variability of mass. In particular, the correction term in the expression 



475 


§ S. General Inferences 

owes its origin, according to eqn. (14), to the circumstance that y <^1, 
that is, to the advance of the perihelion. * TMts the observation of the 
fine-stmctures discloses the v)hole mechanism of the intra-atomic motions as 
far as the motion of the perihelion of the elliptic orbits. The complex of 
facts contained in the fine- structures has just the same importance for the 
special theory of relativity , and for the atomic structure as the motion of 
Mercur f s perihelion for the general theory of relativity. 


§ 3. General Inferences. Fine-Structnre and the Relativity Correction. 

To make the final formulae (28) of the last section convenient for cal- 
culation we shall develop them in powers of the small quantity a^. When 
E/a is not a great number (H, He+), it is sufficient to retain the first two 
powers of o?. This is so in the case of the visible and ultra-violet spectra. 
For great values of E/e, however, we have also to take into account the 
third or even the fourth power of a^. This occurs in the case of the 
Bontgen spectra. For extremely great values of B/e (U, Th, etc.) it may 
even be convenient not to develop at all but to use the complete 
formula (28). 

After this the calculation becomes simple for the visible spectra. If 
we denote by S the quantum sum that occurs in the denominator of eqn. 
(28) of the previous section and that has been modified in conformity 
with the demands of relativity, then 

s = - (a = n' + « - + . . . (1) 

and we at once get 



Further, wo have, to the requisite degree of approximation in each case, 


1 

S^' 


S4 


1 + 


{n + n'f 


n{n + n') 


E\2 


= , + . . . ] 

[n + ny 


Substituted in (2) this gives 
- 1/2 


I (.Wl 

r I 


2(n + n'y 2ln + n'f 


1 , n'\ 

... 

4 n / 


+ ■ 


(3) 


(4) 


We insert this development in eqns. (28) of the previous section, 
in which in part the quantum-numbers n, n' of the final orbit, and in part 
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the quantnm-nnmbers h, ¥ of the initial orbit, oeciir. In taking the 
difference of the two terms in the square brackets the iirst temi 1 cancels 
out and the factor Q/a^, which stands before the brackets, may l)e divided 
out. The wave-number v then occurs as the difference of a fir^t positive 
member that depends on the quantum-numbers n, n' of the final orbit 
and a second negative member that depends on the quantum-numbers 
h, ¥ of the initial orbit. To indicate this, we write 

V = (n, n') ~ {h, ¥) .... (5) 


and get, for example, for the first term : 




+ 


'f (n -f ny\ e J 


Ey 


4 n 


.} ( 6 ) 


In this expression the first member on the right is identical with the 
representation in terms set up for the hydrogen-like lines in Chapter IV, 
§ 6 ; this member depends only on the quantum sum w + The 
second member on the right exhibits the influence of relativity. This 
influence is two-fold. Its first part again depends only on the quantum 
sum n ¥ and amounts to 


1 g^E /EV^ 

4 -f n'y \ 6 / 

It effects a general raising of the term"^ tvhieh is equal for cArcnlar and 
elliptic orUts, We call this part the general relativity correction or the 
relativity correction for circular orbits. In the first term of the Balmer 
series (E = n -j- ^ 2 . = 2) its ratio to the whole term is 


16 


3 . 


On the other hand, ^ relativity brings about a separate increase of the term 
for the various elliptic orbits ; this increase depoMds on n and ¥ indl 
V'idually and increases ivith the eccentricity of the orbit. Its value is : * 




n 


'E 


(n -f- n'ff 

We call this part the resolutwn of the term; it is the ground of the fine- 
structure of the lines. For the first term of the Balmer series (,E i e) 
elhptm orbit that here comes into account {n' = = 1) the 

ratio of this resolution to the whole term is : ' 

j = 1-3 . 10-*-'. 

when the‘^ae^oSSnJrnVmoMon°of the® nuolei“,t"t T 

537 (1920). He findithltthe nneW 3 Mag., 39 , 

constant but also in a small additive *h‘> Rydberg 

aWM (m = mass of electron, M = mass of ato^l e 

The fine-structure remains quite unafleoted by it. ’ ^ account praotioaliy. 
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These two influences have a common cause, namely, the relativistic 
variability of mass. As was described at the conclusion of the last 
section, the increase of mass for the ellipses of great eccentricity, at the 
perihelion of which the electron rushes past the nucleus with great speed, 
is greater than for the ellipses with small eccentricity or than for the 
circle. But there still remains an influence of the relativistic increase of 
mass for the latter, too, and it is this that expresses itself in our general 
relativity correction. Of course, this general influence may easily be 
determined [from eqn. (22) of the preceding section] and has in fact been 
calculated by Bohr even before the general theory of quantised elliptic- 
orbits was in existence. 

Bor the purposes of the Rontgen spectra we must next carry the 
accuracy of our calculations still further and retain the still higher powers 
of that follow. In place of (1), (2) and (3), we have then to write 


S = n' + n 
E\2 


1 + 


e 


1 

2?i' 

-1/: 




1 


E\‘t 


1 - 


Ev 

a — 


+ 8 


+ 


«!)■ 


35 
128 


1 


B\« 

^7) ■ 


E\4 


S‘*'- 


5 

16 


(la) 


E 




(2a) 


and to the degree of approximation requisite in each case : 


[n + ny 


1 Hh 




4?z 4- n' 


4* 


[n H- n'y^ 
1 


1 Hh 


n{n + n') 

Sn^ 4 - 5nn' 4 * ^ 
4- n')** 

2 / EV^ 


EV^' 

+ n'y^ J 

a : ) 4- . . ■ 

eJ 


:t-(' 


n{ii + 71 ') 
3 


Cm 4 - n' 


1 4- — 

n{n 4- 7^) 
[ 14 -...] 


E 


2iv\7h+ny 

^ 4- . . 


E\4 


4- . 


} (3a) 


L 

S4 
1 

[n 4 - n'YY 
1 ^ 1 
, (7 +7i')8 ' 

If we substitute (8a) in (2a) we get (if we cancel the 1 and multiply by 
- 2B/a^) as the more complete representation of the term : 




4- 

[n + 


4. 


^ J 


(n 4 - n'y^ 

/EV^ 

n'p \ / 

?T 

1 /w'Y 

8 ' w J 


4- 


(n 4 - n' 
'n'y^ 


{n 4- w')'*’ 

■I 4. 3 3 

8 + 4 n ^2" 

l + i.^' + 2 

64 8 « 


BY / 1 
e) \i 


+ 11^ 
4 nj 


’-I 


4. 


fh 

n 

23 /w/\3 


8 


...} 

* N. Bolir, Phil. Mag., 29, 832 (1916). 


(6a) 
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( 1 , 0 ) 


( 2 , 0 ) 


z/v 


We shall make use of this detailed representation in g 5. The ex- 
pression (6) suffices for the next questions, which concern the visible 
region of the spectrum. We are here dealing with the resohtUon of the 

series term {n, n) for the various 
values of n and n' that come into 
n + n=i account. Kg. Ill gives a survey 
of the various types. The symbol 
for each term is written at the top 
of each line- The distances be- 
n+n=2 tween the lines give the differences 
of the term values and hence also 
the frequency differences of the 
spectral lines that are formed from 
n+a=3 these terms. The numbers written 
over the arrow lines (the distances 
between the lines) denote ratios and 
are explained by eqns. (8a), (9a), 
n+nk4 and (10). The types that lie verti- 
cally below each other cannot be 
compared directly in magnitude. 
For the sake of clearness they have 
plotted so that the extreme 
components are at an equal dis- 
tance apart, whereas, in reality, 

. they 


(3,0) (2,1) 


( 1 , 2 ) 



. 3 




(4,0)(3,1) (2,2) 


(1,3) 


(5,0)(V)(3,2 (2,3) 


(1,4) 


3 


10 

30 




> 


Fig. 111. 

on account of the increasing term denominators 2^, 3^, 
decrease rapidly. 

n + n' — i. 


As we have excluded n = 0 (cf. Chap. IV, § 6, p. 238), the only 
possible values that lead to + n' — 1 are n == 1, n' = 0. In this case 
the series term is simple. It corresponds to one and only one circular 
orbit. 

n + a' ^ 

Corresponding to the two possible resolutions of 2, namely, 

2 = 2 + 0 and 2 = 1 + 1, 

the series term that belongs to n n' ^ 2 is double. The term (2, 0), the 
circular orbit, is different from the term 1, 1, the elliptic orbit. Their 
difference amounts, by eqn. (6), to 

(1, 1) - (2. 0) = gy 

This difference of the two terms corresponds spectroscopically to a line- 
doublet of which the frequency difference is 

- -wKi) 


m 



§ 8. General Inferences 


479 


w + n' = 3. 

A series term for which ^ = 3 triple^ corresponding to the three 

possible resolutions 

3 — 3 + 0 = 2 + l = l + 2. 


The respective term values (3, 0) circular orbit, (2, 1) elliptic orbit of 
smaller eccentricity, (1, 2) elliptic orbit of greater eccentricity, increase 
consecutively. The consecutive term -differences are, by eqn. (6), 


( 3 , 


Ra-i 3 /Ev^ 

P' ’ 2 * * 


To these there correspond the frequency differences 

1 RaVW . 3 EaVE 


A 1/1 


34 


YEy 


Avy 


3‘^ 


(8) 


in a triplet of lines. Thus the ratio of the line-intervals in such a triplet 
of the hydrogen type becomes : 

Av]^ : Avjj = 1:3. . . . . (8a) 

n + n' = 4. 

A series term with n n' — i is fourfold, corresponding to the folloiv- 
ing foiir possible ways of resolution : 

l = 4-f0 = 3-pl = 2-i-2 = l + 3. 


The term-value (4, 0) belongs to a circular orbit, the term values (3, 1), 
(2, 2), (1, 3) correspond to elliptic paths of increasing eccentricity. The 
consecutive term differences, as calculated by means of eqn, (6), come 
out as : 


(3, 1) ~ (4, 0) 


(2, 2) (3, 1) 


(1, 3) - (2, 2) 


1 /Ey 

4*^ * 3 * UV 

Ea^ /2 __ IVEy 2 

W\2 3 AW “ 4‘^ * 3 * 

Ett^ /3 2\ /Ey _ Ea^ o 

W\X V\e) 



The fourfold value of the term gives rise to a quartet of lines with the 
following consecutive frequency differences : 


1 IW 
3 


44 





Ai., = 2 


4 ^ \e) 


(9) 


Thus the ratio of the line-intervals in such a quartet becomes : 

Ai/j^ : Av^ : Av^ == 1, : 2 : 6 . 


(9a) 



480 


Chapter VIII. Theory of Fine-Structure 


jn + = 5. 

A series term with n n' ~ b is fivefold and gives rise to a quintet of 
lines. The consecutive frequency-differences in this quintet are in the 
proportion : 

Ai/j : A7/2 : Af.j : Ai/^ = x) : (-5- - fr) • (t ~ 1 ) 1 . /iq\ 

= 3:5:10:30 J ‘ 

and so forth for other series terms. 

This enumeration of the various possibilities gives rise to a series of 
general laws. 

[a) If the multiplicity lies in the first, that is the constant and positive 
term of a series [represented in eqn. (5) by (^, n')], then it repeats itself 
without change in all members of the series. We have doublets^ triplets y 
and so forth y ivith constant frequeney differences, with which we are 
already familiar in the subsidiary series. The component with the 
smallest wave-number corresponds to the circular orbit ; those with 
increasing wave-numbers correspond to ellipses of increasing eccentricity. 
The components of the fine-structure follow one another in the sense of 
BTg. Ill, if we allow the wave-numbers as usual to grow from left to 
right. If we assume that the circular orbit occurs more frequently than 
the elliptic orbits and that the elliptic orbits become less probable as the 
eccentricity increases (these two assumptions are not true under all 
circumstances), then we may expect that the most intense component of 
the fine-structure in question will lie on the side of long waves and that the 
intensity decreases step by step as we go from the red to the violet end. 

{b) If the multiplicity lies in the second term, that is in the variable 
negative term [represented in eqn. (5) by {k, k')], and if the constant 
term of the series is simple {n = 1, circular orbit), then the multiplicity of 
the variable term expresses itself without debasement in the fine-structure 
under observation. Corresponding to the denominators k + k' B, 4: . . 
the first line of the series becomes a doublet, the second a triplet, the third 
a fourfold line, and so forth. The range of the configuration, as measured 
in wave-numbers, decreases as the number increases, on account of the 
factor {k -h k'fi in the denominator of the term. The gradual drawing 
together of the fine structure as the series advances, to which we have 
just called attention, forms an analogy to the decreasing freq%(jency differ- 
ences which were observed in the principal series of the elements. The 
analogy is certainly not complete, since the elements that exhibit the 
ordinary series are not of the hydrogen type. In the case of hydrogen 
itself the “ principal series here denoted is the ultra-violet series of 
Lyman (cf. the next section). 

On account of the negative sign of the variable term the component 
corresponding to the circular orbit now lies on the short wave side of the 
fine structure. The components follow one another in the reverse sense 
to that in (a) and to that in Fig. 111. The succession of lines in Fig. Ill, 
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as there remarked, gives no picture of the progressive drawing together 
of the configuration. If we make the same assumptions about the 
intensity of the components as was made in (a), then the intensity 
decreases step by step as we go from the violet to the red end. 

(c) If both the constant positive term and the variable negative term 
are multiple, then in the first place (as energy considerations alone show) 
the quantum sum of the negative term must be the greater. If, for 
example, the constant term gives us a doublet, then there corresponds to 
the variable term, taken alone, a triplet in the first series line, a quartet 
in the second, and so forth. We have first to suppose the two multi- 
plicity to he superposed in such a way that the two lines of the doublet 
consist of three components each in the first series number, of four 
components each in the second series number, and so forth. In general 
the line-configuration (n, n') - (fc, k') is composed of {n + n') (k -f k^) 
components, corresponding to the number that was given earlier for the 
possible modes of generation of a Balmer line (cf. p. 241). The mutual 
distances hetiueen the various components bear, according to the above 
enumeration, simple rational numerical ratios to one another ; the order of 
seqtience of the k -h k' components of the variable term is the reverse {violet 
to red) of that of the components of the constant term {red to violet). A 
diagrammatic view of this superposition and of the complicated con- 
figurations that are hereby involved is given in the figures of the next 
section. 

{d) Whereas we have to compare the hydrogen spectrum with the 
ordinary flame- or arc-spectra, we have in the case of ionised helium the 
simplest case of a spark- spectrum of the hydrogen type. The preceding 
conclusions are fully applicable in this case, with the scale condition that 
the distance between the components, measured in loave-mimbers, are 
magnified as compared with the hydrogen spectrum by the factor (E/^^)^ = 16. 

{e) Bohr has already conceived the possibility of the existence of 
spectra of higher orders (in the case of Li+ +, cf. p. 224). The factor of 
magnification of the fine-structures would amount in this case, and 
altogether in that of double ionisation to 3^ = 81 in wave-numbers. The 
extreme limiting case of these spectra occurs with the Eontgen lines, in 
particular with those of the heavy metals. Here fine-structures of micro- 
scopic size would manifest themselves : g 5 of the present chapter is 
devoted to such ‘‘ coarse structures,” 

§ 4. Comparison with Experiment. 

The constant term 1/2^ of the Balmer series of hydrogen gives rise to 
a doiiblet of constant difference of wave-numbers. The niagnitude Av^ of 
this difference will serve us as unit measure in what follows. According 
to eqn. (7) of the previous section, and since E = it amounts to 

= 0-365 cm-i 


31 


( 1 ) 
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Here we have set = 5 '32 . 10 and E = 1*097 . lO''*. In calculating 
a? we used the numbers : 

= 4-77 . 10-10 h = 6*55 . 

Among the results of direct observation we quote those in footnote t. 

The difference between the results of observation and the theoretical 
value (1) is partly explained by the influence of the variable term (see 
below). Concerning the intensity of the two doublet components obser- 
vation discloses almost without exception that the more intense component 
has the longer wave-lengthy which agrees with our expectations stated 
under {a) in the preceding section. 

Direct observation is rendered difficult owing to the blurred appear- 
ance of the H-lines (cf. p. 208). This blurred appearance is due to the 
heat motion of the emitting H-atoms. As is known from astrophysics, 
the spectrum of a star is displaced a little towards the violet or the red, 
according as the star is moving towards or from the observer, whereby 
the amount of the displacement depends on the ratio of the velocity in 
the line of sight to that of light (Doppler effect). What is true of stars 
and their spectra also holds of luminescent gases and their spectral lines. 
In the latter case, however, we are dealing not with a one-sided displace^ 
ment towards the violet or the red, but with a broadening of the lines in 
both directions since velocities in all directions, both towards as well as 
away from the observer, occur in a luminescent gas. The magnitude of 
these velocities clearly depends on the temperature and the atomic weight 
of the gas; the higher the temperature the lower the velocities due to 
heat motion, and the greater the atomic weight, the smaller these velo- 
cities. Thus in the case of the hydrogen atom the heat motion is particu- 
larly marked, so that, for it, we must descend to very low temperatures 
(liquid air) to get tolerably sharp lines. The Stark effect (Chap. V, § 4) 
becomes added to this as a further reason for the blurring of the lines. 
In the case of hydrogen this causes much stronger resolutions than in 
that of other atoms. It is not only produced in artificially imposed fields 
but also under the electric influence of neighbouring atoms which distort 
the electronic orbits of the emitting atom. 

But there is an indirect method of observation that has been pursued 
by Paschen (see below). In it the value of Afh is deduced from the fine- 

* These measurements and others quoted are from Gehroke and Lau, Thysikal. 
^jeitschr., 21,634 (1920). Concerning the results of measurement, cf. also Ann. d. 
Phys., 65, 564 (1921). 
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structure of the lines of a more favourable atom (He+). Paschen gets, 
as already quoted on p. 209, 

Ai/„ = 0*3645 ± 0-0045 cm. -h 


This value agrees fully with the theoretical value (1). This clears up 
qualitatively and quantitatively what previously appeared mysterious in the 
hydrogen doublet. 

In the Balmer series the multiplicity of the second variable term be- 
comes superposed, according to theory, cf. (c), on the doublet due to the 
constant term. Consequently the two doublet components on their part 
consist of a triplet at Ha, of a quartet at H^, of a quintet at H-y, and so 
forth. The intensity of this finer and narrower configuration, expressed 
crudely (cf. below), decreases towards the red, that is in the reverse 
direction to that of the doublet components, on account of the negative 
sign of the second term [cf. the previous section under (&)]. We may 
call the weaker lines of these triplets, quartets, and so forth, satellites ” 
of the doublet lines, provided that we bear in mind that the difference 
between satellites and true lines is merely arbitrary. It is just our fine 
structures that show that the “ satellites ” that result from the second 
term form an organic whole with the “ lines ” of the first term. 
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Fig. 112 


We now proceed to analyse Pigs. 112 a and 113 a which are illustrative 
of Ha and IT^. The wave-numbers are plotted as increasing towards the 
right. The length of the lines is at the same time to denote their in- 
tensity. We remark at the outset that almost all data that spectro- 
scopists give about intensity are more or less rough estimates. Our 
theoretical rule, too, on page 247, which we derived from the repeated 
occurrence of the same orbit in spatial quantising and which we shall 
apply in what follows, does not claim to be much. more. We shall make 
the relative intensities in a doublet decrease in the ratio 2:1, in a tr,iplet 
3:2: 1, in a quartet 4 : 3 : 2 : 1, in the order of the circular orbit to the 
increasingly eccentric elliptic orbits. We shall see presently that this 
rule of intensity will have to be modified very considerably on account of 
the Principle of Selection and the Principle of Gorrespondence, and that 
it claims a certain validity only in the limiting case of electric currents 
of great density. 

The following convention is found to be useful to denote briefly the 
origin of the individual lines. Let us call the multiplicities of the first 
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term I, II (or I, II, III, . . . , if the first term is not a doublet as in the 
Balmer series, but gives rise to a higher multiplicity), and the multipli- 
cities of the second term a, &, c . . . , — ^both sequences being numbered 
in the order of decreasing intensities. Thus the I, II, . . . follow one 
another in the direction red to violet, and the a, b, g, . . . follow one 
another, on account of the reverse sign of the second term, in the direction 
violet to red. 

Concerning details, the following is to be remarked. For H^, Fig. 112 a, 
where 

V = {n, n') - {k, k') ^ 3 


the principal line in the line-group I corresponds to the transition from 
the circle (3, 0) to the circle (2, 0) ; its intensity has been set equal to 1. 
The “ satellites ” that immediately link up on the left then correspond to 
the transition from an initial ellipse to the circle 2, 0 and form together 
with the principal line the characteristic triplet with the interval ratio 
Av^ : Av 2 = 1:3 [cf. eqn. (8a) of the preceding section]. In accordance 
with our above rule the intensities of these satellities have been' plotted as 
2/3 and 1/3. In the line group II the principal line of Fig, 112 a corre- 
sponds to the transition from the circle (3, 0) to the ellipse (1, 1). In 
accordance with our rule of intensity it has been drawn with the length 
1/2. Two lines associate themselves with it on the left; they corre- 
spond to the transition from one ellipse to another, and their intensities 
decrease from 2/6 to 1/6. 

The hydrogen doublet At/„ occurs in the figure three times, each 
between components bearing the same symbol, namely, aa, bh^ cc. The 
line-intervals Avj and Av 2 of the hydrogen triplet are expressed by eqns. 
(8) of the previous section in terms of Av^ as follows [cf. also (1) of this 
section] : 
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Fig. 113 a . Fig. 113 6. 


Analogous results hold for Fig. 113 a which corresponds to the 
line 


V = {n, n') - {kf Ic') , . 


f7i + n' = 2 

{^k -h /c' =4 
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The principal line of the line-groiap I, the transition from the circle. 
(4, 0) to the circle (2, 0), has been drawn with the length 1. There is 
linked up with it on the left the characteristic quartet with the interval 
ratios : Ai/g : At/.j = 1 : 2 : 6 [cf. eqn. (9a) of the preceding section] the 
hypothetical intensity ratios being 4 : 3 : 2 : 1. The same group gives the 
line-group II, displaced by an amount Avh to the right as a whole. The 
principal line of the latter corresponds to the transition from the circle 
(4, 0) to the ellipse (1, 1) and has the intensity 1/2 in our figure. The 
frequency differences of the quartet are, by eqn. (9) of the preceding 
section, expressed as follows in terms of Af„: 


Av, 


Av, = 


At/.. 


1 


1 


1 

. Ai/„ 1 

1 

3 ' 

44 

3 

48 ' 

2 

Ea^ 

2 


1 

1 

. at/„ y 

1 

3 ■ 

44 

3 

24 ' 

2 

' 4^ 

= 2 

. pAT/„ 

• 1 

8 

■ Av„ j 


( 4 ) 


We now apply the principle of selection (cf. Chap. V, § 2) and pass on 
from Mgs. 112 a and 113 a to Figs. 112 h and 113 h. In the case in which 
no external field is present the principle of selection limits the transitions 
of the azimuthal quantum number to ± 1, but imposes no restriction on 
the transitions of the radial quantum number. Let us test its action in 
detail for Fla and 

In the following table the quantum numbers n, of the final orbit, 
which are compatible with the quantum sum n -l- n' = 2, stand on the 
left, and the quantum numbers k, k' of the initial orbit, into which the 
quantum sum k + k' = d may be resolved stand on the right. 


Table 49. 



n' n 


h W 


I 

0 2 


3 0 

a 

II 

1 1 


2 1 

b 




1 2 

c 


The arrows xnark the transitions for which k increases or decreases by 
1, that is those which are alone allowed by the principle of selection. 
These are the transitions la,lc, and II b. The transitions II a, I and 
II 6‘, in which k would jump by two units or would remain unaltered are 
forbidden. Thus, of the six lines of Fig. 112 a only three are left ; the 
omitted lines are dotted in Fig. 112 b. 

For (k + k' ^ 4, n + n' — 2) the corresponding scheme is as 
follows : 
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Table 50 . 



Here the transitions I I as well as II c, are possible. On tlie other 
hand the transition I a (circular orbit to circular orbit, that is, according 
to our provisional rule of intensity, the strongest line that is to be ex- 
pected) is forbidden by our priueiple of selection; likewise the lines 
I c, II a, TLh, and H d, because they would entail a change of the aziniuthal 
quantum number by two, three, or no units. In Pig. 113 b the eoixe- 
sponding lines have been dotted. Thus does not consist of 2 . 4 = 8 
components but, just like H<„ only of 3. The same number of real com- 
ponents is also left, as may easily be counted, in the case of the lines 
Hy, Hs, . . . as the number of unreal components, that is those forbidden 
by the principle of selection, increases. 

Hence in advancing along the Balmer series there is no increase in 
the number of components of fine structure, but all members have the 
same number of components, namely 3. On the other hand we know 
that in the Stark effect, that is, under the influence of an electric field, the 
number of components increases rapidly with the order-number of the 
member. It is in agreement with this that our principle of selection, as 
we saw in Chapter V, § 3, page 278, is invalidated. For the first effect of 
an electric field consists in this, that the components that would have the 
intensity zero according to the principle of selection for “ free fields,” 
occur with weak intensity ; it is only when the field grows still further 
^at perceptible resolution and superposition of the components occur. 

ur igs. 112 a and 113 a for H» and H^ are thus not without physical 
rneaning: they represent that appearance of the pictures of the fine 
tvhich appears in a tube of intense electrical excitatum (oon- 
^nsed current densfiy), as the first indication of an incipient Stark efecL 
We shall presently discuss to what extent the intensities marked in the 
figures aie trustworthy m the 'case of the He+-lines, which are more 

fet give^cHf ’ ^^etermined 

hytoZn d?uble\^ of ^ 

hydroSn doublet ^he 

kJ+wT 1 - u doublet denotes the distance 

between lines bearing the same names, as aa, bb, and so forth fZ 

actual measurement, however, the adjustment would be made for the 
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point of intensity of the line-group I and then we should 
measure from this point to the individual line to which the line-group II 
reduces itself. The arrow that has been determined in this way (stretch- 
ing from I a to II 5 in Eig. 112 h, and from I & to II c in Eig. 113 h) 
hereby comes out smaller than Avh. 

The ideal hydrogen doublet ivould he measured correctly only in the 
limit when we get to high members of the Balmer series (Hg, Hg, . . .), 
where the fine-structure due to the second term becomes continually 
narrower and the line-groups I and II contract more and more into the 
pure doublet of the first term. 

In the case of hydrogen we have also become acquainted with the 
ultra-riolet Lyman series and the infra-red Paschen series (cf. p. 207), 
namely : 

V = e(p - and V = respectively. 

In the former, the ultra-violet series, the first term is simple, the 
second is /c-fold. The scheme of the possible fine-structures of its lines is 
represented by the rows of Eig. Ill from the second onwards, but with 
the right and left sides exchanged, on account of the negative sign of the 
second term, which conditions the fine-structure. But according to the 
principle of selection in the case of free fields, these possible fine-structures 
cannot occur. Bather, only one component of the fine-structure remains 
preserved in each series member, namely that component in which the 
azimuthal quantum number jumps from 2 to 1. As a consequence of the 
principle of selection the Lyman series consists of strictly simple lines. 
The possible multiplicity of its lines, as represented by Eig. Ill, can 
become visible only in strong electric fields. In the ground-line of the 
Lyman series, X = 1216A (cf. p. 207) the only component that is possible 
in a free field corresponds, according to the principle of selection, to the 
transition from the second Bohr circle (2, 0) to the first Bohr circle (1, 0). 
In all the other members of the Lyman series, it corresponds to the 
transition from the elliptic orbit with the quantum number 2 to the first 
Bohr circle. 

In the infra-red series, on the other hand, the member would 
consist of 3/c components if no account were taken of the principle of 
selection. The principle of selection reduces this number to 5, as we shall 
presently see in the case of the analogous He+-series. 

Of the two influences of relativistic mechanics on the hydrogen lines, 
the “ relativity correction for circular orbits” and the “resolution’’ (cf. 

* This does not differ perceptibly from the centre of gravity of intensity. .For in 
the case of the long wave groiq:) of hydrogen, which consists of two components, the 
satellite (or minor lino) is extremely weak compared with the principal line, according 
to calculations by Kramers (p. d-Ol), if the fields are sufficiently weak; the result is 
that the centre of gravity of both becomes identical with the principal line. The 
conditions have been tested again very carefully in detail by 11. T. Birge, Phys. Bev., 
17 , 689 (1921). 
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p. 476), the former is much less accessible experimentally than tk 
latter which we have just discussed, because it entails very exact absolute 
measurements. It may therefore suffice to state that in the Balmer series : 
1. Very slight deviations from the formula 



have already been occasionally observed earlier, and 

2. That these deviations, according to a paper by Paschen, which we 
shall presently quote, are of the order of magnitude of our relativity 
correction EaV64 required by theory and bear the correct sign (cf, 476), 
with E = 6, n + n' = 2. 

We now arrive at the true test of our theory, the spectra of ionisel 
helium. They have been photographed by Paschen* and interpreted 
in close connexion with the theory of the present author, which was 
conceived about the same time and found its certain support in Paschen's 
discoveries. 

Why are the spectra of He^ more favourable for our purpose than 
those of H ? Both are to the same extent simple and theoretically clear ; 
both are produced by one electron and one nucleus. But the He- 
lines are sharper than the H-lines. The He-atom is four times as heavy 
as the H-atom ; hence its lines are much less broadened by the Doppler 
effect of the heat motion. Besides this, the He-nucleus is twice as heavily 
charged as the H-nucleus, and therefore its lines will be less influenced 
by the Stark effect. Nevertheless the separation of the components is 
only partly successful even in the case of He, and demands spectroscopic 
resolution that is very difficult to obtain. 

Our first concern is with the so-called “ principle series of hydrogen ** 
(cf. Chap. IV, § 2, p. 208), whose formula is (if we discard all relativistic 
refinements) : 

" “ ■ p)’ * = 5. 6. • . • ■ • (5) 

To them there ‘belong the lines (more exactly the line-groups) : 


Ic = 

4 

5 1 

6 

7 1 

8 

A = 

4686 

3203 

2733 

2511 

1 2385 


They constitute series that arise by translating the infra-red series into 
the violet by multiplying by the factor 4. 

The line-group A, = 4686 (initial orbit fourfold), final orbit three- 
fold) consists virtually of 4 . 8 = 12 components. The first term of its 
series representation (5) gives rise to a triplet, I, II, III with the charac- 
teristic intervals Av ^ : Av^ = 1:3; the second produces a quadruplet 
a, b, c, d with the sequence of lines reversed and with the intervals 

Aiq : Avy : Ai/^ = 1:2:6. 

* Bohr's Heliumlinien^ Ann. d. Phys., 50 , 901 (1916). 
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Eig. 114 a shows in its upper row the mutual theoretical position of the 
12 components. The component II d of the quartet II overlaps quartet 
I. All component intervals are expressed rationally in terms of the 



Fig. 114 a . — Spark discharge, k = 4. 


constant of fine-structure and are therefore also rational multiples of 
the hydrogen doublet Avn- Eor example, by eqn. (8) on p. 479 and eqn. 
(1) on p. 481 we get in wave-numbers : 

(II a - I a) - (II b - Ih) = . . . = S{^y/\vn, 

(III a II a) - (III 6 ™ II Z;) = . . . - 24(|)‘^Ai/n. 

Turther, by eqn. (9) on p. 479 and eqn. (1) on p. 481 : 

{Ic - Id) ^ (II G- lid) = . . . = 32(7)‘'Ar„, 

and so forth. 

For the sake of comparison we give in the lowest row of Fig. 114 a 
the experimental picture which is offered when there is a strong spark 
discharge (great density of current). Starting from the right we see that 
in the group III the neighbouring components ah have fused together 
and the lines c and d appear separate. In this representation the width 
and height of the rectangles indicate the width and intensity of the 
observed lines. The lines a and h are also fused together in the groups 
II and I, but the line I ab comes out more strongly than the line II ab 
just as in our theoretical picture. The weak line II c appears coincident 
with I ab in the picture. The line I c is not separated from II d. 

Thus we have a striking confirmation .of the theory. We almost 
have a visual picture of the manifold orbits of the electron circulating 
around the He-nucleus, and we find their twelve combinations represented 
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exactly in the intervals of the observed partial lines. It is, indeed, just 
this picture that, on account of its wonderful completeness, served 
Paschen as a means of calculating the ideal hydrogen doublet. 

To give an idea of the experimental difficulty of taking and measuring 
these photographs we call attention to the scale of wave-lengths attached 
to the figures, according to which the interval between the extreme lines 
III a and I d does not even amount to 0*8 A. 

The picture assumed a different appearance when an ordinary direct 
current was used to excite the He-tube instead of the strong spark dis- 
charge ; it is different as regards intensities j but not as regards the posi- 
tion of the lines. The position of the lines is unambiguously determined 
by the theory, which, however, made only conditional statements about 
the intensities and possible omission of lines. 

If only a weak discharge passes through the tube then the principle 
of selection holds. This principle allows only those transitions for which 
\k - n\ = 1. They are denoted by arrows in the following scheme : — 


Table 51 



n' n 


h k' 


I 

II 

III 

0 3 

1 2 1 

2 1 


4 0 

3 1 

2 2 

1 3 

a 

b 

c 

cl 

X— 



Three lines of the quartet III drop out. They are those corresponding 
to the transition from = 4, 3, and 1, to tt. == 1. In each of the quartets 

II and I, two of the lines are suppressed by the principle of selection, 
namely, those that correspond to the transitions from Ic = 4 and Zs = 2 
to n — 2, and from /r = 3, A; = 1 to n — d, respectively. The lines in 
question have been drawn as dotted lines in Fig. 114 b. Thus, of the 
3.4 = 12 components of the line-group, only 5 real ones remain. 

The lower part of Fig. 114 b, which is by Paschen, now shows that 
in actual fact the lines III ab which we have dotted are wanting in the 
picture due to a direct current, but that, on the other hand, the lines 

III d and I d which we were also compelled to dot are actually present, 
even if only as weak lines. According to the above we have actually to 
recognise in this an incipient Stark effect and a transgression of the 
principle of selection. Thus our picture for the direct current shows 
convincing agreement with theory as far as the position of the lines is 
concerned. 

Concerning the intensities the theory must be considerably deepened 
before we can talk of comparing it with the results of observation. In 
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any case our crude rule of intensity is contradicted by experience. 
Whereas, according to this rule, the component II h should be weaker 
than la, 11 b is in reality the strongest component. The necessary 
deepening of the theory, here too, is effected by the Principle of Cor- 
respondence (Note 10). Kramers* finds perfectly satisfactory agree- 
ment between Paschen’s direct current photographs and the intensities 
calculated according to the principle of correspondence, and explains 
why the components III d and 1 d do not vanish. Pie concludes that in 
the case of Paschen’s direct current photographs an (unintended) field of 
about 100 volt/cm. was probably acting, and in that of Paschen’s spark 
photographs one of about 300 volt/cm. 



d dobacba d cba 



Fm. 114. h . — CJoiitivuiouH current, k 4. 


In view of the far-reaching importance of the fine structure of 
X = 4686, we are happy to be allowed to reproduce for the first time the 
photometric measurements in Fig. 115, which Mr. Paschen has kindly 
placed at our disposal. They are from two original plates taken in the 
third order. We took them into account in F’igs. 114 a and h in repre- 
senting the visual impression. Here they are represented objectively by 
the galvanometric deflexions of a thermo-electric photometer. The in- 
dividual photometric observations are marked by O and x in the case 
of the direct current* and the spark, respectively. In place of the rec- 
tangles drawn above we now see continuous curves expressing the 
blackening of the plate with well-defined maxima. The fact that the 
components III a, b are wanting in the direct current curve, in accord- 
ance with the principle of selection, and that the components II are pro- 

* In the dissertation quoted on page 275, and in particular page 374 and the foot- 
note to page 372. 
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nounced in comparison with the components I comes Out particularly 
clearly in this curve representation. In general we see that the differ- 
ences between the two diagrams and in what theory leads us to expect 
are only differences in intensity. 

In series (5) we pass on 
to the line group 

X = 3203, 

’ - s(p - e‘} 

It consists theoretically of 
a combination of a triplet 
with a quintet, in the first 
place, and has thus 15 com- 
ponents in all. The quintet 
(on account of the denomi- 
nator 5^) is contracted more 
than the previous quartet. 
That is why the quintets 

I and II hardly overlap 
any more. If, however, we 
apply our principle of selec- 
tion and draw up a table 
analogous to Table 51, we 
see that here, just as in the 
case of X = 4686 (and in 
that of the remaining mem- ^ 
bers of the series), only five 

I 1 1 I 1 1 ill real components remain. 

^ ai ba 0 ba d eba experimental picture 

‘ V — ' g ' (direct current diagram) of 

x = 4686*2 6-0 fs ?6 5^4 ?2 — 5 ^ ^ d and II c are 

Fig. 115 . measured separately, and 

II c is measured as the 
strongest component ; the other three components II e, 15, Id are 
fused together. Besides this, the components III c and I ^ ^ occur as 
very weak lines ; they should be wanting, according to the principle of 
selection, and have been produced by the action of an unintended electric 
field. Here, too, our rule of intensity is in conflict with the results of 
observation and has to be deepened by means of the principle of 
correspondence. 

The experimental picture for direct currents becomes particularly 
simple in the case of the next group of lines 

i-2733, 1). 
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Here the sextet of the second term is already so contracted that in 
observation it appears unresolved everywhere. Accordingly, Eig. 117 
exhibits the triplet of the first term with the characteristic internal- 
ratio 1:3. 


I 




3-2 3a 3203*0 2*9 


Fig. 116. — Continuous current, k = 6. 

.Paschen has also investigated the second of the He+-series mentioned 
on page 207, the “ Pickering series/* erroneously called the “ II sub- 
sidiary series of hydrogen,” namely, 

fc = 5,6,7... 


On account of the first term the fine structure is a quartet with the 
interval-ratios 1:2:6. The much narrower multiplicity due to the 
second term could not be re- 
solved. The first three lines 
of the quartet also coincided, 
forming a blurred component. 

In addition to the latter, ' : 
however, the fourth line of ^ 
the quartet, which is not so 



close, could in most oases be 
measured as a weak com- 
ponent on the violet side of 
the spectrum. The measure- 
ments yielded values corre- 
sponding fully with the pre- 



PiG. 117. — Continuous current, h ~ 6. 


diction of theory. The wave-lengths of the principal lines of this 
series have already been noted, as given by Paschen's measurements, in 
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Table 25 on page 223, and have been placed alongside the neighbouring 
Balmer lines. 

As Bohr remarks, it was a piece of good fortune for the development 
of spectral theory that the principle of selection did not come out ac- 
curately valid in Paschen’s direct current photographs and that it was put 
quite out of action in Paschen's spark photographs. It is just the weak 
components forbidden by the principle of selection that enabled Paschen 
to use his photographs to confirm the postulates of the theory which the 
present author originally set up without being aware of the principle of 
selection. The development of spectral theory would probably have 
been delayed for years if Paschen ’s photographs had corresponded to the 
ideal conditions of a free field. 

Merely in passing we call attention to the comparison of hydrogen 
spectra with spectra that are not of the hydrogen type in Chapter YI, § 2. 
In the accompanying Fig. 86 we have depicted the various energy levels 
of sodium and have compared them with those of hydrogen by attaching 
the letters Whereas we formerly said that in the transition 

to hydrogen the differences of the energy-levels become straightened out 
within each step, we may now say that indications of these differences 
remain preserved even in the case of hydrogen in the fine structure of its 
lines in such a way that the energy-levels become distinctly diminished 
but that their number remains exactly the same. 

Corresponding to this, the number of times that the Balmer lines 
Ha, ILy occurred in the Scheme II on page 336 agrees exactly with 
the number 3 of the components of the fine structure, which we have 
now derived for the Balmer lines under the conditions of free fields. 
Linking up Ha with the three-term expressions 2p ~ dd, 2p - 3s, 2s - 8 |), 
as we did earlier, signifies just the same as now drawing the three 
arrows for the transitions of the azimuthal quantum number 3 2, 

1 2, 2 1 in Table 49. The same applies to the infra-red hydrogen 

lines labelled “ Paschen-Eitz ” in the earlier scheme or to the He+'- 
lines labelled Fowler,” of which the most important representative is 
X = 4686. In accordance with the earlier scheme we have allocated 
them to the five-term expressions Sd — 4t:b, M - 4p, - Ad, Bp — 4s, 

Bs ~ Ap; the five arrows in our present Table 51 correspond to them in 
turn. The ground of this complete parallelism is clearly to be found in 
the principle of selection for the azimuthal quantum number that holds 
for the spectra which are not of the hydrogen type in just the same way 
as for the fine structures. 

But we infer, further, that the fine structures of the hydrogen spectra 
do not correspond to the doublet or triplet structures of the spectra lohioh 
are not of the hydrogen type, but to their various series. Hydrogen ex- 
hibits no analogy to the doublet structure of the lines of the alkalies or 
the triplet structure of the lines of the alkaline earths. Conversely, the 
existence of the hydrogen doublet in Balmer's series denotes that in the 
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language of spectra which are not of the hydrogen type we may interpret 
the term E‘^/2 equally well as the term 2p or the term, 2s. 

This fundamental comparison entails important consequences affect- 
ing the view of the Zeeman effect. The doublet-triplet structures, as we 
know, are caused to contract by a strong magnetic field ; their anomalous 
Zeeman effect becomes changed through the Paschen-Back transforma- 
tion into the normal effect. Is the same result to be expected in the case 
of the fine structures of hydrogen? No; indeed, just as two acci- 
dentally neighbouring lines, for example, an H.S. line and a N.S. line, 
in a spectrum that is not of the hydrogen type do not affect each other 
magnetically, no more do we expect two fine-structure components of 
hydrogen to disturb each other magnetically. Just as the Zeeman 
effects of the former lines simply become superposed and in given cases 
interpenetrate each other, so must the normal triplets of the hydrogen 
components simply become added without interfering with each other. 

When the author investigated the Zeeman effect of hydrogen from 
the point of view of relativity in 1916,* * * § he compressed the result into the 
sentence : “ The Zeeman effect is not influenced by the fine structure,” 
and he imagined that he had to regard this as a contradiction to observa- 
tion. For Paschen and Back had found certain polarisation anomalies 
to occur in hydrogen, t which they claimed to be a direct consequence of 
the strong magnetic fields that were applied. But nowadays we are 
convinced that these anomalies are to be ascribed to the influence of the 
electric field in the tube. As a matter of fact, Hansen and Jacobsen J 
have conducted very careful measurements of the Zeeman effect for the 
He'*"-line X = 4686, reducing the subsidiary electrical influences as far as 
possible, and they succeeded in establishing that the Zeeman effect then 
essentially looks normal and, at any rate, manifests no similarity with the 
Paschen-Back effect. This important result gives the final touch to our 
knowledge of the Zeeman efiect of hydrogen and allows us to assert the 
following : 

When the Balmer lines are resolved magnetically each of the three com- 
ponents of the fine structure passes over into a normal triplet ; the resultant 
nine components iecome superpwsed and mterpenetrate tvithout disUirbing 
one another. We have already dealt with the position of the correspond- 
ing orbital planes on page 302. Of the four transitions that are not 
bracketed in Table 35 the last two are equal as regards energy and thus 
coincide § in observation. 

The circumstances are somewhat different in the Stark effect for 

* Physikal. Zeitsclir., 17, 502 (1916). The whole influence of relativity consists in 
a very minute increase of the normal resolution of the order of the fine structure 
constant afi which we may pass by as being unobservable here. 

t Ann. d. Phys., 40, 960 (1913). Of. also P. CroM, Oompt. rend., 154, 14:10 (1912) ; 
155, 1607 (1912) ; 157, 1061 (1913). 

'4: Kopenhagener Akademie, 1921 ; Mathem.-phys. Mitteilungen, III, p, IX. 

§ Namely the transitions 012 002 and 021 .->011. 
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hydrogen. We may compare the ordinary Stark effect with the Paschen- 
Back effect since it represents a simplified type which comes about only 
under the influence of strong fields (see p. 388 concerning the definition 
of “ strong” and “ weak ”). On the other hand, the Stark effect for we&h 
fields, the theory of which has been evolved by Ki*amers (cf, the quota*- 
tion on p. 285), links up with the fine structure of the hydrogen lines, 
and represents, as it were, an anomalous Stark effect, the ground of 
which lies in the original complicated line structure. Hence when the 
electric field increases no pure superposition occurs in this case, bufe 
the resolved components of fine-structure influence one another mutually 
and become simplified to the normal type of the Stark effect. Tho 
reason for this contrary behaviour is clearly the entirely different action 
of magnetic fields and electric fields. In the case of the magnetic fiaki 
there is a mere precession of the original Kepler orbit ; in that of ths 
electric field these orbits are deformed. 

§5- Regular and Irregular Doublets of the X-ray Spectra 

From the minute hydrogen doublet a direct road leads, passing* 
through the fine-structure lines of ionised helium, to the doublets of th© 
X-ray spectra (cf. the conclusion of § 3 of this chapter). The hydrogen 
doublet is produced in the field of a singly charged nucleus : the line 
structure of He*^ is produced in the neighbourhood of a doubly charged 
nucleus. The Eontgen spectra emerge from the interior of the atom., and 
hence originate in the field of a highly charged atomic nucleus. The 
magnification factor of the fine structure in the case of He+ as compared 
with the hydrogen doublet amounts, in wave-numbers, to 2'*'. But in the 
case of X-ray spectra of an element whose atomic number is 7j it in- 
creases to (we assert this with due reservations for later when W6 
give more accurate data). For Z — 92 (Uranium), this gives 

92^ = 7*2 . 107, 

that is, a magnification * of seventy millions in comparison with thB 
doublet o/ H ! 

We become familiar with the detailed data of observation in Chapter 
III, § 6. Above all, we shall deal with the L-series. The L-doublet ** 
occurs between the lines (a'^), (y'8). In the case of the heavier elements 
the line-pairs {erj), QO), (ik) become added. The interpretation of this 
constant doublet difference was contained in Table 12, page 159; all 

* This statement refers to the freqztency difference Av. On the other hand, the 
length difference Ax is essentially independent of Z (cf. p. 161). Since the spectrometer 
measures the ratio of the wave-length x to the constant d of the crystal lattice (cf. 
eqn. (3) on p. 129), the accuracy of the fine-structure measurements is practically th# 
same for all the atomic numbers -Z. The fact that the fine structures in the RSntgcarr, 
region may he measured with much greater ease and certainty than those in the visible 
region is not due to the greater value of Av, but to the much smaller value of d, that in 
to the much finer lattice which may now be used, thanks to the smallness of the wave- 
lengths. 
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lines of the I^-series start from various initial states and are directed to the 
L-shell. But the energy level of the latter is double ; it consists of an 
upper -level and a lower L^-level situated beneath it. (We shall treat 
of the Lg-level later.) The difference of level between and L 2 
determines the L-doublet. 

We are now able to expose the reason for the difference of the 
L^- and 'the L 2 -level. The K-shell belongs to the quantum number 1 and 
is therefore single. The L-shell has the quantum sum 2 and is therefore 
double. For the present we shall argue as if the L-shell were not 
multiply occupied, and shall therefore talk only of one electron, which 
describes the ‘‘ L-orbit.” Now the L-orbit is either a circle (2, 0) (azi- 
muthal quantum number 2, radial quantum number (0) or an ellipse 
(1, 1) (azimuthal and radial quantum number 1). The energy of the 
elliptic orbit is greater (if we discard the sign), but less if we take the sign 
into account, than the energy of the circular orbit, by an amount that is 
due to the relativistic increase of mass. Accordingly the lower level L 2 
belongs to the elliptic orbit, and the higher level L^^ to the circular orbit. 
If we regard the circular orbit as the more frequent (more probable) one, 
then we have to expect that the lines that end in the higher level L;^, that 
is those of longer wave-length, are more intense ; and this agrees with 
observation. 

We pass on from the energy W of the L-orbit to the “ term '' - W/h. 
The “ L-term” is common to all lines of the L-series, and, corresponding 
to the levels Lj^ and L 2 , occurs in two forms, as the “ L^^-term and as the 
“L 2 -term.” It is the positive and first term of the L-series. Hence our 
statements about the constancy of the L-doublet and about the relative 
intensities of its components are therefore particular applications of the 
general assertions in § 3a. 

The quantitative representation of the L^- and the Ly-term is given 
by eqn. (6a) on page 477 with all necessary accuracy. We have there 
to set ^ == 2, n' == 0, for the L;^-term, n = = 1 for the L 2 -term and 

we get : 


»)-«(;)’ 

(1, 1) = Ep) 

‘ \e / 


“ 1 • 1 /By 1 a't /By 

4 8 2«Ve/ 

• 1 5 /By ^ y /By 


5 a" /EI\« 
+ 64 2« \j) 


4^ a« /E 
■ 64' 2“ U 


( 1 ) 




The difference of these two terms gives us the size of the L-doublet in 
wave-numbers, namely. 


Aj/r. 


(1, 1) - (2, 0) 

BV^ 

7 / 24 


E 


1. -j- 


5 /By 

2^ w 


53 /E\4 

+ 8 25(7 + 


( 2 ) 


Our representation of the L-doublet is fully determined and expressed 
rationally by the fine-structure constant = 5*3 .10"^ by the Eydberg 
32 
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frequency E = (it is clear that we may discard the accompanying 
motion of the nucleus in the case of the heavier elements), and by the 
nuclear charge E. ' We must now first become clear about the latter. 

It would suggest itself to us first to set E/e equal to the ‘‘ true 
nuclear number,’* that is, to the atomic number Z of the atom. We 
know, however, that there is a K-shell within the L-orbit, and that the 
electrons of this K-shell screen off the nuclear charge. In addition, the 
L-shell is also multiply occupied and its electrons will also act so as to 
tend to screen off the true nuclear charge. Hence, in place of the ‘‘ true 
nuclear charge,” we get an “ effective nuclear charge” which is smaller 
than Z. We set 

= Z ■ - s . . . . - (3) 

As we are not able to calculate the “screen number” 8^ from theory, we 
get its value from observations, thus we include it as a parameter which 
is at our disposal. To give us a first general idea we moreover cancel 
the higher relativistic terms in (2) and hence write 

Av. = ^ (Z - . . . . (4) 


This is the theoretical formula that has been transposed from hydrogen 
(or semi-theoretical, since we introduce the parameter s) to a first rough 
approximation. We compare it with the empirical formula that we 
evolved at the end of § 5 ; namely, the eqn. (4) of Chapter III, 


Av 5‘3.10-5 


3 - 5)4 


(5) 


The^e kvo for mtolcB agree not only in their general form hut also in their 
mmerical wlue. We recognise in this a first confirmation of the 
quantum and the relativistic view of the L -doublet by the results of 
observation, and, further, we read from it the empirical value 3*5 for our 
screen number s, 

Eqn. (5) once again refers us to the law of the approximate constancy 
of AX, which served, as in Chapter III, page 161 to recognise doublet 
lines that belong together. From our present point of view this law is 
clearly proved by the fact that Av is proportional to the fourth power of 
the atomic number, that v varies with the square of the atomic number, 
in the manner indicated by Moseley, and that 


The constancy of AX which is not exactly true but only approximate 
then follows among other things from the fact that the screen constants 
in Ay and v need not be equal (cf. p. 509) . 


* We have chosen the letter s in view of Chap. II, p. 74. 
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Eqn. (4) assumes a still more interesting form, if we introduce into it 
the value of the hydrogen doublet from eqn. (1) on page 481 : 

. Ea2 
A./H = -gf- 

Eqn. (4) then becomes 

- s)^ .... ( 6 ) 

We illustrate its content by means of Table 52 and Fig. 118. In the 
first column of Table 52 we have a selection of the values of AvJBi for steps 



of three units on the average ; they link up with Table 15. In the second 
column we have the values of Avl itself, in the third those of Ai/h, as they 
come out by eqn. (6), that is by dividing by (Z ~ Whereas the 

Tablu 52 



Ayjli 


Apii 

41 Nb . 

6-89 

7-56 . 10*5 

0-382 

44 Ku . 

9*49 

1-041 . 10« 

0-387 

47 Ag , . . . 

12-69 

1-S93 . lOO 

0-389 

50 Sn . 

16-73 

1-836 . 10« 

0-393 

53 1 . . 

21*71 

2-382 . 10» 

0-397 

56 Ba , 

27-70 

3-040 -10» 

0-400 

59 Pr . 

35-03 

8-844 . 10« 

0-405 

62 Sm .... 

43-95 

4-823 . 10» 

0-412 

65 Tb . 

54-38 

5-968 . 10« 

0-417 

68 Er . 

66-85 

7-336 . 10« 

0-424 

71 Op . . . . 

82-5 

9-05 . 10« 

0-486 

74 W . 

98-54 

1-0813 . 107 

0-438 

77 Ir . 

118-64 

1-3019 . 107 

0-446 

79 Au . 

133-80 

1-4683 . 107 

0-452 

81 T1 . 

150-49 

1-6514 . 107 

0-458 

83 Bi . 

169-73 

1-8626 . 107 

0-466 

90 Th . 

250-86 

2-7529 . 107 

0-492 

92 U . 

278-71 

3-0585.107 

0-499 
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Avx,’s change by two powers of 10 in the course of the table, the values of 
Avh remain appreciably constant. The slight increase that is still 
manifest in the last column may be interpreted quite naturally and is 
directly postulated by the higher members due to relativity which were 
provided for in eqn. (2) but cancelled in eqn. (6). This advance becomes 
more apparent in Fig, 118. Here the values of Are, calculated accord- 
ing to eqn. (6), have been plotted as ordinates against the abscissa Z, 
We see how the interpolated curve drawn through these points ap- 
proaches a constant limit for small values of Z ; this agrees excellently 
with our ideal hydrogen doublet 

. Avh = 0’365 cm”^. 

Thus the fact of the existence of the fine-sto'ncture may he followed 
throiigli the whole system of elements, from hydrogen to urankmi. The 
L-dowblet apjpears as a gigantic magnification of the hydrogen doublet, 

But we wish to pursue the quantitative statement of the L-doublet to 
its final issue, that is, we shall not stop at the first approximation, but 
shall also take into account the higher corrections due to relativity* 
This will at the same time give us a criterion for the accuracy of our 
value 3*5 for s, the screen constant, and we can convince ourselves that 
for the whole series of elements the L-doublet is accurately repreBented, 
within the limits of errors of observation, by our relativistic formula. 

We may proceed by calculating the value of E/e Z - s separately 
for each element from formula (2). Thus we start from 


E 


= ii(z 


1 + § j; (z - .)=* + 


53 

8 24 


(2 . (7) 


and after multiplying by we get the square root by using the 

binomial expansion. In this way we get 

We eliminate the member [Z - 5 )^ out of (7) and (8) by forming 

^ I Aw ^ _ .ry X2 /-I 1? (ry ^L \ /m 

We may, without having scruples, use the first approximation obtained 
in (4) for the corrective member on the right. W e then get 

- (? vf - " t).(i ■ ■ (“) 

The formula thus obtained denotes the inverse of eqn. (2) as given by a 
logical approximation. 

It is treated numerically in Table 58. The first column repeats th© 
values of Ay/R = - La contained in Table 15. The second column. 
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gives the values of Z - 5, as calculated from eqn. (10), -whereby the value 
5*315 . 10"^ (cf. § 7) was set for a^. In the third column we have the 
resulting values of the screen number s itself. The mean of all the 
values of .9 is, in round numbers, 

,9 - 3-50. 

As we see, the individual values of s fluctuate without regularity about 
the mean value. We cannot avoid concluding from this that the structure 
of the atom within the whole sequenee from Z = 41 Z = 92 has a uniform 
design in its innermost parts and folloivs the same general plan. In view 
of the addition of new shells in the outer part of the atom, and, in certain 
cases, their rearrangement at certain points of the periodic system (rare 
earths and so -forth, cf. p. 108) this uniformity is by no means an obvious 
necessity. 

Table 53. 


z 

Aujli 

Z - s 

s 

Z 


Z - s 

s 

41 

Nb . 

6*89 

37*50 

S-50 

63 

Eu . 

47*19 

59*48 

3*52 

42 

Mo . 

7*70 

88*53 

3*47 

64 

Gd . 

50-66 

(50*48 

3*52 

44 

Ku . 

9*49 

40*54 

3*46 

65 

Tb . 

54*38 

fil-49 

3-51 

45 

Kh . 

10*48 

41*53 

3*47 

66 

Ds . 

58*80 

62*49 

3'51 

46 

Pci . 

11*56 

42*52 

3*48 

67 

Ho . 

62*46 

63*60 

3*50 

47 

Ag . 

12*69 

48*49 

8*51 

68 

Er . 

66*85 

64*c>0 

3*50 

48 

Od . 

18*97 

44*52 

8*48 

70 

Ad . 

76*1 

66*5 

3*5 

49 

In . 

16-29 

45*50 

8*50 

71 

Gp . . 

82-5 

67*7 

3*3 

50 

Sn . 

16*78 

4(5*50 

8*50 

73 

Ta . 

92*70 

69*52 

3*48 

51 

Sb . 

18*29 

47*50 

8*50 

74 

W . 

98*64 

70*49 

3*51 

52 

Te . 

19*94 

48*50 

3*60 

76 

Qs . 

111*08 

72*51 

8*49 

53 

J . 

21*71 

49*49 

3*51 

77 

Ir . 

118*64 

73*50 

8*50 

65 

Os . . I 

25*60 

51*48 

3*52 

78 

Pt . 

125*92 

74-49 

8*51 

66 

Ba . 

27*70 

62*46 

3*54 

79 

Au . 

183*80 

! 76*51 

8*49 

57 

La . 

30*01 

53*46 

3*54 

81 

T1 . 

150*49 

77*60 

3*60 

68 

Ce . 

82*38 

64*44 

3*66 

82 

Pb . 

160*02 

78*56 

3*44 

69 

Pr . 

85*08 

65*46 

3*54 

83 

Bi . 

169*78 

79*68 

3*42 

60 

m . 

87*86 

56*49 

8*61 

90 

Th . 

1 250*86 

[ 86*67 

3*43 

62 

Sm . 

43*95 

68*50 

3*50 

92 

XJ . 

278*71 

1 88*51 

1 

_ 

3*49 

1 


Mean : s = 3*492. 


What is more important for us than the constancy of s is the accuracy 
with which the quantum number 2 is confirmed by our calculation and 
the unmistakable appearance of the relativistic law in the progressive 
magnification of the doublet interval. The latter circumstance also 
illuminates a point which remained in obscurity in the remarks of Chapter 
III, namely, the increasing curvature of the graph lines of sjvj& in 
Figs. 51 and 53 of the K- and L-series, If the Eontgen spectra were 
given with rigorous accuracy by a formula of the Balmer-Moseley type, 
then \lvj% when plotted as a function of the atomic number, would be 
represented by a straight line. But the addition of the relativity correc- 
tions of the first and higher order (cf. eqn. (1) at the beginning of this 
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chapter) causes this line to become increasingly curved upwards as Z 
increases as was actually to be seen in Pigs. 51 and 53. 

Hitherto we have followed in the footsteps of the hydrogen model 
and have purposely calculated as if the L-orbits, those that are elliptic 
as well as those that are circular, are each described by a single 
electron. The accompanying action of the other electrons of the T .-shell 
that are undoubtedly present was taken into account only by introducing 
the available screen number s. Now, there is no difficulty in imagining 
a circular orbit occupied by several electrons. If g electrons are dis- 
tributed regularly around a circle they exert a mutual radial repulsion 
which IS tantamount to a screening of the nucleus to the extent of 
Sj unit charges. If there are besides these, p electrons within the circle 



and near the nucleus, then the whole screening of the nuclear charge 
amounts to s = p + s, for the singular orbit (cf. Chap. II, p. 74). 

The case is different with elliptic orbits. It is clearly not possible to 
arrange several electrons on one elliptic orbit without thereby destroying 
the Coulomb character of the field of force. But it is certainly possible 
to distribute the electrons among so many ellipses as there are electrons 
(name y, g). These ellipses are inclined to one another successively at 
the angle Hir/g, and are situated symmetrically about the nucleus. We have 
drawn a “ group of ellipses ” * for ^ = 5 in Pig. 119. These ellipses are 


motion of several oleotrons was 
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traversed by the q electrons in such a way, the same for each, that all the 
q electrons pass through the corresponding aphelia and perihelia at the 
same moment, respectively. If the electrons are joined up by a Sequence 
of straight lines, then the latter will at every moment constitute a regular 
polygon (of q sides) which alternately contracts and expands. It is clear 
that in this pulsating polygon the repulsions exerted on one electron by 
all the remaining electrons must by symmetry give a resultant which 
passes through the nucleus and which, as in the case of the circle, is re- 
presented by the nuclear defect Sq. The circular orbit that is multiply 
occupied is distinguished from the ellipses of a group only by the fact 
that the q circular orbits appear coincident to the eye. The single elliqjse 
that is multiply occupied would he a false generalisation of the multiply 
occupied circular orbit; the true generalisaPion is given hy the group of 
ellipses. 

The conception of grouped ellipses shows that the actual similarity 
of the L-doublet to the hydrogen type may be brought into accord with 
the multiple occupation of the L-shell so long as we regard the L-shell 
to be a multiply occupied circle in one part of the atoms and as a group 
of ellipses in the other part. Yet, a number of weighty objections speak 
against the truth of this picture. We need not, it seems to us, take ex- 
ception^ to the ingenious interlocking of the q elliptic orbits as being 
something unnatural ; indeed, we may recognise this as an indication of 
the high degree of harmony of motion that holds sway in the interior of 
the atom. But how is this harmony of motion to be preserved in face of 
the many disturbances due to the electrons of the other shells, particularly 
when we consider, as J. M. Burgers * first pointed out, that the grouped 
ellipses intersect the K-shell ? In Big. 119 we have dotted in the 
K-shell as a K-ring in its correct relative size. The figure shows that 
the ellipses penetrate into the interior of this ring when the whole is 
drawn in one plane. This co-planar arrangement of all the L-electrons 
in the grouped ellipses is a further weighty objection. How are the 
electrons to be made to confer distinction on one plane? By a natural 
elaboration of the idea of a group of ellipses Lande has indeed extended 
the polygonal symmetry to the polyhedral symmetry of a cubic arrange- 
ment (cf. p. 104). But in the region of Rontgen spectra the difficulty 
at once arises that when the L-series is excited an electron is removed 
from the cubical S-shell. What picture are we to form of a cube which 
has lost one of its eight corners? But the most serious objection to 
polygonal as well as to polyhedral symmetry is the following: As we 
have already said above, in order not to destroy the symmetry we should 
have to assume that the elliptic and circular modes of motion occur in 
different atoms, and that, accordingly, one part of the atom exemplifies 
the Lj-level, another part the L^j-level. Now in addition to the L;^- and 


In his dissertation for Leyden University ; 
p. 161. Hap,rlem, 1918, ' ^ 


Het Aloonmodel van Buth$r ford- Bohr ^ 
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the L 2 -level there is also an L^-level. Moreover, as we saw in Chapter 
III and as we shall show in greater detail in the next section, there are 
5 M-levels and not less than 7 N-levels, quite apart from the 0- and 
P-levels that have to be added in the case of elements with higher atomic 
numbers. But if we distribute and L 2 among different atoms, we 
must also do the same with Lg, and with the M- and N-levels. Hence 
we should have to postulate not two, but at least 1 . 3 . 5 . 7 = 105 dif- 
ferent species of one and the same atom, corresponding to the possible 
combinations of the various levels with one another. That is already 
absurd in itself. 

Moreover, this standpoint also leads to direct contradictions with 
experiment. Let us, for example, imagine two atoms that only differ in 
that the L-shell is developed as an L^^-level in the first and as an L^-level 
in the second. When an electron is removed from the K-shell and 
raised to the surface of the atom, the effective nuclear charge of the 
L-shell increases by 1 ; accordingly the shell contracts, and since energy 
is liberated by this process of contraction the L-shell performs some of 
the work of elevation necessary for the K-excitation. Thus the work of 
excitation becomes reduced through the presence of the L-shell — and, 
naturally, also through that of the other shells. But the amount of 
energy contributed by the L-shell is different according as it appears in 
the form of the L;,^- or the L^-level. For if we apply the nomenclature 
of Chapter IV, § 5, then the energy of the L-shell before the K-excitation, 
that is, in the undisturbed atom, is, according to eqn. (6) on page 476, 


W 

h.B 


1 fry /I n\a^ , P, 

Vr+(4 + -)24l^ -2^- 


( 11 ) 


On the other hand, its energy after the K-excitation (whereby the dis- 
tribution number of the K-shell, that is, the electrons occupying it, ha^ 
decreased from p ^0 p - 1) is : 
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The contribution of the L-shell to the work used in effecting »the K-ex- 
citation is the difference of (11) and. (12). As n and 7^', "the quantum 
numbers of the respective levels occur separately in this difference, this 
contribution is, as we said, different for L^^ and L^. Since n' /n becomes 
equal to 0 for the Lj^-level and equal to 1 for the Lg-level, the difference 
in the contributions of the Lg- and L^-levels becomes 

= - P + ^ - P - ' 
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(13) 
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where by eqn. (4) denotes the L-doublet ~ L;^. Hence 

the K-limits of the two atoms would have to differ by the amount* (13). 
And, indeed, since the contribution of the L^-shell is less than that of the 
L 2 -'Shell, the K-limit would be harder in the presence of an Lj^-shell than 
in that of an L 2 -shelL Further, it follows from this that the L-doublet 
K(a'a) of the K-series must be greater than the L-doublet of the L-series 
by the same amount (13). But, when calculated, this difference ’ comes 
out, if q be S3t equal to 8, to 6*4 v/R units for Mo atomic number (42), 
8 for Rh (45), 45 for W (74). Contrast with this Table 16 in Chapter 
III, § 6, according to which K(aa') agrees with L(a'^) to the extent of, 
at most, 0*2 r/R units. 

From all this we must infer that the orbits that give rise to the 
different levels must actually all occur in the same atom.t But then there 
can be no such pronounced symmetry as we assumed in the grouped 
ellipses or in the cubic arrangement. The problem of the arrangement of 
the electrons within the atom, regarded from an elementary point 
of view, becomes hopeless. It seems equally hopeless to explain the 
defect in the nuclear charge namely, s = 3*50 in an elementary 
and pictorial manner; nor did we succeed in doing this satisfactorily 
even when using the picture of the group of ellipses. Our formula 
for the L-doublet does not hereby lose any of its practical value. It 
cannot, indeed, be regarded as an equation that has been derived from 
theory, like the formula for the hydrogen doublet, but it stands as an em- 
pirical equation that has been brilliantly confirmed. 

At any rate the general behaviour of the L-doublet speaks unmis- 
takably in favour of the correctness of a relativistic and quantum stand- 
point. The fact that the L-doublet defends on the atomic number Z, 
and that it corresponds to the quantum-number 2, leaves little room for 
doubt that we must regard the L-doublet itself as a macroscopic copy 
of the microscopic hydrogen dotcblet. 

But our relativistic formula of the fine-structure preserves its validity 
and value, not only in the case of the L-doublet, but also in that of the 
M- and N-doublets, and thus furnishes us with a principle of sub-division 
for the multiplicity of M- and N-lines. We give the name regular doublet 
to each pair of energy-levels that are connected with each other by such 
a fine structure formula. Later we shall show that besides these regular 

* Just as there would have to be two K-limits, so also there would have to be two 
K /S-lines, separated by the interval (13). The theory of this “intermediate doublet” 
[of. Zeitschr. f. I?hys., 5, 1 (1921)], of course, falls to the ground with the assumption 
that the levels Lj and Lg are fomed in different atoms, that is, not in the same atom. 

tThis conclusion is entirely contradictory to the view that the author held 
formerly, and that was maintained in earlier G-erman editions of this book. But it 
coincides with the views of Bohr expressed in his letter to “ Nature,” cf. page 69. 
According to Bohr, it is an indispensable condition for the stability of the atom that 
the orbits of the various shells be interlocked, in $i iwiner siipil^r to that depicted for 
the K- and L-orbits in Jl'ig. 119, 
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doublets there are irregular doublets, which likewise follow a unifoia 
characteristic law (and hence scarcely deserve their rather derogatory 
name). 

We know the doublets (aa) and (<^^0)7 which we called M-doublets 
(cf. Table 12, p. 159, and p. 160) from the observations of the L-series; 
we gave them this name because they owe their origin to the dilfeiences 
of the M-levels. (a a) denotes the difference (MjMg), denotes the 

difference corresponding to the scheme, which we take from 

Table 12 : 

ja' . . . /<;«>'••• ^4 

\a . . . ^ 

The M-sbell corresponds to the quantum number (quantum sum) 3. 
From the general term-representation (6a) on page 477, we get for the 
three resolutions 3 4- 0, 2 + 1, 1 + 2, the three term-representations : 
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The ratio of these two — if we neglect the higher powers of a'^ and if the 
values of E/e are equal in both formulae — is equal to 1 : 3, in agrecniont 
with eqn. (8a) on page 479. In this case we should have the hydrogen 
triplet with which we are already well acquainted. But the assumption 
that E/fi is equal in each case no longer holds. The hydrogen tripM 
salves into two donhlets of the hydrogen type. As already hinted in the 
above representation of the terms Mg, M;j, we must imagine the terms 
(2, 1) to be double. The one value represents the level and has the 
same E/e as the term (3, 0), or the level respectively; the other 
value belongs to the level M3, and has the same E/e as the term (1, 2) 
or the level respectively. Accordingly, serves to represent 
(a a) = (M^^Mg), and to represent = (M^M,!). For the rest, as 

we likewise indicated in the expression for the terms, the term (1, 2) is 
also to be regarded as double, namely, as the level and the level 
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The calculation of (a'a) has been carried out by E. Hjalmar on the 
basis of his own precision measurements. The question involved is to 
show that eqn. (11) gives us the same results as observation of (aa) for 
all values of Z, provided that a new “screen constant” s be chosen, 
where as in the case of the L-doublet, we have set 


and have found the value of s empirically. The calculation is made after 
the model of eqns. (7) to (10) on page 500, the last of which is here 


(Z - sy = 


'3® j 2kv _ ^ / 

,a V R 16 R A 


689 , Av\ 

I02i“ S j 


(13) 


For all elements between Z = 41 and Z == 74 we get the remarkably 
constant value 


s - 13-0 (13a) 


and there is no indication of a systematic increase in the deviations. 
Thus we are justified in declaring the difference of level (MjMg) to be a 
regular doublet, and to apply the formula (11) by extrapolation in given 
cases to elements for which the doublet has not been observed. The 
same doublet- interval occurs, as we know (cf. p. 172) in the M-series be- 
tween the lines Ma and M/?, or, more accurately, between Ma and M./3. 

In exactly the same way the eqn. (12) becomes assigned to the M- 
doublet in the L- series. The fact that this doublet is essentially 
more widely separated than the doublet (a a) in the L-series, corresponds 
at least qualitatively with the ratio 3 : 1 of the intervals of the components 
in the hydrogen triplet. On the basis of (12) it is also possible to calcu- 
late a screen number s from the observations of (<?!>'</>). The formula 
analogous to (13) is now 
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and gives us 

s = 8-3t 


(14a) 


eTust as the M-shell belongs to the quantum-number 3, so does the 
N-shell to the quantum-number 4. Here there are four terms, after the 
model of hydrogen. How they are allocated to the four resolutions 
of the number 4, and to the various levels of the N-shell, is given by the 
following survey : 


* 2ieitSGlir. f. Phys., 3, 262 (1920). _ . _ 

*1* Ooncerning the nmnerioal data for the calculation of this screen number anU 

of that of the N-doublot, cf. A. SommorfeW a,n<i G, Wenlzel, Zoitolir, f. Phys., 7, 
8C (1921), 
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. . . (4, 0) = B 
N,, Ng . . . (3, 1) = K 
N^, Ns ... (2, 2) = B 
Ns, N 7 . . . (1, 3) = B 
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Three term-differences may be calculated from these levels. In the case 
of hydrogen they form the characteristic quartet, but here they occur as 
three distinct doublets, whether of N-levels or of lines in the L- or M- 
series. The ground for this is again the circumstance that the effective 
nuclear numbers E/e are, indeed, the same for the levels NgN^, 

NgNg, but different for the levels NgNg, N^N^, and N 5 N 7 . We designate 
the three doublet intervals by Av^y Av^, Ay^, and give their meaning, as 
well as the theoretical and the empirical means of calculating them in the 
following scheme : 


(N 1 N 2 ) = M(a a) = (3, 1) - (4, 0) 
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Of these three doublets only the “ N-doublet (xx) of the L-series ” 
(cf. p. 160) may be obtained to a sufScient extent from direct measure- 
ments of the line-intervals. The relativistic doublet-formula hereby 
again proves its truth. From a formula that is analogous to (13), (14), 
we get for the defect of the nuclear charge 

s ^ 17 ^ (15a) 

of course with less accuracy than previously, inasmuch as the weak and 
closely neighbouring lines o, a' can be measured with precision only in 
the case of few elements. 

■M circumstances to derive the remaining two 

N-doublets M (aa) and L(y'y) indirectly from combinations of several 
hne-mtervals. According to formul® (15) and (16) there correspond to 
the values of the doublet intervals so obtained the screen-constants ♦ 


and 


s = 34 
s = 25 


(16a) 

. (17a) respectively. 


* The soreen-oonstant of NjN, exhibits a systematic decrease below Z = 74, 
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The growth of the screen constant s from 3*5 in the case of the L- 
doublet to 25 and 34 in that of the N-doublet is quite satisfactory from 
the point of view of the model since it seems to point to an increase in 
the number of the electrons interposed. But this must not tempt us to 
believe that we may approach the process of screening, of the formation 
of doublets, and, indeed, of the constitution of the shells by means of 
elementary notions of models. At the very outset, the great difference 
in the screen-quantities within the same shell (17, 25, 34 with the N- 
shell) remains unintelligible on the model. The following remark which 
is directed against a too literal acceptation of our calculations on levels 
constitutes a still more serious objection. If we wished to apply our 
screen-constants s, determined from the doublets, to calculate the terms 
themselves, we should arrive at a totally inadequate agreement with ex- 
periment. The terms do, indeed, in a general way follow Moseley’s 
relation, that is, apart from relativity corrections, they depend quadrati- 
cally on the atomic number, but the screen-constant that is hereby in- 
volved is in each case to be chosen afresh, and differently then in the 
corresponding doublets. We take this into account by introducing in the 
principal member of the expansion (6a) on page 477 a screen constant 
(or) different from that contained in the members giving the relativity 
corrections, and hence we write : 



In order that we may in each case get the above Ai//E- values for the 
regular doublets by subtracting two formulae of the type (6b), we have 
simply to give the constants a- as well as the constants s the same value 
for two levels of a regular doublet. 

Finally, we get to the irregular doublets. The law governing them 
was only discovered as late as 1920 by C. Hertz in the dissertation quoted on 
page 186, Just as the difference of limits (Lj^L^) bn the L-doublet which 
is equal to it represents the type of the regular doublet, so the difference 
of limits (LgLg) measured by Hertz represents the type of the irregular 
doublet. The measurements of tiertz relate to the elements between 
Os 55 and Nd 60, inclusively. They are represented in Fig. 120, in 
which also the differences of limits of the elements from W (74) to 
U (92) measured by others have been included. This figure gives ex- 
pression to the following law. If , following Moseley, toe plot Jv against 
Z, then the graphs for and L.j run perceptibly piarallel to each other, 
in direct contrast to the graphs for and L^, which diverge further and 
further from each other as Z increases, in accordance with the law of 
regular doublets. 
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Thus the law of irregular doublets asserts that the difference of the 
Vr- values of both doublet components is approximately constant. Table 
54 illustrates this for (L^^Lg). Here the first column gives the i//E-yalues ob- 
tained from Table 22. The second column, with the heading x/Hj -- 
contains the differences of the ViTS-values for both levels. Within the 
region of observation of Hertz these differences are exactly constant and 
equal to 0*66; from then onwards they increase slowly and continuously , 
to the value 0*76. 



As Wentzel* shows, the same law, however, governs all those differ- 
ences of level of the M- and N-shell, which we have not already recognised 
as regular doublets. Among the M-limits these are the doublets 
and M 4 M 5 ; among the N-limits, NgNg, N 4 N 5 , We shall show in 

a table in the next section how the r/B-values have been obtained (they 
arise out of direct measurements only in the case of the M-limits, and; 
even then, only for a few elements. In spite of the fact that wc are 
dealing with differences of quantities that are small, and that have bean 
determined indirectly, the approximate constancy of the sequences of 
numbers is unmistakable. 

* Dissertation, Mnnich, 1921. Of. Zeitschr. f. Phys., 6, 84 (1921). 
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Hertz has already indicated, too, at least in broad outline, how we 
have to interpret the law of the irregular doublets from the view of the 
model. By expressing the wave-number y of the individual limit ap- 
proximately by a formula of Moseley’s type, we get 



where n signifies the quantum sum for the shell in question, and a- the 
screen number now under consideration. 


Tablu 54 



L,j-L,> 

V'L.i-Vh. 



1 — 

1 71 

> 

> 


v/Nj-VNo 

2 

Mo . 



1-2 





5 

Rh . 

— 


1-4 


— 

— 


5 

Os . 

26*1 

0*66 

1*18 



— — 



6 

Ba . 

26-4 

0*63 

1*12 

— 

— 





7 

La . 

27*9 

0*64 

1*16 

— 

— 



— 

8 

Ce . 

28*9 

0*66 

1*17 

— 

— 

— 



9 

Pr . 

29*9 

0*66 

1*18 

— 





— 

0 

m . 

30*2 

0*65 

1*19 


— 

— 1 

— • 

4 

w. . 

40-3 

0*69 

1*20 

0*66 

2*7 

1*28 

0*64 

3 

Pt . 

48-0 

0*72 

1*22 

0*63 

2*6 

1*35 

0*50 

9 

Au . 

45*7 

0*72 

1-25 

0-63 

2*5 

1-39 

0*64 

0 

Hg . 

45*9 

0*70 

— 

— 

— 

— 

— 

1 

T1 . 

48-4 

0*73 

1-24 

0*61 

2*32 

I'lG 

0*69 

2 

Pb . 

47-4 

0*72 

1-23 

0*63 

2‘33 

1-8G 

0*69 

3 

Bi . 

52*8 

0*72 

1-21 

0-63 

2-15 

1*22 

0*70 

9 

Th . 

58-0 

0*75 

1*24 

0*G9 

2-00 

— 


2 

U . 

GB*1 

0*7G 

1*20 

0*G9 

2*08 

1*23 

0*48 


Now it became manifest when we explained the regular doublets that 
the screen-number s which occurs in the members giving the relativity 
correction in formula (6b) always assumes different values for two levels 
like (M2M3), (N2N3) or (N^N^), which form irregular doublets* with each 
other [cf. (13a), (14a), (15a), (16a), 17a)]. We shall now also let the 
same be true for the screen-constant o- that occurs in the principal mem- 
ber of the formula (6b), or, respectively, in formula (18 \ which expresses 
this principal member ; the constant cr is also to have different values in 
the two levels of an irregular doublet. If we call the two values (r^ and 
(jjj, and take into account that n likewise has the same value n for two 
levels of the same shell, then we get Hertz’s law from the second eqn. 
(18) in the form : 



( 19 ) 
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At the same time the following value for Av itself follows from the first 
eqn. (18) : 


Ai/ _ - o-^) / o-^ + o-A 

B V ^2 ^ J 


( 20 ) 


Eqn. (20) allows us to set up the following comparison between 
regular and irregular doublets. In the irregular doublets the difference 
Av of the ware-numhers increases linearly with the atomic number ; in the 
regular doublets it increases with the foiirth power. In the irregular doub- 
lets the difference of wave-length AX decreases as the atomic number in-, 
creases, and, indeed, it increases %oith the third power of the latter ; in 
the regular doitblets it is, as toe know, perceptibly constant. 

Strictly speaking, the A J r/B-values in Table 54 were not constant. 
At least in the case of the irregular doublets (Ej^Lg) and (M^MJ they 
exhibited a small but systematic change. Here, as in the curvature of 
the graph lines in Figs. 51 and 53, we encounter an influence of the rela- 
tivity members which we neglected in (18) and (19). For, on the basis 
of formula (6b), the law of irregular doublets may be defined more sharply 
by asserting that in the irregular doublets the values Acr = o-i - are 
exactly constant, hut the values A Jv are constant only to a first approxu 
mation. 

This more sharply defined form of Hertz's laiu is justified by numerical 
data in the dissertation quoted on page 507. It proves of particular 
value for the doublet (M^Mg), in which all signs of a systematic change 
vanish when the relativity corrections provided for in eqn. (6b) have been 
introduced into the values of Acr. 


§ 6. General System of Rbntgen Spectra. 

Whereas in Chapter III. we presented only the general classification 
and the principal results of Bontgen spectroscopy, we here wish to dis- 
cuss the finer questions Of the theory. We arrange them under separate 
headings. 

1. The complete scheme of lines and levels. Fig. 121, which antici- 
pates the results of the systematic classification that follows, is to be 
regarded purely as a scheme. For example, within each shell the levels 
are drawn at equal distances, whereas in reality the differences of level 
are very great. The decrease in the differences of level in passing to the 
higher shells is in reality much greater than it is drawn in the figure. 
In the case of the heavier elements a (three-fold) P-shell would have to 
lie above the 0-shell. Besides the K-, L-, and M-series drawn in the 
figure, we should also have to expect an N-series, but on account of its 
great softness, it has not yet been observed. Wherever, as happens par- 
ticularly in the case of the M-series, arrows occur without letters, the 
lines in question are to be expected theoretically, but have not yet been 
discovered, on account of their too feeble intensity. 
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The scheme of Tig. 121 is built up as follows. The principal lines 
of the K-, L- and M-series are 

Ka = K, La == Ma = -> 

Since we know the K-limit from direct absorption measurements, by sub- 
tracting the measured wave-numbers from Ka, La, Ma, we get the highest 
or principal levels of the L-, M-, N-shell, namely, L, M, N (which have 
also in part been measured as absorption limits. 


0 



We get to the levels L^, N^, by such lines as, for example, 

Ka' = Ljj K, La' = Li, Ma' = N,> Ml, 

or, more practically, by means of the doublet differences 

K(a, a') = L^ - Lj, L(a, a') = M, - M^, M(a, a') = N, Np 

A test of the levels that are to be determined in this way is 

then furnished, for example, by the lines 

L/3 = M,-^L„ 


33 
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If we then take the third L-limit from the absorption measure- 
ments, we get two further M-levels, namely, Mg and from the lines 

Tjcji — M]g — > Lg, Tj(j> = -M^ — > L 3 , 

which, according to excitation measurements by Hoyt (cf. p. 180), 
actually have Lg as their final level. A test is furnished by the line Kj8, 
which has been the centre of much controversy (cf. what is said below 
about combination defects), and its weak satellite K/S', measured by de 
Broglie.* For we have 

Kyd == Mg K, = M4 K. 

This interpretation of K^, K/5' holds true in the relations arising from 
combining the following terms, which may be read off from Fig. 121, and 
which were first set up by Smekal : t 

K/? - Ka +Lct> ~ (Lg - Li), K/? - K/3' - L</> - 

We next get to the levels N 3 N 4 by means of the lines Ly and LS. 
For we have 

Ly = Hg L8 = N4. — > Ij2. 

Ly , the soft I satellite of Ly, which has been measured only in the case 
of uranium, and which forms the exact L-doublet difierence with LS, cor- 
responds to the transition L^, and gives us a first test of the differ^ 
ence of level N 3 N 4 . A check on the position of Ng is furnished by My 
= Ng Mg as a result of the^relation § 

My = Ly — ljcj> + (Lg - L]^). 

A check on the position of is furnished by Me = N 4 as a result 

of the relation 

Me = My 4- (L(jf> — Tj(f)) — (Ly — Ly'). 

If we here leave out of account the small N-difference 

Ly - Ly = N4 - Ng, 

then, bearing in mind the origin of Kyd and we get that 

Me - My = 1j<P — Jjffi' = Ky8 ~ KyS', 

that is, a doublet of each of the M-, L-, and K-series is equal to each of 
the others. Both of the following N-levels, Mg and Ng, are to be defined 
as initial levels of Lx and Lx'. Their common final level is Lg, accord- 
ing to the measurements of the excitation as measured by Hoyt, and 
hence they are represented by 

Lx = Ng Lg, Lx' = Njj -> Lg. 

^ Gompt. rend., 170, 1053, 1245 (1920). f Zeitschr. f. Phys., 5, 91 (1921). 

J Cf. Chapter III, § 6, page 164. § Zeitsohr. f. Phys. 5, 121 (1921). 
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N5 is at the same time the initial level of Ky. Hence the combination 
equation that is to be regarded as the test of the position of N5 becomes 
Ky = Ka + L;( — (Lg — L j) . 

There still remain the lowest M- and N-levels, M5 and and the 
initial levels of he, hrj, and Lt, Kk. As our line-diagram shows, we in- 
terpret the latter thus : 

Le = Mj -?• Lj, Li; = M 5 -9- Lj, 

1 j 6 = N7 Ljl, Lk = Nj — > L^. 

Of the L-lines that were drawn up in the table in Chapter III, only 
Lf, 0, xf/ now remain to be interpreted. These have their origin in a 
shell which is still further out than the N-shell, and which we called the 
0-shell. The same is true of two further L-lines LX, L/a, that are neces- 
sary according to theory, and of which the softer line LX of Dauvillier ^ 
has been established beyond dispute. It becomes possible to allocate 
the lines mentioned to definite 0-levels only on the basis of the principles 
of selection that are to he discussed under No. 4.t It has to be assumed 
that the lines ^ and ij/ are in reality doublets (^'^) and (i/^'i/r) , of which the 
components are inseparably close. The transitions from the 0-shell into 
the L-shell then appear to be fully analogous to the transitions from the 
M- and the N-shell to the L-shell, as is immediately clear from the follow- 
ing survey : 

j La — ^ Lj^, La' == — > Lp L^ = M2 L^ ; 

\L^ =-M3->Lg, L<^' - M^-^Lg; Lc = Ltj = Lg. 

JLy = Ng -> L^, Ly' = Ljl, LS = N^ L 2 j 

\Lx — N5 -> Lg, Lx' = N(j Lg ; Lc = N7 -> L^, Lk ~ Lg. 

fL^ = 0 ]^ -> Lj^, L^' = O2 Lj^, L^ = Og L2 ; 

Xhij/ = O3 Lg, hij/' = O4 Lg ; LX = O5 Lj^, L/x = Og Lg. 

Finally, of the M-lines all those that were noted in Chapter III have 
been arranged into our scheme except MS. The interpretation of this line 
given in Table 17, page 173, is made more precise by our Fig, 121 in the 
following way : 

MS=Oi-^Mg 

corresponding to the combination { 

MS - My = L^ - Ly. 

MS, too, has presumably a very close soft neighbouring satellite : 

MS' = 02-^ Mg. 

This concludes our account of the line-scheme. It was first set up by 
Smekal {loc. cit) and Coster, § the latter of whom has firmly established 

^ Oompt. rend., 173, 647 (1921). 

+ Of. G. Wentzel, 21eitsohr. f. Phys., 8, S6 (1921). The P-levels are also discussed 
in it. 

$ G. Wentzel, ibid., 6, 84 (1921). 

5, 139 (1921). 
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the empirical foundations of the scheme by his precision measurements 
of the L-series of the heavier elements. In our account we have in- 
cluded several combination bonds, which are in a certain sense inner 
supports of the scheme. 

2. Table of Term Values. The object of optical spectroscopy is not 
the lines, but the atomic states, the terms. They are all that need to be 
tabulated; the lines may be obtained as combinations of them (cf. p. 322), 

The same holds for the Eontgen spectra. Here we have the advan- 
tage that individual terms may be directly measured as absorption limits ; 
this can never be done sufficiently accurately in the case of the series 
limits in the visible. Further, we have the advantage that the number 
of terms is small, and that the complete table of terms of all the elements 
can be written down on two pages. For there are only (if we disregard 
the P-levels) 1 + 3 + 5-1-7 + 5 = 21 limits, that is only 21.92 term 
values for the whole 92 elements. These term values are'fixed character- 
istic numbers of the atom, and denote the energy that is required to lift 
an electron out of the shell in question into the outer region of the atom. 
The terms are hereby defined uniquely. They would become am- 
biguous only if the various quantum-states of the outer shells were de- 
veloped in different atoms, and this is what we had to reject in the 
preceding paragraph (p. 504). 

In drawing up Table 55 we are naturally most concerned about the 
question of accuracy. In general, the accuracy with which the position 
of the emission lines can be determined is greater than that of the ab- 
sorption edges. Further, the absolute accuracy of the softer lines and 
edges is greater than that of the harder lines for the same relative [error. 
The absolute errors become added in the term values. It is, therefore, 
expedient to start from the softest possible absorption limits in calculat- 
ing their values. This is illustrated by Table 56. We there give the 
name “normal levels’" (cf. the lowest row) to those lowest measured 
limits from which the harder limits may be obtained with the smallest 
absolute error by adducing line measurements. It is for this reason that, 
in the case of the heaviest elements, the L-limits are not taken from the 
direct measurements, but are referred to the M-limits, as is indicated in 
Table 56. Our knowledge of the K-limits would also be deepened in the 
same way if the K emission-lines were accurately known similarly by re- 
ferring them to the L- or the M-limits. Unfortunately, so far this is only 
the case for molybdenum, rhodium, and tungsten, so that as far as the K- 
terms are concerned, we are compelled to fall back directly on the absorp- 
tion measurements. The numbers given in the table denote wave- 
humbers expressed in units of the Eydberg number (v/E-values). The 
accuracy of the calculated terms is determined, on account of the greater 
accuracy of the emission lines, essentially by the accuracy of the absolu- 
tion limit that has been used as a basis in the calculation. That is why 
the terms themselves are less exact than the term combinations from 
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which the absorption limit cancels out in given cases. For this reason 
also it is important to use a fixed normal level for each element. The 
accuracy of the term- combinations with which we are in practice con- 
cerned then becomes independent of the exact value of this normal level, 
and equal to the accuracy of the emission lines involved. 

At the same time, the table of term values illustrates how we arrived 
at Table 54 of the irregular doublets in the preceding paragraph. It is 
only necessary to take the square roots of the term -values in question, for 
example, Mg, Mg. The difierence between the roots of these two has 
been noted in Table 54. 

The gaps in our Table 55 of terms is due to the fact that in certain 
regions, for example, between the atomic numbers 45 and 55, precision 
measurements of the K-lines and the L-limits are still wanting. Future 
measurements will have to be inserted at just the edges of these gaps, or 
at points where more accuracy is desirable in the table of terms. Since 
the frequency-difference between an absorption edge (for example, L^), 
and a corresponding emission line (for example, == O^l L^) just re- 
presents the frequency of the initial level (0^) of the line in question, a 
systematic investigation of the relative position of absorption edges and 
emission lines * (on one and the same plate) seems highly desirable. And 
it would denote a very important step forward if we should succeed in 
fixing the N-limits directly by more optical methods than those hitherto 
used. For then we should be able to place our normal levels higher, and 
to give greater precision to all the lower M-, L-, and K-levels. 

3. Eegularities in the Scheme of Levels. The calculations of the 
preceding section have furnished us with a sure foundation on which we 
can build up further conclusions on the character of the various levels. 
We saw there that in each shell regular and irregular doublets alternate 
according to the following scheme : 



The upper bracketings denote regular doublets, the lower ones irregidar 
doublets ; both are characterised as functions of the atomic number by a 
definite analytical law which contains only one empirical parameter, 
namely, the screen number in the case of regular doublets and the 
difference of two screen numbers in Hert^i’s law for the irregular 
doublets.t 

If, besides this, we bear in mind the wonderful regularity that exists 
in the sequence of the numbers giving the sub-divisions of the levels, 
namely, 1 K-level, 3 L-levels, 5 M-levels, 7 N-levels, and in the sequence 

* Of. Dauvillier, Oompt. rend., 172, 1350 (1921). 

fit is hardly to be doubted that the conditions in the 0 -doublets correspond 
exactly to those in the L-, M-, N-doublets. At any rate we see from Table 56 that 
(Og, 0.j) and (O 4 , Og) have the character of irregular doublets. Of. Zeitschr. fur Phys., 
8, 85 (1921). 
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of the quantum numbers (or, more correctly, in the quantum sums 
n -1- n'), namely, 1 in the K^shell, 2 in the L-shell, 3 in the M- shell, we 
must admit that in spite of the manifold conditions reigning there is 
beautiful order and design in the interior of the atom. Even if we 
cannot calculate the levels themselves accurately by theory, but must 
for the present derive them from observation, yet we are fully clear 
about the significance of the levels and their mutual arrangement. The 
state of affairs is not a jot less favourable than in the case of the visible 
spectra, in which we are also very far from predicting the terms by 
theory but have succeeded in classifying them perfectly. 

Concerning the magnitude of the terms, in particular, the universal 
law holds that they decrease in the transition from the one shell to 
another when the quantum -number n + n' increases, and they also 
decrease within each shell when the azimuthal quantum -number n 
decreases. 

The allocation of the azimuthal quantum- number n and of the “ radial ” 
quantum-number n' that occurs in our doublet calculations to the 
individual levels are given in the two highest rows of the following 
table in accordance with the data of the preceding section : 
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The third column states that the quantum sum k = n + n' is constant 
in each shell (this implies nothing new for the inner shells), and that it 
increases continuously in the series K, L, M, N, 0. In the case of the 
0-levels the latter postulate gives a first definition of the radial quantum- 
number n\ 

But a new and fundamental step for what follows is contained in the 
fourth row. For each level we here define a third quantum-number m, 
which, linking up with the visible spectra, we should best like to call 
“inner quantum-number,” but which, owing to the fact that it is not 
actually quite analogous to the inner quantum-number defined earlier, 
we prefer to indicate by the more non-committal name “ground 
quantum-number.” The ground quantum-number has been introduced 
in such a way that it has the same value for each two levels that have 
been combined into an irregular doublet, m - nis accordingly always 
equal to zero or 1. It is only now after we have introduced the third 
quantum -number m that we are enabled to bring the levels finally into 
order and to predict the transitions between the levels. 
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Something new is likewise contained in the last columns of Table 57. 
They state that the azimuthal quantum-number n and the ground 
quantum-number m do not in the 0-shell exceed the number 3. This 
statement is very closely related to general views of Bohr (p. 109). 
Starting from our point of view we are led on to them by considerations 
about the following class. 

4. Principle of Selection. We evolve the rules relating to this 
principle in two stages. 

{a) We imagine the irregular doublets contracted to zero width by 
making, say, the difference of the screen numbers o- that occur in Hertz’s 
law vanish. The number of the L-, M-, and N-levels then becomes 
reduced to 2, 3, 4 respectively, and then we get the same conditions 
among them as we should expect for Rontgen spectra that are fully of 
the hydrogen type. Here Fig. 121 degenerates * into Fig. 121 a. The 



Pig. 121 a. 


ground quantum-number m vanishes out of the scheme of levels and the 
azimuthal quantum-number oi alone becomes the decisive factor for possi- 
bilities of combination. For all lines that actually occur it fulfils the 
rule of selection : 

ffi _ 1 (strong), n n, and n -> -b 1 (weak) . (1) 

The symbols written alongside the arrows in Fig. 121 a indicate that 
the lines allowed by this rule have all actually been observed, but also 
that several of the observed lines would belong to the same transitions. 

{b) We then suppose the regular doublets contracted to zero but 
imagine the relativity members to be eliminated by the assumption 
a = 0. Here again the numbers of the L-, M-, and N-levels amount to 
2, 3, 4 respectively. They are numbered by the ground quantum-number 

* Pig. 121 a is identical with, the scheme of levels which the author used in his first 
attempt to apply the idea of fine-structure to the M- and the N-shell. Of. Zeitsohr. f. 
Phys., 1, 135 (1920). 
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m in the same order as previously by the azimuthal quantum-number n. 
It is now the ground quantum that becomes all-important^^ and the 
azimuthal quantum becomes of no consequence at all. The complete 
line-scheme of Fig. 121 now degenerates into Fig. 121 b. The transitions 
then remaining are governed by the second rule of selection : 

m -> m ~ 1 (strong), m -h 1 (weak) . . ( 2 ) 

By combining both rules we get the comjMe 'principle of selection 
enunciated by G. Wentzel (loc. cit.), which corresponds to the complete 
line system of Fig. 121 : All those lines and only those lines occur for 
ivhich conditions ( 1 ) and ( 2 ) are simultaneously fulfilled, 
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Particularly in the case of the K- and L-series our principle repre- 
sents the whole material of observation so naturally and so faultlessly 
that there can be no doubt about its intrinsic necessity. Here all strong 
lines appear as transitions 

_ 1 and - 1. 

Further, several of the weakest lines of the L-series, namely 97 , /c, and fx, 
come out as transitions 

n n and m w.-i- 1 , . 

and hence were to be expected weak according to the two sub-statements 
(1) and (2) of our principle. On the other hand, it is quite natural that 
in the M-series not all the lines that are predicted to be weak (and that 
are unnamed in Fig. 121) have as yet been observed ; the strong lines 
here, too, are all in conformity with our principle. The circumstance 
that our principle of selection is essentially empirical in origin does not 
detract from its regulative power. 

* Coster gives a substitute for this rule in Oompt. rend., 173, 77 (1921), and in 
Zeitschr. f. Phys., 6, 185 (1921). 
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We have exceptions to it only in the case of several particularly weak 
lines which can be made visible photographically only by extremely long 
exposure ; they were not noted in Fig. 121. To them there belongs the 
interesting line Kag = Lg K, which, in the case of W, has been 
separated by Duane and Stenstrom in the third and fourth order from 
the closely neighbouring line ~Ka = L 2 -> K by means of the ionisation 
method. We know from p. 274 that the rules of selection are broken 
in strong external fields. It suggests itself to us to trace the lines 
mentioned back to the action of strong inner atomic fields. Indeed, 
we may surmise that it will in general be possible by means of long 
exposures to obtain indications of lines that are otherwise forbidden. 

5. Combination Defects. As early as 1913 Kossel called attention 
to the addition relations ” that may be read off from the oldest and 
simplest line-scheme (cf. Figs. 47 and 48) : 

= Ka + La, Ly = La + Ma . . . (1) 

and Bohr remarked t in 1914 that these addition relations are nothing 
other than applications of Bitx’s Principle of Combination. The author t 
endeavoured in 1916 to ascertain whether they were exactly correct in 
this form and found that the answer was in the negative. Accordingly, 
in the first German edition of this book the “combination defects” 

= Ka + La — Kyd, Ag = La -1- Ma — Ly . . (2) 

were examined with regard to their dependence on the atomic number, 
and were represented graphically. The name chosen indicates that the 
presence of these differences was originally regarded as a transgression 
against the principle of combination. In contrast to this, Kossel g and, 
independently of him, Duane and Stenstrom ll expressed the conviction 
that the combination defects are caused by sub-divisions of the M- and 
N-shell and are compatible with the combination principle. It was 
concluded from a comparison of the line- and absorption-measure- 
ments that K/5 arises through the transition Mg K. On the other 
hand the author, t starting from the fact that the Eontgen spectra have a 
hydrogen character and following the lines of argument of Pig. 121 a, 
considered himself compelled to ascribe to K/? the origin M^ K, 

, corresponding to the transition 2 -> 1 of the azimuthal quantum-number, 
and likewise to Ly the origin Ng Lj^, corresponding to 3 -> 2. In 
place of (1) we should then require 

KyQ-Ka'-hLA Ly = La' + M/J . . (3) 

and still the differences (2) are only slightly diminished and are by no 
means zero. In particular, in the case of the Ly’s of the metals U and 

* Verb. d.D.Phys. G-es., 16, 953 (1914). f Pliil. Mag., 30, 394 (1915). 

^ Ann. d. Phys., 51, 125 (1916). Concluding remark. 

§Zeitschr. f. Phys., 1, 119 (1920). 

yProc. Nat. Acad., 6, 477 (1920). If iZeitsohr. f. Phys., 1, 185 (1920). 
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Th they amount to about 25, measured in v/R-units, and lie far above the 
limits of error of present-day precision measurements. In Kossel’s view 
the differences and A 2 defined by (4) represent the differences of level 
Mg - Mg and Ng - Ng. The author previously regarded their linear 
advance with the atomic number, as represented in earlier editions of 
this book, as a difficulty for Kossel’s explanation of the combination 
defects, because at that time only the law of regular doublets, which 
depend not linearly but bi-quadratically on the atomic number, was 
known. We now recognise this linear relation as Hertz’s law of irregular 
doublets and, conversely, confirm this by the behaviour of the quantities 
and Ag. These quantities no longer denote “ combination defects,” 
but each signifies a difference of level of an irregular doubtlet. 

It is at once clear that combination equations of the type (1) or (3) are 
impossible between three lines that obey the principle of selection but rather 
that a remainder A must be left over, which has the significance of a 
difference of levels. For if a line (for example, Ka) corresponds to a 
transition from one level II to another, I, and a second line (for example, 
La) to the transition from III to II, then, according to our principle of 
selection II and I, as also III and II, must differ by ± 1 in the ground- 
quantum m, and hence III and I must differ by 0 or ± 2. The transition 

III to I is therefore forbidden by the principle of selection and cannot 
be represented by a line (K/5 in our example). If, on the other hand, 

IV be a level immediately neighbouring to III, which may therefore form a 
combination with I, then, it necessarily differs from III by 1 in the ground- 
quantum. We may call (III, IV) a combination defect, corresponding to 
the equation 

(IV - III) = (I - II) 4- (II - III) - (I - IV). 

The difference of 1 in the ground-quantum of III and IV is in agreement 
with the criterion for the irregular doublets in Table 57. 

In the same way we may reason out that an irregular doublet can 
never be calculated by combining 2 (or in general an even number of) 
line-frequencies, and this leads us to understand why the irregular 
doublets, in contradistinction to the regular doublet, cannot appear 
directly as line-intervals in the spectrum. A line such as 

Kag = Lg K (m w — 2), 

which contradicts the principle of selection is of course to be excluded in 
applying this law. Just because it contradicts the principle of selection 
it may form the irregular doublet (LgLg) with Ka = Lg -> K. In 
general, the following law holds (if we exclude such lines as contradict 
the principle of selection in this way) : the differences of the regular 
doublets arise through combinations of an even number of lines, those of 
irregular doiMets through combinations of an odd number of lines. 

In our systematic scheme of E5ntgen spectra we have left out of 
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consideration such lines as do not allow themselves to be brought into 
our scheme of levels at all. In the case of the heavy elements these 
lines are all very weak ; the strongest is a hard satellite of Ly that was 
discovered by Dauvillier. In the case of the light elements they are 
certain lines, measured by Siegbahn, Hjalmar, and Stensson, which are 
denoted by Ka^, a^, K/5', Lag. According to Wentzel these 

lines are to some extent to be interpreted as spark lines in the Eontgen 
spectrum, namely as emissions of an atom that is mtiUiply ionised in the 
K-, L- . . . shell. 

Eecapitulating, we may say that the systematisation of the Eontgen 
spectra here effected is extremely satisfactory and surprising ; so much 
the more surprising as it is not evolved from special quantitative ideas 
and such as are based on models but on general postulates of qualitative 
relationships and inner symmetry. 

§7. Universal Spectroscopic Units. Spectroscopic Confirmation of 
the Theory of Eelativity 

In our theory of the fine structure there is a confluence of the three 
main currents of modern research in theoretical physics, namely, the 
theory of electrons, the theory of quanta, and the theory of relativity. 
This is exhibited in a particularly vivid way in the way our fine-structure 
constant a is built up : 

Here e is the rejmsentative of the theory "of electrons, h is the worthy 
representative of the quantum theory and c comes from the theory of 
relativity and, indeed, characterises it in comparison with the classical 
theory. If we also wish to interpret the numerical factor Qtt in our 
formula, then it may serve to remind us of a fourth source from which 
we have continually drawn in our development, namely, mathematical 
analysis, which we have used copiously and which was indispensable for 
the unravelling of the fine structures. 

We take the value of a spectroscopically out of the measurement of 
the hydrogen doublet (or better, out of the indirect measurement of the 
He'^'’-lines, since the direct measurement is inexact, cf. p. 483). The 
relationship between a and Av^i is, by eqn. (1), § 4 : 

AT/H=:EaV24 (2) 

and this, in conjunction with Paschen’s value Avh = 0*3645 cm"'\ of. 
eqn. (2) in § 4, gives 

= 5*315. 10-^ a = 7*290.10-i* . . (3) 

We are now in a position to bring to a conclusion the idea of 
spectroscopic imits which was taken up as early as page 217 and was 
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carried a step further on page 222. The three equations (m< 
mass of the electron) : 






1+'^) 


27re^ 

he 


'^h \ 


static 

(4) 

(5) 

( 6 ) 


provide us with three determining eguathns for the three unknowns e^ Wq, 
and h, that is, for the three most important universal constants of 
physical nature. Here it is to be observed that the masses and 
mHe that also occur in the above equations can be traced back to the 
elementary charge of the electron by means of the very accurately known 
electrochemical equivalent) and the ratios of the atomic weights of He to 
H, by eqn. (1) on page 5, and note 1 on page 221. Our determination of 
the three unknowns e, and h requires purely spectroscopic measure- 
ments, and thus is founded on observations in which we undoubtedly 
have the greatest trust. On the other hand the original determination 
of h from measurements of radiant heat requires the measurement of 
high temperatures, and that of e/mQ the measurement, of high voltages, 
both of which are not so free from error as spectroscopic measurements. 
The determination of h from the short wave limit of Kontgen spectra 
also entails the measurement of high voltages. 

The solution of eqns, (4), (5), and (6) may be grouped in such a 
way that the quantity e/m^ is derived from (4) and (5), as has already 
been done on page 224, leading to the value 




= 1-769 . lO^c 


(7) 


With its help we also inferred on the same page from Eh and Ehc that 
E^ = 109737-11 ± 0-06 cm-i . . . (8) 

The meaning of E^ is 




2ir^m^e^ 2ir\e^lhf 
Me ” 


(9) 


The factor c in the denominator takes into due account that the value 
(8) of E^ is measured in (and not in sec-^). Our method of writing 
the last member of eqn. (9) also includes the factor e^jh which also occurs 
in (6). We may eliminate this factor from (6) and (9) and get * 


E^ 






iire{ejm^y 4:irE„(e/mo) 


( 10 ) 
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Inserting the values given in (3), (7), and (8) we get 

5 * 315 . 7 * 290 . 3 . 102 
^ — A 1 .AATT/f 1 .r7/?n 1 1*766 . 10 


Itt . 1*0974 . 1*769 . 10^2 
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( 11 ) 


We now need only once again refer back to eqn. (6) to get the value of 
h, too, namely 

i = 6*526 . 10-27 .... (12) 


But we must also add the limits of accuracy of these determinations. 
These are given merely by the inaccuracy in the determination of Ai/ji 
and of the consequent inaccuracy in a, since the value of in eqn. (8) 
may be regarded as absolutely exact for our purpose, and the value of 
in eqn. (7) may also be looked on as being sufficiently well known. 
The percentage accuracy of Paschen’s value of Avh, by eqn. (2) in g 8, 
amounts to 

45 1 

- 3645 ~ * 'ai- 


The percentage accuracy of is just as great ; hence that of and e 
[see eqn. (10)] is : 

- 2 • 81 “ - 54 - 

Plence we get as the limits of accuracy ot e: 

e = 4-766 (l ± ^) • 10"“ = (^•766 ± 0-088) . 10-“. ' ' 

From this it follows from (12) that 

h = 6-526 (l ± g ■ § 7 ) 10 "'^ = (6'526 ± 0-200) . lO"®?. 

These limits of accuracy are, particularly in the case of unsatisfactorily 
wide. If, then, Paschen has not under-estimated the accuracy of his 
measurement of Avh, the idea of purely spectroscopic units must for the 
present remain an intention that can be put into effect only when the 
measurements of fine-structure have been made with greater certainty. 

On the other hand we may follow L. Flamm * and calculate semi- 
spectroscopic units of very great trustworthiness ^We do best by en- 
listing the aid of Millikan’s measurement of e (cf. Ohap. I, p. 15) : 

6 = (4*774 ± 0*004)10-i« .... (13) 

and, retaining the spectroscopic value (7) for then determine h 
spectroscopically by eqns. (8) and (9) with the greatest accuracy, namely: 

*Pliysikal Zeitsolir., 18, 515 (1917). 
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We venture to suggest that this is at present the truest value of the 
quantum of action. From (13) and (14) we now get for the best values 
of our fine-structure constants and of the hydrogen doublet : 


a = (7-295 ± 0-005)10-^ = (5-322 ± 0-007) . 10 ^>1 

Avh = 0-8650 ± 0-0005 / • 


The value of Avh so found agrees almost exactly with that given by 
Paschen, namely 0-3645, but has a much smaller possible error. E. T. 
Birge (cf. p. 487) uses the value 5-308 . lO--'"' for a-. Wo based our 
calculations in § 5 on the arithmetic mean of this value and that of 
eqn. (15) ; the value obtained -was = 5-315 . 10“®. The value (14) for 
k coincides with the value h = 6-55 . IQ-^’’ originally obtained by Planck 
from questions of heat radiation. Together with e and e|m^, the values 
(which we have often used and quoted earlier) of m^,, mj, and L = l/'m„ 
become known at the same time : 


mo = 8'998 ± 0-01, = (1-649 ± 0-002) . lO^^-H 

L = (6-064 ± 10-006) . 10“^* J ’ 

Finally, we revert once again to the beginning of this chapter, in 
paiticular to the law by which the mass of the electron (and. indeed, 
mass o any kmd,^ depends on the velocity. According to the theory of 
relativity this law is expressed by : ' ^ 


m == 


+ . . .) 


( 16 ) 


3 1/1 + /32 

' = 


Silltte smTe “absolute” theory, which assumed an 

l_+_l 

' p 

The decision as to wHch of these two formulse is true is as we em 

OJ the treth'rf the t'heor) 

theory of relativity : 1 v e nave, as we know, from the 


- 0 - ».(i H- sVh- . . .) (16.) 



Ftoi = (m - m^)c^ = 

~X-(l + 4 




( 17 ) 


162 Abraham, of. his Xheorie der mehtrizitat, II, 8rd od., pp. 

K. GlitsohCT has carried'^itTmto oqmmunioated to the author by W I anst 

Arm. d. Phys., 52, 607(1917). Dissertetiou at igirfif^^Xo 
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On the other hand, the absolute theory asserts* that 


Eb 


^kin • 




1 + /? 
1 _ ^ 


2 ) = 


2 


1 + g/3^ + 


(17a) 


We have now to treat Kepler’s problem of elliptic motion for an atom 
of the hydrogen type on the view of the absolute theory, and from it to 
calculate the fine-structure of spectral lines. Firstly the law of areas 
which is independent of the law of variability of mass also holds here. 
It is Kepler’s second law which states that the moment of momentum 

p - p<l> = 


is constant (r and <jf) are polar co-ordinates which we measured from the 
nucleus that is assumed motionless). The momentum in the (^-direction 
(projection of the moment of momentum on the tangent to the circle 
r = const.) is then mr^ == and the total momentum is mv == m/So. 
From these we get, by Pythagoras’ theorem, the momentum in the 
direction r as : 

^ mr — 



For the azimuth the quantum condition is : 

27r 

r Till/ 

= = ^3 = 2 ^ • • • ( 18 ) 

0 

For the radius vector r it is : 

^prdr = ^{mvf - - n'h . . . (19) 

the integration stretching over the full series of values of r, that is, from 
to rmm ^nd back to Tmin which, as in Note 6, may be indicated by 
adding the sign O to the integral sign. 

To be able to evaluate the integral (19) we must know mv as a 
function of r. At present, however, m and hence mv — m^c is known to 
us by (16a) only as a function of /?. We may now use the energy theorem 
and the formula (17a) for the kinetic energy to get ^ out of it as a function 
of r. If we set the nuclear charge equal to B and hence the potential 

energy equal to - ~, then the law of energy states that : 

Ek. = w - = W + ^. 

If we now apply eqn. (17a) we get 



34 


Of. Abraham, loc oit. 
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From this we may calculate 13 and hence also mc(3 — mv by takii^g 
account of the significance of m in eqn. (16a). The calculation is, of 
course, performed by successive approximation, the first approximation 
being made with respect to the corrective term of the second order. "We 
'write the result in a form that embraces both the absolute theory and 
the theory of relativity, namely 


[mvy = \ 

where y has the meaning 


y = f for the absolute theory, 
y = -I for the theory of relativity. 


• ( 20 ) 


We next apply eqn. (20) in the quantum condition (19), of which the 
integrand now appears as a simple function of r. The integration may be 
effected by the scheme given under (c) in Note 6, and finally gives us : . 



When y == I, this equation passes over into the earlier relativistic eqn. 
(23) on page 472. This mustnot be regarded as self-evident, for the present 
calculation was an approximate calculation which made use only of the 
first powers of and worked with series that had been cut off, so that it , 
may be regarded as trustworthy only to the first powers of a^. The fact 
that it proves to be accurate beyond this in the relativistic case (y « I*), 
must be regarded as an accident that comes about through the compen- 
sation of the various terms neglected. In the case of the absolute theory 
(y = I), eqn. (21) is actually not the exact expression for the energy 
but only an approximation. It may be remarked that in the relativistic 
case the course here followed may also be pursued without neglecting 
quantities if we insert in (19) the exact value of that follows from the 
law of energy. 

Our present eqn. (21) differs from the eqn. (23) on page 472 in that on 
the right side is replaced by 2ya^, and W on the left is replaced by 2yW. 
Consequently the development in powers used at the beginning of § 2 of 
the present chapter may be applied directly to our present eqn. (21). 
For example in the term expression (6) on page 476 we have only to write 
2ya^ in place of a?. From this it follows, however, that all our theorems 
concerning fine-structure remain preserved, so long as we substitute 2ya^ 
for a‘^. The relative quantities of the fine structures, for example the 
interval 1 : 3 between the components in the triplet of the hydrogen 
type, the interval 1:2:6 between the components in the quartet of the 
hydrogen type, and so forth, also remain preserved in the absolute theory. 
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Only the absolute quantities of the fine-structures become diminished by 
the factor 

in comparison with those of the theory of relativity. 

In particular, this holds of the hydrogen doublet 

Avh = g ■ ^ = I • 

This value for the size of the hydrogen doublet is in no ^oise compatible with 
Paschen's measurements of the 'H.&^-lines. The same may be said of the 
hydrogen doublet in the Eontgen region, of the L-doublets, and so forth. 
According to the absolute theory these, too, should come out one-fifth 
smaller than the values observed for them. The latter, too, are then 
incompatible with the absolute theory. Condensing these statements %oe 
may conclude that the absolute theory comes to grief owing to spectroscopic 
facts and has to give up to the theory of relativity the position of sovereignty 
which it formerly occupied. 

In this chapter we have seen how the theory of relativity, just as it 
has remodelled all our physical thought and ideas, has also been able to 
help forward spectroscopy in a decisive manner. Conversely, we note 
that, in return, spectroscopy is in a position to lend support to one of the 
main pillars of the theory of relativity and to decide in its favour the 
question of the variability of mass of the electron. 



MATHEMATICAL NOTES AND ADDENDA 

1. Radiation of Energy according to Classical Electrodynamics 

(Pp. 25and 33) 

T he formulae (1) of the text represent the field of a spherical wave 
on the basis of the Maxwell -Lorentz equations. They have been 
1 c* example, by Abraham, Theorie der ULeJctrizitdt I, 6th 

ed., 8 79, eqn. (246), The energy-flux S is in general given by 

S = £-[EH], 


n measured electrostatically and H electromagnetically, both in 
O.br.b units; here [EH] denotes the vector product of E and H. The 
magnitude of the vector, as we know, is equal to the area of the parallelo- 
gram formed by the two vectors E and H, that is, equal to 

IE] • IH] . sin (E, H). 

If E and H are mutually perpendicular, then the formula (2) of the text 
results. We regard the normal to the plane of the parallkogram as the 
direction of the vector product, the direction of the normal being that 
which forms a right-handed screw when we turn in the direction from 

leads to (surface-element do- = r^sin 6 


Zrr 7T 

f eH^ f r 

sin 

0 0 

" cos2d)d(cos e ) = ~(2 


2 

3 ’ 


as given in eqn. (3) of the text. 

^ spherical wave, whose origin advances 
f\r i“,^braham, Theorie der EMtrmtdt, II, 

3rd ed §§13 and 14, eqns. (73), (76), and (78). Nowadays it is more 
O’l^^prfent knowledge to derive it directly from eqns. 
(1) ^ tbe text by means of a Lorentz-transformation 

we *®^ ®q“; (15) to eqn. (16) comes about thus : 
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Here t denotes the time at which the radiation reaches the point of 
observation, f the time at which it is omitted by the electron. On account 
oi t - t' = r/c 'we get [cf. Abraham loc. cit.^ eqn. (75)] : 


dt 

W 


1 ~ ^ cos 6, 


thus S = 


0 


sin^ 0 f vHt' 
47rcV^ J(1 - /5' cos 

iS 


^ is a measure of the initial velocity, of the decreasing velocity during 
the retardation. For a constant retardation /?' we get 



« e^-Dsin^^r df^' 
thusS= 47rcV J (1 - p COS Of 


If we carry out the integration, eqn. (16) of the text results, and if we 
develop the expression in powers of ^ and neglect the higher powers, we 
get eqn. (17). 


2. Scattering produced by Bound Electrons. (P. 30) 

If the electrons of the radiator are not assumed free, but bound by the 
restoring force - fx to the position of rest ir ~ 0, then, in place of eqn. 
(5) of the text, we get, if we take the direction of motion as the OJ-axis : 

mx 4- = - eEp. ia) 

To perform the integration we must now divide up and x spectrally. 
Let 

(continuous spectrum).. Further, let the natural frequency of. 

the binding connexion. We assume that it lies, say, somewhere in the 
Schumann region of the ultra-violet. Then it follows from {a) that 

^(<Dn‘^ - cd‘^) = - --E, £C = - y - 2lE6^'‘^^d(U, 

^ ^ m - or; 

i [ a— (5) 

In the Eontgen region o) ^ o)() we therefore have 

i 


as given in eqn. (5) of the text. 

In the visible region o) wo we must on the other hand make the 
approximation inversely by means of 
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To arrive from this at a formula of scattering that allows comparison 
with experiment we do best to proceed as follows. Let us restrict our- 
selves to monochromatic light of the frequency 
(0 = ^TrcjX. The following is then true, indepen- 
dently of the pitch of the frequency : 

v - (jo^x = ~ (o) 

Let the incident plane wave, having the direc- 
tion OP in Fig. 122, he assumed unpolarised. We 
consider a definite direction PQ of the scattered 
radiation, starting from P (P is the scattering 
particle, Q the point of observation, the length 
PQ = r) and divide the incident wave into two 
components PI and P2, the one being perpen- 
dicular to the plane OPQ, the other lying in this 
plane and perpendicular to OP. The former, PI, 
forms the angle 0 = 7r/2 with r ; the latter, P2, forms the angle 6 == 
with r, where </> denotes the angle OPQ between the incident and the 
scattered ray. 

If we insert (c) in eqn. (2) on page 25 of the text and take the mean 
value over the time, then 





0)^ sin^ 0 
4:7rch'^ * 2 


(eir 


0 = 7r/2 and sin ^ = 1 for the component PI..; 0 = 7r/2 -h and sin 6 » 
- cos for the component P2. Hence for the sum of the two com- 
ponents, and for the action of a single scattering particle, we get 


S = 


1 + COS^ cj> 


4c7rc^r^ • 




id) 


Under the conditions prevalent in optics the electrons that belong 
to the same molecule vibrate coherently ; hence it is not their energy 
radiations S hot their amplitudes ^ that become superposed. Hence in (d) 
we have to write instead of {e^f, if we proceed to deal with the 

whole molecule and take S to mean the summation over all the electrons 
of the individual molecule. On the other hand, the electrons that belong 
to different molecules oscillate incoherently^ so that, in summing over 
various molecules, not the amplitudes but the energies have to be super- 
posed. We thus get for the radiation scattered by unit volume, if we set 
0) = 27rc/A.: 


hr^C 

XV 


1 + cos^ 
2 



(«) 


The sign ^ denotes summation over all molecules of the unit 

volume. is thus the electrical moment of the unit of volume, 

and, by the definition of the index of refraction of a sufficiently rarefied 
gas which is traversed by a light wave of electrical amplitude B, this is 

- 1 — 1) ^ _ . - 

equal to (in a dense gas or a fluid takes the place 
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of - 1). From ^ Sef = follows that (L denoting 

Avogadro’s number per unit volume) ; 


Accordingly, from («) we get 






• cos‘^ 4* {n^ - 

• 4L • 


By eqn. (2) of the text the incident energy is, when averaged over the 
time and calculated as the sum for both directions of polarisation, 


Accordingly 


1 + cos^ ^ {n^ - 1)^ 


Ban. (/) is identical with Rayleigh’s formula for the intensity of the 
scattered light in the atmosphere. The factor 1/X'‘ accounts for the 
predominance of the short wave-lengths, that is, the blue colour ot the 
sky. The formula may be used to determine Loschmidt’s (Avogadro s) 
number. The best and most recent observations, made on Teneritte 
Peak * led to 

L = 2-89 . IQw, 


whereas Planck’s value, derived from the theory of radiation, is 

L = 2-76 . 10«. 

The above considerations, taken from the optical region, are appropriate 
for bringing into clear relief the limits of validity to which the equations 
(41 to (10) of the text (p. 30) are restricted. For optical purposes we 
were allowed to superpose the fields (amplitudes) and not their radiatwns 
(intensities) in the case of the electrons of a single molecule, ihe 
interesting fact about our earlier calculation in the Rontgen region was 
that it was furnished by the total number Z of the electrons of an atom, 
when we superposed the intensity of these Z electrons. In the optical 
case the wave-length is great compared with the distances between the 
electrons within the same molecule, and that is why the fatter vibrate 
coherently. In the Rontgen region the wave-length must be small it 
we wish to be able to deal with the- complete incoherence of the waves 
in our calculations, that is with the superposition of the intensities. 
Thus, our mode of calculation is valid only for siiffioienUy hard Rontgen 

'^^^Yet, for hard Rontgen rays too, there is a region, namely a cone 
described about the continuation of the direction of incidence ot the 
■primary rays, in which the coherence of the scattered radiation mns 
also be taken into consideration, and for which, consequently, interference 

Dember, Ann, d. Phys., 49, 609 (1916). 
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may occur. As the rays become softer this cone becomes enlarged and 
hence eqn. (4) of the text involves an appreciable error. In the optical 
case the aperture of the cone becomes equal to tt and the whole space 
belongs to the interior of the cone. The interferences hereby indicated 
for the Eontgen region in the neighbourhood of the extension of the 
incident direction were first observed by W. Friedrich* * * § ^ for wax, and 
were then investigated systematically by P. Debye. t It was also Debye { 
who worked out fully the theory which we have here merely hinted at 
for these interference phenomena. 

Connected with this, there is an apparent contradiction between our 
calculation of the scattered Eontgen energy and the facts of crystal 
analysis as disclosed by Eontgen rays : in the case of the former we 
superpose the intensity radiated out by the Z electrons, in the lattei 
their amplitude For it is confirmed by Eontgen photographs of crystals 
that each atom of the crystal makes a contribution to thp scattering field, 
that is to the amplitude of the scattered radiation, and that this con- 
tribution is proportional to the atomic number of the crystal. But this 
contradiction is cleared up by the fact that within the Debye cone the 
interferences of the fields emitted by the individual electrons of the atom 
must be taken into account. The rays that are diffracted or scattered in 
crystal analysis form no very great angle with the primary ray and hence 
in general lie within the above critical cone, especially when the primary 
radiation is not very hard. The occurrence of BYiedrich-Debye inter- 
ferences within this cone shows at once that in this case the fields, that 
is the amplitudes, must be superposed. For the whole radiation of the 
atom, however, which is for the greater part sent out into the exterior 
of the cone, the superposition of intensities may essentially take the 
place of that of the amplitudes. 

It remains unintelligible why, in the case of y-rays, for which the 
assumptions made in the text should be best fulfilled, we should get the 
value 0*04 for sjp [eqn. (10) of the text] instead of the value 0*2 [eqn. 
(12) of the text].§ In agreement with the latter value W. Kohlrausch|| 
gets for the total coefilcient of extinction of the y-rays (true coefficient of 
absorption + coefficient of scattering) a value less than 0*2 for a radium 
salt. And in measurements made by C, W. Hewlett H' we may trace how 
the total coefficient of extinction of very hard Eontgen rays in the vicinity 
of the wave-length A = 10"'^ continually decreases and passes below the 
value 0*2. In this case we are clearly dealing with a fundamental de- 
parture from the optics of waves, a departure which is probably due to 
the size of the energy quantum of very hard rays. 

*Pliysikal. Zeitsohrift, 14, 317 (1913). 

fGrOttinger NacHrichten, 18th Dec., 1915. 

:l:Anii. d. Phys., 43, 49 (1914). 

§ Of. Rutherford and Richardson, Phil. Mag., 26, 324 (1912) ; Ishino, 33, 129, 
(1917). 

II Wiener Berichte, 126, Part II a, sections 4 and 6. 

Phys. Rev. , 17, 284 (1921). 
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3. Tables of the Crystal Structures Hitherto luYestigated. 

(Chapter III, § 2.) 

(a) Simph o%hic face-centred lattice (cf. Fig. 34, p. 123 from which, 
the darkened circles are to be imagined absent). These lattices occur, 
of course, only in the case of elements. The lattice is completely de- 
termined by the length of edge a of the elementary cube (Fig. 31). Each 
elementary region contains 4 atoms. The order of sequence in Table 58 
corresponds to the groups of the periodic system. 

TA.BEiE 58 


OryBtal 

( 1 . 10® cm. 

Observer 

Remarks 

Copper, Gu . . . 

3*61 

W. H. Bragg 

PMl. Mag., 28, 355 (1914). 

Silver, Ag . . . 

A*06 

Yegard 

„ „ 31, 83 (1916). 

Gold, An . . . 

4-07 


„ „ 32, 65 (1916). 

Phys. Rev., 17, 42 (1921). 

Calcium, Ca . . 

5 ’56 

Hull 

Aluminium, A1 . 

A -07 

Scherrer 

Phys. Zeitsohr., 19, 23 (1918). 

Cku'iuni, Oe . . . 

5’12 

Hull 

Phys. Rev. , 18, 88 (1921) ; see 




also under [e). 

Thoriiim, Th . . 

5*11 

H. Boblin 

Ann. a. Ptys., 61, 421 (1919). 


6’04 

Hull 

Phys. Rev., 18, 88 (1921). 

Lead, Pb . . . 

4-91 

Yegard 

Phil. Mag., 32, 66 (1916). 

Nickel alloy . . 

8’58 

Westgreu 

Engineering, 111, 727 (1921). 

Pure iron (Fey) has the same 
structure above 1000° ; see 

Manganese alloy . 

8’61 

>> I 




also under (b). 

Cobalt a, Oo . . 

8’554 

Hull 

See also under (e). 

Nickel, Ni . . , 

8’640 

>» 


Ilhodium, Bb . . 

8’820 


Iphys. Bev., 17, 571 (1921). 

Palladium, Pd 

S’950 

»> 

Iridium, Ir . . . 

8-805 

>> 


Platinum, Pb , . 



8'980 




(6) Simple cubic space-centred lattice. The elementary region ^ ^ 
cube of which besides the corners the mid-point is also occupied. Tno 
number of atoms in the elementary region is 2. The lattice is ^ 137 * 
described by the length a of the edge of the cube. 


Tablh 69 


Crystal 

a . 10*^ cm. 

Observer 

Remarks 

Lithium, Li 
Sodium, Na . 
Tantalum, Ta 
Chromium, Or . 
Molybdenum, Mo 
Tungsten, W 

>) n 

Iron «, I’e ■ 

„ |8, Pe . 

3*50 

4-30 

3*272 

2*896 

8*143 

3*18 

2*83 

? 

Hnll 

j) 

•Si 

Si 

Si 

Debye 

R. Grossmann- 
N- Blassman 
YTestgren 

j Phys. Rev., 10, 661 (1917). 

j Phys. Rev., 17, 571 (1921). 

Pbys. Zeitsohr. 18, 4=38 1917). 

1 N. Jabrb. f. Min. 42, 728 (1919). 

V (Ordinary temperatures.) 

1 Engineering, 111, 727 (192i) 

J (Temperature I> 768°). 
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(c) Diamond lattice J* The description of this lattice is contained 
in Figs. 36 and 37 on page 125. A knowledge of the edge a of the cnhe 
suffices to fix it. There are 8 atoms in each elementary region. 


Table 60 


Crystal 

. 108 

Observer. 

Kemarks 

Diamond, 0 

3-55 

Bragg 

Proc. Eoy. Soc., 89, 277 (1918) 
see also X-Kays and Crystal 
Structure, London, 1916. 

Silicon, Si . 

5*46 

Debye and 
Scberrer 

Phys. Zeitechr., 17, 277 (1916). 

53 * * 

5-400 

G-erlach-Madelun g- 
Pauli 

Phys. Zeitschr., 22, 557 (1921). 

Tin (gray), Sn 

6-46 

Bijl-Kolkmeijer 

Proc. Amsterdam, 21, 501 (1919). 


According to Bijl-Kolkmeijer, loc, cit,, page 494, white tin has a tetra- 
gonal lateral-surface-centred lattice. The edge of the square base is 

a = 5*84 . 10“^ cms. ; 

the height of the centred lateral surface is c = 2*37 . 10 ^ cms. ; these 
give for the ratio of the axes : c: a = 0-406. According to Hull, Indiurn 
has the same lattice, Phys. Bev., 17, 571 (1921). 

(d) Bhombohedral lattice. There are 8 atoms in the elementary 
rhombohedra of the rhombohedral lattices described on page 126 (of. 
Fig. 38). The rhombohedron is determined by the length of edge Gti 
and the angle a between the edges. To this there must be added the 
relative value il of the displacement of the two surface -centred lattices 
with respect to each other along the diagonal, expressed in terms of the 
length of the diagonals of the rhombohedron. 


Table 61 


Crystal 

a . 108 cm. 

a 

to 

Observer 

Remarks 

Graphite, 0 . 

4-48 

68° 26' 

0-33 

Debye- Soherrer 

Phys. Zeitschr., 18, 291 
(1917). 

X-Rays. 

Arsenic, As . 

4-14 

54° 8' 

? 

Bragg 

Antimony, Sb 

4*50 

563° 6' 

0-463 

James-Tunstall 

Phil. Mag., 40, 238 

(1920). 

Bismuth, Bi . 

4-72 

57° 16' 


Bragg 

X-Rays. 


(e) Hexagonal lattices, approximating to closely pacJced spheres. 
The arrangement of the atoms in this case has been accurately described 
on page 127. The lattice is determined by the length a of the sides of 
the triangular base and by the ratio c: a oi the axes. The closest possible 
packing of exact spheres would lead to the ratio of axes c : a = 1*633. 
There are two atoms in the elementary region of the hexagonal lattice. 
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Table 62 


Remarks 


|Diss. G-ottingen, 1921. 

Phys. Rev., 10, 661 (1917). 
jphys. Rev., 17, 571 (1921). 

jPhys. Rev., 18, 88 (1921). 

Phys. Bev , 18, 88 (1921) 
(cf. also under a). 
Phys. Bev., 17, 571 (1921) 
(cf. also under a). 
Phys. Bev., 17, 571 (1921). 
Phys. Bev., 18, 88 (1921). 


(/) Lattices of the roch-salt type. The lattice represented in Tig. 34 
is fully described if we know the edge a of the cube. The elementary 
cube contains 4 + 4 atoms. The position of the H-atoms in the case of 
NH 4 CI and NH^Br is not known with certainty ; it must at any rate be 
symmetrical with respect to the N-atom, which for its part takes the 
position of Na in the NaCl type. Concerning the transition to the type 
{g) for decreasing temperature, cf. page 123. 


Table 63 


Crystal a . 10^ oni. 


Li T . . . 4-08 

Eocksalt, BaCl . 5*628 

Sylvine, KOI . 6*26 

KBr . 6-57 

KJ . . 7*05 

NH4OI . 6*577 

„ 6-532 

NH,Br . 6-90 

NH4J . 7*20 

Magnesium, 4/22 

MgO (Periclas) 
Magnesium, 4-204 

MgO (Periclas) 

Lime, CaO . , 4-74 

„ „ . . 4-762 

SrO . . 5-100 

BaO . . 5-47 

OdO . . 4*72 

mo . . 4*20 

Pbs . . 5*94 


Observer 

Remarks 

Debye-Scherror 

Bragg 

Phya. Zoitsohr., 17, 277 (1916). 
jx-Eaya. 

Vogard 

1 Bartlett- 

l Langmuir 

Hull 

Gerlach-Madelung- 

Pauli 

Davoy-HoHmann 

Gerlach-Madolung- 

Pauli 

)» 

Zeitaohr. f. Phya., 5, 1'^ (1921). 
Journ. Amor. Ohsm. Soo., 43, 
84 (1912). NH 401 u. NHiBr 
at 250°, NH4J at 20°. 

Journ. Amor. Cham. Soo., 41, 
1168 (1919). 

Phya. Zaitsohr., 22, 557 (1921). 

Phya. Eav., 15, 3B8 (1920). 

Phya. Zeitaohr., 22, 567 (1921). 

»» »> )> »» 

»> 

Davey*HojKmann 

Bragg 

1 

j> »» n 

j-Phya. Rev., 16, 833 (1920). 

^ X-Rays. 



(g) Lattices of the type of CsGl. The lattice described on page 123 
is determined by the edge of the cube, a. The elementary cube contains 
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1 + 1 atoms. Concerning the position of the H-atoms in the case of 
NH4CI, and so forth, and the transition to the type (/) for increasing 
temperatures, cf. what was said under (/). 


Table 64 


Crystal 

a . 10 ^ cm. 

Observer 

Ksmarks 

CsOl 

TlCl . 

4-12 

3-85 

Davey-Wick 

Bartlett-Langmuir 

jPhys. Eev., 17, 403 (1921). 

NH 4 CI . 

3-859 

Journ. Amer. Ohem. Soo., 43, 


84 (1921), at 20° C. 


3*889 

Vegard 

^leitschr. f. Phys., 5, 17 (1921). 


3-988 

Bartlett-Langmuir 

Journ. Amer. Ohem. Soc., 43, 


84 (1921), at 20° C. 

)) • * • 

4-070 

Vegard 

Zeitschr. f. Phys., 5, 17 (1921). 


(h) Lattices of the type of zincblende. The lattice of ZnS repre- 
sented in Tig. 36, page 125, is determined by the edge of the cube, a. 
The elementary cube contains 4 + 4 atoms. The lattice of OSi is 
identical with that of ZnS. According to page 125 the lattice of CaF2 i® 
related to that of ZnS. 


Table 65 


Crystal 

a . 10 ^ cm. 

Observer 

Remarks 

Zincblende, ZnS . 

5-41 

Bragg 

X-Rays. 

Carborundum, OSi 

— 

Hull I 

Phys. Rev., 13, 292 (1919). 

Fluorspar, GaFjj . 

— 

Bragg 

X-Rays. 


(i) Lattices of the type of calcite (substances of the form MNO3). 
The lattice represented in Fig. 35, page 125, is determined by the 
rhombohedral edge a, the angle a between the edges at the pole and the 
distance jr of the 6 atoms from the centre of the acid radical. The 
elementary region contains 4 + 4 + 3 . 4 atoms. 


Table 66 


Crystal 

a . 10 ^ cm. 

a 

X . 10 ® cm. 

Observer 

Remarks 

OaCOg . 

Rhodochrosite, MnOO^ 
Siderite, FeOO, . 
NaNOa . ' . 

6-08 

5-66 

5- 66 

6 - 08 

101° 55' 
103° 6 ' 
103° 4J' 
102° 47' 

1-21 

1-225 

1-225 

1*21 

Wyckoff 

] Structure accord- 
1 ing to Bragg. ^ 
[Amer. J. of Sci., 
j 50, 317 (1920). 
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4. Proof of the InYariance of Hamilton’s Equations for Arbitrary 
Changes of Co-ordinates 


Contact Transformations 
(To Chapter IV, § 1) 

In the text, by using rectilinear co-ordinates qjc = x, y, z for a single 
mass -point, and assuming that there was a potential energy that depended 
only on the we directly deduced from Newton’s foundation of 

mechanics the existence of the Hamiltonian equations : 

( 1 ) 

M dt 7)qk * Iqk ' ’ ^ 

But what holds for one point-mass also holds, as was remarked on page 
195, for a system of point-masses between which conservative forces act. 
Eqns. (1) hold for each of these if we take qk as representing in succession 
the rectilinear co-ordinates of each individual point of the system. We 
shall now Show that the form of eqns. (1) also remain preserved if, by 
means of an arbitrary '' point-transformation ” (not containing the time), 
we introduce new co-ordinates of position 

Q = fk{qv 32. • • •) • • • • (2) 

in place of the rectangular co-ordinates. 

For this purpose we imagine the s to be calculated from (2) as 
functions of the s. The g^s deduced from them by differentiation 
with respect to t will be linear functions of the Q^’s and will have co- 
efficients that depend on the Q^’s. The kinetic energy, expressed in 
terms of the rectangular co-ordinates of velocity, is a homogeneous 
quadratic function of the g^’s. As in (l).we designate it by If we 

here insert the values of the g&s in the s, Q^’s, we get a homogeneous 
quadratic function of the with coefficients that depend on the Q^’s. 

We call this function (Oifa? Qfc) have by definition 

Efcm(QA;; Qifc) ~ ^km{q,k) • • • • (^) 


From homogeneity it follows that 

k k 

Just as in eqns. (1) pk was defined by differentation of Bidn, we now define 
Pjb by setting _ 



We then have 






(5) 


and from (3) we conclude that 


( 6 ) 
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This equation may serve to define P* in place of (4). Por, calculating 
the as linear functions of the Q* s by differentiating (2) with respect 
to ty then inserting these in (6) and comparing the coefficients of on 
both sides, we get the Pa’s as linear functions of the with coefficients 
that depend on the Qa’s. If we reverse these relations and insert the 
expressions for the so obtained and the p’s obtained from (2) in the 
Hamiltonian function H (p, q)y we get Hampton’s function expressed in 
terms of the co-ordinates P, Q; we call it H (P, Q), and, by definition, 
we have 

H(PaQa) = H(pa?Za) .... (7) 

What our assertion amounts to now is that in the quantities Pa, 

H(P, Q), JilAm(P> Q) so defined, the Hamiltonian equations 

dQ]c ^H ^Pa _ c)H /qv 

~dr ()Pfc’ dt ^ ()Qa ■ ■ ’ ^ ^ 

again hold. 

To make the proof capable of being generalised as far as possible we 
apply the method of the calculus of variations. Although we have 
nothing new to say about it, we shall summarise the essential poiats 
here for the convenience of the reader. We first suppose the differential 
eqns. (1) of the mechanics of a point (kinematics) to be compressed into 
the form of d’Alembert’s principle. This gives us the advantage of being 
able to pass from the hitherto assumed system of isolated point-masses to 
a mechanical system with arbitrary inner relationships. 

As we are aware, d’Alembert’s principle asserts that the external forces 
are in equilibrium with the inertial resistances in virtue of the relationships 
of the system. To test whether this equilibrium persists after the system 
has undergone infinitely small virtual displacements (“virtual” means 
compatible with the inner relationships of the system), we postulate that 
the work done by the external forces and the inertial resistances (i.e. the 
“ virtual work ”) must vanish. 

Let the rectangular components of the external forces be denoted by 
Ka in succession. The inertial resistances, which for the present we also 
assume resolved into rectangular components, are also given by - 
The principle is then expressed by : 

^( K ,-^)%=0 .... ( 9 ) 

The connexions that may happen to exist between the point-masses need 
not be taken into consideration since they do no work during the virtual 
displacement 

We assume that the external forces have a potential. Then 

^ Ka 8 ^a = - SEljpoi .... ( 10 ) 


must hold. 
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Furthermore, 

Pt^qk = J^Pkhk - '^pk^k = ^'^pMk - SBfo:,t . (11) 
Hence it follows from (9), (10), and (11) that 

= 8(E,,. - E^„,) = 8L 

(1j is the “ Lagrange function '’), and if we integrate from 0 to t (let the 
integration variable be denoted by t to distinguish it from t) then 

t 

= .... ( 12 ) 

0 

We revert to this equation in Note 7. At present we use special eases 
of it by stipulating that : (1) At the limits 0 and t, ^qk must equal 0 ,* 
(2) the time is not to be subjected to variation ; that is, St = 0. From 
( 12) we then get Hamilton’s principle 

t 

ajLir = 0 (13) 

0 

We usually take it as a starting-point for deriving the general Lagrange 
equations, in which L is then regarded as a function of the q’s and q’s. 
We shall use it here as a bridge to the Hamiltonian equations, that is, 
to our initial equations (1). From the definition of L and H, 

^{9.! 9) ~ H(q, p) = q- 

we get, if we take into account (5), 

L = ^'Eikin — H == ' ^J Pkqk ~ H . . . (13a) 

In place of (18) we may write 

t 

8j[H(^,,g)-^MJ(iT=-0 . . . (14) 

0 

(modified Hamiltonian principle) and we may further choose the qkS and 
pkB for the quantities to which we apply variation. We then get from (14) : 

t t t 

~ ^ = 0. 

A; 0 k 0 k 0 
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Partial integration applied to the last integral, where we have to take 
into consideration that must equal 0 at the limits, changes the pre- 
ceding equation into 

k h 

since ^g[k are arbitrary, this equation is identical with the eqns. (1). 

Hitherto we have taken pk and qk as standing for rectilinear co- 
ordinates. By means of the point-transformation (2) we now pass on to 
arbitrary co-ordinates Q^. As a result of (3), (5), and (7) equation 
(14) is expressed in terms of these new variables by : 

8|[H(P,, Q;fc) - = 0 . . . (16) 

The process of variation takes place exactly as in the case of the variables 
Pkj qk, and leads to 

2l(si - + 1((|| + *'•)*«•'*' - ^ 

k k 

Prom this we directly deduce eqns. (8), which were to be proved. Thus, 
the invariance of Hamilton' e equations with respect to arbitrary points ^ 
transformations is a direct consequence of their deduction from the modified 
Hamiltonian principle. 

If we survey the preceding proof we realise that we assumed much 
more than was necessary for deriving the desired result of eqns, (8). In 
(6) and (7) we had assumed XPk^k = ^pkqk and H = H. But to pass 
from (14) to (17), it is only necessary to require, insead of this, that 

H - = S - ^P,Qi. - P . . . (18) 

Here P denotes, an arbitrary function of, for example, the arguments 
g, Q and t, and P denotes its complete differential quotient with respect 
to t. Actually the additional term due to P in (16) drops out when we 
integrate with respect to r, since it reduces to the values of SP at the 
limits, which in their turn, just like Sq, 8Q, ^t, vanish. Our special point- 
transformation (2) with the complementary conditions (3), (4), and (7), of 
course, fulfils eqns. (18), in effecting that 

^PifcOifc = H = H, F = 0. 

But much more general transformations of the following form are com- 
patible with eqns. (18) : 

Qk =fkiqi, Pi, i), Pj: = gkiqi, Pi, t),- P = E(gi, Qt, t) . (19) 

The manner of expressing P here chosen brings out clearly that for the 
sake of convenience, as already remarked, we wish to regard ^ 

as variables of P ; [if instead, we had chosen q, p^ t for the arguments, as 
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we did in the first eqns. (19), then we should have been able to calculate 
Pi out of the first eqns. (19) and to insert it in E]. The choice of q, Q, t, 
as independent variables corresponds exactly to the analytical form of 
eqns. (18) and makes it easier to give the conditions which are imposed 
on the transformations (19) by the existence of (18). This choice, it is 
true, is possible only if g, Q, and t do not depend analytically on one 
another ; it would be impossible if, as at the beginning of this section, 
equations of the form (2) were to hold. 

We arrange eqns. (18) according to the differentials of the indepen- 
dent variables, we call dt the differential of t and use S to indicate those 
differentiations with respect to q and Q, in which t is not subjected to 
variation. Accordingly we set 

Ydi = ^dt + SF 

ct 

and write (18) thus : 

(h - H - —Jdt + J - 8P = 0 . (20) 

We next postulate that this condition be fulfilled for all virtual changes 
SQ, dt and this is at any rate sufficient for the existence of Hamilton’s 
eqns. (8) [we do not hereby assert that this condition is at the same time 
necessary]. On account of the independence of the variables t, g, Q (20) 
may be resolved into two groups of postulates which must be fulfilled by 
the transformation (19), They are 

— c)E 

H - H + ^ (20a) 

+ SE . . . (20b) 

Eqn. (20b) shows directly, if we make only one of the quantities qjcf Qh 
vary, that 

^E ()E . 

P* = = - jQ- • ■ • (20c) 

holds. In the particular case in which the additional function E is chosen 
independently of t, eqn. (20a) reduces to the earlier eqn. (7). But in this 
case, too, eqn. (20b) is more general than eqn. (6), inasmuch as here the 
term SE becomes added, which (as F was assumed independent of t) may 
be designated a complete differential of the arbitrary function E (g, Q). 

Eqns. (19) obviously no longer represent “point transformations,” 
inasmuch as, unlike (2) they no longer connect the point- or position- 
co-ordinates g, Q with one another, but with the impulse (or momentum) 
co-ordinates p, P. Moreover, since in the ease of such a general trans- 
formation the mechanical significance of the momentum co-ordinates 
becomes lost to view, it is better to call the pairs of variables q, p on 
the one hand and Q, P on the other; canonical variables. P is 
canonically C07ijugate to Q, and likewise p to g. The general transforma- 
tion of canonical variables that are thus only restricted by the conditions 
(20) is called canonical transformation. At' the end of this note we shall 
raise the point as to how far the term contact transformation may be used 
35 
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as an equivalent to it. In the most general case, when, namely, th< 
function P depends on t, the canonical transformation not only connect 
the quantities q, p with Q, P but still more the quantities q, p, II wifcl 
Q, P,H. 

Under certain circumstances it is convenient to start from the quanti 
ties q, P, t as independent variables instead of q, Q, t, for example, in tb 
case, which was above excluded, of an analytical relation between g, Q, l 
It is easy to re-write eqns. (18) in such, a way that they fit in with thi 
view. It is only necessary to add SQjfcPife on the right with a positive am 
negative sign and to consider instead of F the “ modified'* function 

= F + .... (21 

Eqns. (18) then merge into the form 

H - = H + - P* . . . (29 

By now treating g, and P as independent variables it follows fron 
these, analogous to eqns. (20a, b), that 

H = H 4- (22a 

JiJASgfc + = SP* . . . . (22b 

From this point of vantage we get the ** canonical conjugates'* jp, Q U 
the independeat variables by means of the formulae 

DP* ^ ap*- , . 

~ • • ■ (22o, 

whmh are analogous to (20c). The term ^‘modified function" F* is k 
remind us, just like the term “ modified Hamiltonian principle '* (cf. p. 548 
of the usual process in dynamics and thermodynamics in which we ohangi 
the independent variable, a process which is to be traced back in ar 
abstract form to Legendre an(3 which is called LegeMdre transf Of mention 
It c^nly remains for us to give grounds for the term contact traM^ 
formation.’ 

^ Let us c()nsider a surface" 5 = s{q^, q^) in / + 

sional space, interpreting . . . q f as rectangular point-co-ordinates in $ 
plane and erecting s perpendicular to it. Then the quantities 

Is 

'hqh 

determine the position oi the tangential plane at the surface s, and naay 
therefore be called “plane-co-ordinates," The following “ condition of 
combined position, ® 

ds = '^pkdqk . . . . . ( 33 ) 

1 

holds between the point- and the plane-co-ordinates. 
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5. Ratio of the Kinetic to the Potential Energy 

Leb ns introduce new co-ordinates by means of eqns. (19), 

whereby, however, we assume / and g to be independent of t in order to 
allow us to use a geometrical interpretation. Expressing the in 
terms of Qi and Pv: by means of eqns. (19), we next form s{q) = S(PQ) 
and postulate that the new configuration S also represents a surface, that 
is, that it is touched by the planes given by the P’s at the points de- 
termined by the Q’s. Then it must be held as a consequence of (23) that 

is = ^PkdQk (23a) 

that is, if p denotes an arbitrary function of the q, p, s or Q, P, S, then : 

n n 

dS - = p(ds - ■ . ■ (24) 

11 

This is the condition that is to allow us to apply the term contact trans- 
formation in the geometrical sense to our transformation (19). 

In a certain respect our condition (20) is more special, in another it 
is more general, than the geometrical condition (24). The factor p was 
wanting in our condition (20) ; in its place, however, even if we leave 
out of account the member with dty there occurred the additive term 
SE which was wanting in (24) for the case p = 1 and S = s. But it is 
just this generalisation that is important for mechanics. The theory of 
transformations of the differential equations of mechanics, founded by 
Lagrange and Poisson and developed by Jacobi, operates throughout with 
such generalised contact transformations. 

Thus the geometric and mechanical conception of contact trans- 
formations is only partially identical. 

5. Concerning the Ratio of the Kinetic to the Potential Energy 
in the Coulomb Field 

(To Chapter IV, § 3, p. 214 ; § 4, p. 220 ; ^ 5, p. 228) 

At the close of his .first paper in Phil. Mag.,* Bohr makes the following 
statement: 

In every system of nuclei at rest and electrons that move in circles 
with velocities which are small compared with c the kinetic energy is, 
except in the sign, equal to half the potential energy.” 

We shall show that this theorem applies much more widely : it holds 
not only for circular orbits but also for arbitrary forms of motion, in which 
(for varying kinetic and potential energy) the time-mean values of both 
energies have to take the places of the energy values themselves in the 
enunciation of the theorem. It also remains valid except for a small 
change if we allow any arbitrary central force to act in place of Coulomb’s 
law of force.t It is not necessary nor even convenient in the sequel to 
assume the nuclei at rest. 

*VoL 26, p. 24(1913). 

fin -what follows we continue from Burgers, Biss. Haarlem, 1918, p. 168, whose 
simple proof we extend to the case in which any central force, not merely Coulomb’s, 
acts. This extension already occurs in Jacobi, Vorlesungen Uber Dynamih, p. 22. 
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We take as our basis rectilinear co-ordinates y, z which we 
distinguish by affixing numbers for the electrons and nuclei and denote 
\ • S'/- Pi • • • Hr he the corresponding momenta. Then 
the kinetic energy of our system of nuclei and electrons can, by eqn, (5) 
of the preceding note, be put into the form : 

. . . • (1) 

Let the potential energy be a homogeneous function of degree w + 1, of 
the co-ordinates qjc. This is the case, for example, if central forces 
proportional to act between the point-masses of the system, that is, 
between the ^th and jth point-mass (no matter whether it be nucleus or 
electron) a force acts in the line connecting both, its amount being 
{n is the same throughout but C may under certain circumstances change 
from point-pair to point-pair). Then we get [cf. eqn. (3) on p. 194] : 

^pot = . . ( 2 ) 

We next form 

J^kqk ='^fkqk ■ ■ ■ (3) 

and take the mean value in time, which we denote by a horizontal bar. 
If the motion is periodic or at all stable in the sense that the position of 
the point-masses does not systematically deviate from its initial con- 
figuration to an extent that increases indefinitely with the time, the 
time mean on the left-hand side of (3) becomes equal to zero. Thus 

.... (4) 

must hold. By (1) and (2) this means that 

'^kin = 2 ^pot • . ■ . (6) 

If we finally set n == — 2 (Coulomb force), then Bohr’s assertion is valid 
in its extended form, namely, 

^Un — ■" .... ( 6 ) 

Our theorem does not hold in relativistic mechanics, because here eqn. (1) 
falls out of action. 

6. Some Examples of Integration, by Complex Yariables 

(To Chapter IV, § 6, p. 235 ; Chapter V, g 7, p. 312, and to the following 

notes) 

It is well known ^ that the method of complex variables has the ad- 
vantage of allowing integrals over a closed path of integration to be 
evaluated without the necessity of special devices and almost without 
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calculation. As we shall see in the next note it is intimately related to 
the problems of the quantum theory. 

(a) Let us first suppose that we are dealing with a real integral 
which allows itself to he regarded directly as a closed complex integral : 

J 

0 


_ 1 f d<l> 

SttJ 1 4 - € cos cfi 



We introduce as a new variable the complex quantity z which 

traverses the unit circle in the positive sense, while <l> goes from 0 to Qtt, 
cf. Eig. 123. In these variables we write 


where 



ttu] + 2 ^ 7 ^ + 1 


1 


( 2 ) 


Since, on account of the meaning of c (numerical eccentricity) and also 
on account of the convergence of the integral (1) we must assume e 1, 
rj becomes ^ 1. The roots of the denominator in (2) are 


= - 7^ + - 1 . . . ~ <C I) 

- 77 - - 1 . . . - 


In place of (2) we get by resolving into partial fractions 


J = fr -T 

Tr%€ J - Zj) [Z ~ Z^i) 


_ __ 1 

^ (& . - ( 

dz \ 

\ ^ 

1 { 

II 

Kiz - J 

Is- zj 


( 1 ) 


The second of the last two integrals vanishes since its singular point lies 
outside the unit circle. The first allows itself to be contracted into a 
path encircling the point in the interior of the unit circle and it 

has the value 2Ti. Accordingly, 

J 27r^ 


(5) 
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But by (3) we have 




:vr 


and thus (5) passes over into 




( 6 ) 


(b) The following integral allows itself to be reduced to integral (a) ; 
we encountered it in the elliptic motion in eqn. (13) on p. 235 : 

2ir 

‘ r sin^ 

^ 2^J (r+Tcos“(;i>)"2^ 


For, by partial integration, this becomes 




sin 


27r 1 + € COS <f> 


27r 

0 ^ttJ 1 


COS c/> 


+ € COS <f> 


d<f>. 


The first term on the right vanishes, the second allows itself to be re- 
written thus : 

Stt 


“ '2xKi + €Oos 4, ~ = J - 1- 


So we get 


“ Jl- - 


(7) 


The integral that essentially gives the time of revolution of the elliptio 
orbit (cf. eqns. (28) and (29) on p. 312), namely, 


X 


2ir 

if- 


d<l> 


^ 27rJ (1 + € cos 


(7a) 


also allows itself to be reduced to the integral (a). 

In (1) and (6) we replace € by e/a and get the following two ex- 
pressions for Jg/a : 

27r 

1 f d4> 1 

2xja + £ cos ~ ~ ^ 

0 

By differentiating with respect to a we get : 

27r 

j[_r 




2xJ (a + £ cos <f>'f 

If we next set a = 1, then Jj comes out on the left. We thus have 

1 

J, 


(1 - £^)' 


I’/r 


(7b) 



6. Some Examples of Integration by Complex Variables 551 

(c) The integral 

= + + . . . (8) 

constitutes the natural and general basis for the treatment of the radial 
quantum condition. The constants A, B, and C have a somevrhat 
different meaning in the relativistic and non-relativistic cases. For the 
diagram we take them so that the branch points of the integrand — we call 
them T.^yyirn, and fmm, “ perihelion- and aphelion-distance ” — have real 
positive values. The path of integration is initially from to r^^ax 
and back again to ; as shown in Fig. 124 it is drawn out into a 
closed course in the complex r-plane. The r-plane is to be supposed slit 
up between r^in and t^ymx and represents the upper sheet of a two-sheeted 
Eiemann surface. On account 
of the positive character of the 
phase-integrals the sign of the 
square root is to be taken fosi- 
iive for a positive dr (section 
below the slit) and negative for r- Plane 

a negative dr (section above ]?ig. 124. 

the slit), as is indicated in the 

figure. From this it immediately follows that the square root on the 
real axis of the r-plane outside the slit is imaginary, and, indeed, positive 
and imaginary for r > r.rmx, negative and imaginary for 0 <^r rndn, as 
is likewise indicated in the figure. We recognise this if, starting from 
the positive or negative edge of the branch section, we make half a re- 
volution around the branch-point r = or r = 

We continue further along the path of integration and close it at the 
poles of the integrand. These are the points 

r == 0 and r = od. 

At the point r = 0, J3 behaves like 

7c|*(i + H. . . ) 

As the figure shows, the integration is to to be made in the sense of the 
hands of a clock and hence the first member of the series furnishes the 
value - 27ri ; the remaining members, however, vanish in the integration. 
Hence the total contribution of the point r = 0 is 

- 27ri JG (9) 

The point at infinity is indicated in the figure in the finite region. We set 



J, = -f s/aT2Bs“ + * = - VaJ’(i + 

The residue of this integral for the point s = 0 is solely determined by the 
member containing ; this member has for its coefficient 

B 

Va 
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The contribution of the point at infinity therefore becomes (of. the sense 
of revolution in the figure) 

+ 27r*-^ (9a) 

V A 

Erom the sum of (9) and (9a) we get the following value for J 3 , which will 
be of fundamental importance in the sequel : 

J, = -2^i(VG . . . (10) 

We add a supplementary remark about the sign of JG, VC was 
defined in ( 8 ) as the residue of the expression 



^ ^ 0 
r 


for r = 0 . This expression is, as has already been indicated in the figure, 
negative and imaginary in the vicinity of the zero-point where r is real 
and positive. Hence VC is also to be reckoned negative and imaginary 
in (10). Correspondingly we conclude that n/A is positive and imaginary. 
{d) In J 3 we add a correction member having the small coefficient 
and consider 

f 


The position of the branch point is not essentially altered by the correction 
member. Hence we may take over the preceding figure with its de- 
terminations about signs and path of integration. 

To be able to carry out the integration we shall expand the root in 
power series of the correction member. For this it is necessary to deform 
the path of integration in given cases in such a way that the expansion is 
possible along its whole course. For a sufficiently small this will 
always be the case. The deformed path of integration must avoid any 
branch points that may happen to arise from the added correction member. 
If we now carry out the integration term by term, then we may proceed 
with each member as in Fig. 124, since in the individual member only the 
branch incision Tmin and the poles r = 0 and r = co occur. 

If we retain only the first power of Dj^, the expansion runs thus : 




r 


C . D, 


A + 


2B G 


+ ( A + 


2B , 0\-4 D. 




B^or the integration aimed at in ( 11 ) it leads to 


A 




2B ^ GYidr 




( 12 ) 

(13) 

(14) 
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J 5 behaves regularly at the point r = co . Tor if, as above, we set 


s = -, then 
r 

At the point r = 0 there results 


sds 


Jr. 


~ -h ^rri 


>/A + 2Bs + 0 

+ 2Br + A,-) 

. B 

'C Vc 


Hence, taking into account (10), we get from (13) that 


„ B BD, \ 

2cyc) 


(15) 


(16) 


(e) In J, we add a second correction member with ^e small factor 
D^, which is, say, of the same order of magnitude as , and let us 
consider 


j. 


. . (U) 




Here again Fig. 124 serves to inform ns in the matter of 

tion and sign. Concerning the fundamental treatment oi the patn ot 

integration the same is to be said as under (d). 

Excluding all powers that are higher than and we nexb 

expand 


V 






.B . G\-iiD,^ 


-4 A + + 


and then get 


■Ic = '^3 + + ^“^7 


8 . 


J. = ( 




(18) 

(19) 

( 20 ) 


In calculating J, and Jg we are again concerned only with the point 
r = 0 , since the position r = oo also behaves regularly here, lor the 
neighbourhood of r = 0 , the following holds : 
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^(0 + 2Br + Ar3)- 


1 rdr 


B ' , A 


»■ + + 


C 2C 


3/B.. , A „\2 


1 (dr 

ToJ 


1 B 
1 - 


G 2VG 


1/A „B^ „ , 

o n - + 


Tri /A _ gB''^ 

TSVg ■ G^ 


Further, 


Jg = “':(C + 2Br + Ar2) ■ 


1 fdrr, o/B , A 

^-Jr«L (c^+2i 

1 Mrr, „B 3 a 

OVoJ^^r ^G^ 2V 


Br + A.2UM 

G 2G ' ^ 


A .V 


2lo’' 2C"A + • ■ 


A .B2 


XI RiJ- 

G 


37r« /A _ kB^\ 

^VC W 


With these values of J, and J., as well as with the values of Jo and Jj 


out of (10) and (15), (18) becomes 


J« = — 27ri 


*{(n/G 


^ B 


+ -ABiL^a 

^ 16GVC\ 


VA 2GJ^J 4070 


By collecting those terms that contain A as a factor, we finally get 


J„ = - 2.4 70 ® 1 -A-f D, - 3 B 2 B 15 D^B 

r JA 2G70W 2 G ^ 8 CV 


4G7gV ' 4-o;j 


(/) We now return to the integral designated by Jg in (8) and insert 
in it a correction member Dr. We shall call the integral resulting from 
this 


^ + 2 ? + ^ + Dr dr. . 


By expanding again in powers of D, we get as the first member the 
former integral Jg. We call the integral of the second member Kj : 


K = J3 + 


setting, in general, 


r^* + ^rZr 


2B C J + i^Br + Ar‘^ 


A + ^ + 

r r^ 
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Here it is the point r = oo that plays the deciding part, whereas now the 
integrand is regular at r = 0. We introduce the new variable of integra- 
tion s = 1/r and have 

T. X /■< . nB . C.., 


1 , I 

1 + + js- 


Expanding as far as powers of 8^ within the square brackets, we get 


K 


r ds 

j^'Va 


1 - 


B /3 G \ 

A® + V2P~2Ar + • 


and by contracting the path of integration about s ■■ 

%ri /3 ^ _ 0 \ 

7AV2A^ 2A; • 


K, 


Accordingly, in view of (10), (23) gives 

K 

In general 


I n/A 4A 'A A 


“)) 


(h.2|s + 5,<)-* 


27ri 

"71 


ort+‘i 


(25) 


(26) 


(27) 


The following similarly constructed integral is calculated in exactly 
the same way ; 

r rMr C r’‘+'*ar 


, 2B7Cvf 
A +-7 + 7 .) 


(28) 


We get for it 




-4- 2 


.B 0 , 
*A®+ A®; 


(29) 


The sign Ees in (27)_ and (29) denotes the coefficients of in the power 
series of the expression that follows it. 

7. Hamilton’s Partial Differential Equation the Separation 
of Variables. The Moduli of Periodicity of the 
Action as a whole Multiple of Planck s Quantum of Action 

(To Chapter IV, § 6, p. 235 and Chapter V, § 4, etc.) 

XJp to a few years ago it was possible to consider that the methods of 
mechLics of H^ilton and Jacobi could be dispensed with ^ysics 
and to regard it as serving only the requirements of the calculus ^ 
astronomic perturbations and the interests of 

ingly it is not even touched on in the most famous of German textbooks 
mechanics, namely the lectures of Kirchhott. 


on 
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Since the appearance of the papers by Schwarzschild and Epstein In 
the year 1916, which, following immediately on the papers by the author 
on the fine structure of the Balmer series, link up the quantum conditions 
with the partial differential equations of mechanics, it seems almost as if 
Hamilton’s method were expressly created for treating the most important 
problems of physical mechanics. 

We start from eqn. (12) on page 543 which was derived from 
d’Alembert’s principle : 

k=J' t 

= jsLdr . . . . (1) 

k=l 0 


We take the g^’s as having the meaning, more general than on page 
541, of arbitrary positional co-ordinates independent of one another, and 
the jpkS as the corresponding momentum co-ordinates. Further, we shall 
free ourselves from the restriction, introduced for Hamilton’s principle 
on page 545, that the time may not be subjected to variation. Accordingly 
we set 

t t 

|8L<Zt = sjLdr - hSt 
0 0 

and get, instead of (1), 


k=f t 

^Pk^qk * = ^ I 

^=1 0 


Ldr — 


( 2 ) 


If we assume that the potential energy does not contain the time and 
also that the equations of condition that may happen to exist between the 
parts of the system are independent of t, then the energy law holds in the 
form 


H = Bjb/n + =: W . . . • (^) 


By using eqn. (13a) on page 543 we may write 

t t 

j Ldr = 2 |Et,;«dT - Wfj = S - Wi . 


The quantity 


S = 2|Eji;i,i(iT 


(4) 

(5) 


here introduced is called the function of action. 
If we insert (4) in (2), it follows that 



= 8S - «8W - (W + L)8t j 
= SS - t8W J 


( 6 ) 


In the latter method of rewriting the right-hand side we have used 

W + L ~ 2Bjbtn 

[cf. eqn. (5) on p. 541]. 
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7. HatBilton’s Partial Differential Equation 

The integral (5) is to be taken over any mechanically possible path, as 
is shown by its derivation from d'Alembert’s principle. Through fixing 
such a path by means of its initial conditions (initial position and initial 
momentum) S becomes a definite function of the time. By making the 
initial conditions variable, S appears as a function of 2/ + 1 variables 
(of the time, of / co-ordinates qjc^ of the initial position and of / co- 
ordinates p}P of the initial momentum). But instead of these 2/ + 1 
variables we shall introduce other variables, namely (proceeding as for 
a ballistic problem), besides the co-ordinates of the initial point, the 
co-ordinates qjc of the end-point target point ” ; “ Trejfpunht ”) and, 
simultaneously, instead of the time t between the initial point and 
the target point, the energy W (in ballistic terms, the “ charge ”). As a 
matter of fact, starting from a given initial point, we can reach a given 
target point by different paths and in various orbital times, according to 
the amount of energy available. The equation that accordingly exists be- 
tween t, W, qjc and q^ allows us to calculate i as a function of W, qk and 
qjc^ and to eliminate it by inserting this value in the upper limit of S. 
In the sequel loe accordingly regard S, the function of action, as afunctiooi 
of the co-ordinates qu of the final position and of the co-ordinates qjf of the 
initial position, and as a function of the energy 'SR . "We take 8S as stand- 
ing for the expression 

■ • ( 5 ‘) 

We suppose this value of 8S inserted in the right-hand side of eqn. (6). 
Designating the displacements Sqk tor t — Q and ^ on the left-hand 
side of (6) by ^q^^^ and we write in place of (6) 

k==f 

+ «sw = 83 . . (6a) 

fc=l Jc-1 

Let the quantity be called the “ variation at the ffnal point of 
the orbit.” It signifies the virtual displacement to which we have 
subjected the orbital element at the time t t. We must distinguish 
between this and the “variation of the end-point of the orbit,” which, as 
in eqn. (5a), will be called Bqjc. The latter is now composed of two parts ; 
(1) of the virtual displacement Sqk^' that we have effected at the end of 
the orbit, and (2) of the lengthening of the orbit which corresponds to the 
alteration of the orbital time by the amount U. W e have to imagine the 
co-ordinate qjc to continue its course during the time U with the velocity q^- 
The second part therefore becomes q^^t and we have 

If we insert this in the left-hand side of (6a) the following relation results, 
on which all that follows is founded, 

k^f 

~ Splkl + = 8S 

k = '1. k 1 

„ (where ^k is the variation of the end-point of the orbit). 


( 7 ) 
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We next specialise eqn. (7) by varying only the end-point of the 
system. We shall heep the initial position and the energy W iixed. 
Eqn. (7) then states : 

= S8 


and hence 



( 8 ) 


If, now, S were hnown in any way as a function of the then by (8) 
we should he able to derive the p* s from S. But this does not really 
help us on. For, to determine S as a function of the we shoula 
require previously to have integrated the equations of motion. Then, 
besides the successive positions of the system, also the corresponding 
momentum co-ordinates would be known and eqn. (8) would become 
superfluous. 

We can, however, use eqn. (8) indirectly to find S. For if we insert 
(8) in the energy law (2) 

- mpkl qk) = w . . . (9) 


where H denotes Hamilton’s function, that is, the total energy, expressed 
as a function of the pkS and qkB, then we get Hamilton's partial 
differential equation 

.... ( 10 ) 


It is of the first order and of the second degree (at least in the case of 
classical mechanics, since here is a quadratic function of the pj&’a). 
We shall assume that we can integrate eqn. (10), that is, that we can 
specify a solution 

S = 3(^1^ . . . qf] aj . . . qr) 

containing/ arbitrary constants of integration. One^ of these constants, 
say aj, is merely added to S and is therefore of no account ; it does not 
enter into the expressions for the p^s. But S also contains W as m 
essential constant arising from the differential equation. We shall call 
special attention to this by writing 

® ~ * •’ • djl . . . aj) + a| . . (11) 

We shall see presently how, under certain circumstances (by separa- 
tion of the variables), we can actually arrive at a solution of the differential 
eqn. (10) of the form (11). We first exhibit the inner relationship between 
tbe qnantum theory and Hamilton’s method of the function of action, of 
which we spoke at the beginning of this note. It rests on the fact that 
our phase-integrals 


allow themselves to be expressed directly by the function of action 8. 
On account of (8) we have 

■DS 
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By the rule on page 201, about the integration limits of the phase- 
integral, Jjc denotes the increase that S undergoes when the variable qk 
traverses the region that comprises the complete description of all the 
phases of motion of the system. Fixing our attention on periodic 
motions (or “conditionally periodic” motions, see below), we represent 
to ourselves that in the integration qjc returns to its value at the outset 
and we call J]c the ^th modiolus of periodicity of the function of action. 
Our quantum conditions 


then require that the moduli of periodicity of the action function he ivhole 
multiples of Flanck's quantum of action. 

To see how the moduli of periodicity of S are determined we must 
consider a little more closely the integration of the differential eqn. (10). 
The only method that is successful is that of the separation of variables. 
We shall illustrate it by a simple example. 

Suppose we are dealing with an oscillator bound anisotropically in 
space. The restoring forces - act on the point- 

mass m in the directions of three mutually perpendicular axes 
Pv Pp Pz> components of momentum {ph = mibk), then 




and the partial differential eqn. (10) then becomes : 



-h h/cf) = 2wW 


(13) 


This equation allows itself to be “ separated ” with respect to the variables 
that is, it allows itself to be resolved into the following three 
equations, that each depend on only one of the three variables : 


'DSV , . , 


a.,, 


(l;y+ = 


• ( 14 :) 


where %, ct^, are integration constants between which the following 
relation holds : 

(Xj -f* 4“ == 2?7|(W^ .... (15) 


We thus have only two arbitrary constants; the third constant is 
determined by these two and W. 

Bqns. (14) give us 

___ 

= ^/a^ - mhxi = ^mki Ja? - a;/ . . (16) 

Here we have set 

04 = mkioi . . . . . (17) 

Bqn. (16) shows in conjunction with the mechanical meaning of 

DS ■ . 


( 18 ) 
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that the variable Xi is limited to the region between ± and that it can 
reverse its sense of motion only at the end-points ±ai of this region, 
Eor if Xi were to overstep the region ± ai, then would become 
imaginary, which is impossible. If x-i were to stop before getting to the 
boundaries of the region, and reverse its direction at a point inside, 
then Xi would — 0 here ; but by (18) this would entail the vanishing of 
'bSI'dXi, which is excluded by (16), since 'dS/'bXi can vanish only at the 
limiting points ± ai. Thus the variable xi traverses the entire region ± ai 
alternately in the increasing and the decreasing sense, reversing its sense of 
motion and the sign ofpi at the end-points of the region. That, is, the full 
region of variability of Xi stretches from - ai to + ai and back again to 
- Qi. We indicate this integration by^ adding a circle O to the integral 
sign. Our quantum conditions are then to be written in the form 

dxi = Jmki & ^ xl^dxi = nfi . . (19) 






'bXi 


Here the integral obviously denotes the circular surface whose radius is 
ai. Thus we conclude from (19) that 


niJi 

TT Jmki 


( 20 ) 


From (17) and (15) it then follows that 


ai= Jmh—, = . . (21) 

TT iU. TT 


We finally introduce the vibration numbers vi, which correspond to 
the free oscillations of our point-mass in the three co-ordinate directions. 
These are given by 


27rV', 


lb 

^ y rn 


Jmhi = ^irnivi. 


If we insert this in the second equation (21), we get 


( 22 ) 


The energy of our oscillator thus appears, as was to be foreseen, as 
an integral sum of energy-quanta hvi that correspond to the three partial 
vibrations ; our spatial oscillator, just like the linear oscillator in Chapter 
IV, § 1, is quantised according to energy-elements. 

A series of general remarks follow from this simple example. 

[a) If Hamilton’s differential equation of a system of / degrees of 
freedom allows itself to be fully separated as regards the co-ordinates 
. . . qf, that is, divided into parts that depend in turn on only one of 
the co-ordinates qi, then, as in (14), / constants ai appear, of which, 
however, only / - 1 are arbitrary. In this way we obtain by the method 
of separation of variables the complete solution of Hamilton’s differential 
equation with the number of integration constants required in our former 
remarks. Together with the energy-constant W we have / parameters 
(we shall call them briefly the “ constants a”), which according to classical 
mechanics, may be chosen freely within a continuous manifold, hut, 
according to the quantum theory, are capable only of discrete values. 
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(b) Just like the Hamiltonian equations so the partial equations 
derived from them by the process of separation in the co-ordinates q 
are of the first order and of the second degree. Thus if we calculate out 
'bS/'dqi, we get an expression which, like (16), carries a square root; for 
example, when the g/s are orthogonal co-ordinates we have : 

■Nq 

= ^.m) (23) 

Let ai and hi be two consecutive simple real roots of the function fi in 
a region of values which is accessible to the co-ordinate q,: according to its 
mechanical significance ; we then see from the same considerations as 
those applied in our special example, that if once qi lies between the 
values ai and bi, then it swings permanently between these - limits 
(‘‘libration limits”). Eor each libration and for each co-ordinate qi, S 
increases by a fixed modulus of periodicity. Just as in our example the 
periods corresponding to the various co-ordinates do not in general super- 
pose exactly and hence the orbit will not return into itself. We call this 
behaviour conclitmially periodic. Eor 
further details, in particular concerning 
the conditions under which an asymp- 
totic “limitation motion” occurs, in 
place of the “ libration motion ” we 
refer the reader to Charlier,* Celestial 
Mechanics (“Mechanik des Himmels”). 

(c) In all conditionally periodic sys- 

tems the form of the orbital curve has 
the character of Lissajo'us figures. In 
Eig. 125 we draw the two-dimensional 
Lissajous curve which is described by X25. 

the co-ordinates of our example. 

The curve touches its envelopes = ± a^ and = ± cio alternately. 
Exactly the same occurs in the general case, for which we denoted the 
corresponding limits for the co-ordinates qi by a/, hi. The somewhat 
difterent appearance of, for example, Eig. 78 illustrating the Stark effect, 
is merely due to the fact that the co-ordinates qi are not here Cartesian 
but have been drawn as curvilinear co-ordinates in agreement with their 
physical significance. The Lissajous^ curve in this case does not nestle 
in a rectangle but in a curvilinear quadrangle. 

{d) An essential difference, however, manifests itself if there happens 
to be a cyclic azimuth among the co-ordinates qi of the system, that is an 
angular co-ordinate <j(), whicjEi does not occur in the expression for the 
energy. In this case in place of eqn. (23), the following holds : 

= const. .... (24) 

In cjf) we have no libration limits but the mass-point continually tra- 
verses the orbit around the origin of the co-ordinate system, according 
to the law of areas. The representation of the relativistic Kepler ellipse 

^'Leipzig, 1902, vol. I, p. 85, et neq. The name “co.uditionally periodic” arises 
from the fact that when further conditions beoomo added [of. the form of eqn. (42)] 
the motion becomes periodic in the true sense. 

36 
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in Fig. 110 gives ns a picture of this behaviour. It is included between 
tv^o enveloping circles instead of being hedged in by a curved quadrangle. 
The full region of variability for a cyclic co-ordinate stretches from <56 = 0 
to <jf) = Stt. Consequently the corresponding modulus of periodicity 
of S is 

'in 

Jtji = = 2'7Tp 

0 

and the quantum condition becomes, as in the case of the simple 
rotator 

2^2) ^ nil . . . . . (25) 

It is not necessary for the sequel to emphasise this frequently 
occurring exceptional case. Father, use is to be made of it in defining 
the conditions of the conditionally periodic system. 

(e) The general quantum conditions for a conditionally periodic 
system are, following on (23), for orthogonal co-ordinates qi : 

J,: = (j) -Jfiiqu W, a, 7T7<^)dqi = n,h. . . (26) 

They furnish us with / equations for determining the / constants W, 
a2 . . . a/. These constants, in particular also the energy W, are thus 
fixed by the quantum numbers ni. A discrete manifold is separated out 
of the continuozos manifold of its values. In particular, the quantising of 
the energy pays due regard to the sharpness of spectral lines. 

(/) Complex integration offers the natural method appropriate for 
evaluating the integrals of the form (26). As we have already indicated 
by the sign Q, the path of integration is a closed one. It runs round 
the two branch points at, hi of the square root, which we suppose 
connected by a branch incision; and, moreover, since the square root 
changes its sign in passing around the one or the other branch-point, 
and since the integrand of the phase-integral is necessarily positive 
(cf. p. 201) the path forwards must be traced on the positive, that back- 
wards on the negative, edge of the slit. We re-model it (cf. p. 551, 
Fig. 124) into any arbitrary course about the slit and may, in given cases 
simplify it further by contraction into the singular points of the integrand* 
Thus the most powerful instrument of the theory of functions, the method 
of complex integration, places itself beside the methods of higher mechanics 
in the service of the quantum theory. 

[g) An important remark of Epstein * concerning the choice of the 
co-ordinates to he used in expressing the quantum conditions links up 
with the form of the orbit of conditionally periodic systems such as, for 
example, were depicted in Fig. 78. The difficulty involved in choosing 
the co-ordinates, and their influence on the quantum conditions has been 
emphasised earlier on page 201 of the text. From the point of view of 
conditionally periodic systems we are inclined to say that those co- 
ordinates are the correct ones in which Hamilton’s equation allows itself 
to be separated. This rule actually leads, in all cases to which it is 
applied, to results that are confirmed by experiment. But the rule seems 

*P. Epstein, Ann. d. Phys., 51, §2, p. 168. 
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to be purely formal. In reality, there is, according to Epstein, a sound 
geometrical meaning. 

In the conditionally periodic motions, the envelopes of the orbit are 
the co-ordinate surfaces qi = or, respectively, g,; == bi, corresponding to 
the straight lines a;, = ± and X 2 ^ ± a.j, in Fig. 125 ; these surfaces 
occur in the /-dimensional space. Now if we change the integration 
constants at the surface configuration contracts or expands and in this 
way defines the whole system of co-ordinate surfaces qi = const. Thus in 
the cpnditionally periodic system the correct co-ordinates to be used in 
the quantum conditions are not only distinguished formally by admitting 
the possibility of separation, but also mechanically and geometrically as 
the envelopes of the orbit. The conditionally •periodic systems furnish 
their correct GO-ordinate system of themselves. Conversely, if the orbit has a 
system of enveloping surfaces, and if the parameters of these surfaces are 
chosen as co-ordinates, it is to be presumed that the Hamilton equation 
will allow itself to be separated with respect to them. We here merely 
remark in passing that under some circumstances the separation of the 
differential equation must be effected not by a mere change of the 
co-ordinates qi but by a simultaneous change of the co-ordinates pi and 
f (contact transformation). 

{]%) But what of the case when the Hamiltonian differential equation 
allows itself to be separated with respect to Pioo different systems of 
co-ordinates ? Which of these systems is then the correct one ? In one 
sense the answer is '^neither,” in another, both.” 

To get a general survey of the conditions here involved, it is worth 
returning to the example of the harmonic oscillator and to assume that 
two of its bonds become equal. For example, let hy = = /c, then also 

= Vg = V. Bqn. (13) then takes the following form if we introduce in 
place of the rectilinear co-ordinates the polar co-ordinates r, : 



+ k^xf) = 2mW. 


It also allows itself to be separated with respect to these co-ordinates 
according to the scheme : 





+ mhr^ = a, 



in which the relation 

a + (Xy = 2mW (27) 

which is analogous to (15), must hold between a and 

This ambiquity of the co-ordinate system is in very good agreement 
with the remarks contained in (g). When the vibration numbers are 
equal for the directions 1 and 2 , the projection of the orbital curve on 
the plane is not a general Lissajous curve, but a closed ellipse whose 
centre is the origin of co-ordinates. Hence, accordmg to the standpoint 
adopted in (g) loe can recognise neither of these two co-ordinate systems, 

0^2 or r, Cl'S the natural and correct system. In the third co-ordinate 
however, the Lissajous character of the orbit remains preserved, so long 
as V 3 differs from v (and so long as vg is not a rational .multiple of v, 
cf. below). For example, the projection of the orbit on to the plane 
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XyX.^ again offers the picture of Fig. 125. In terms of space the orbit in 
this case everywhere closely covers the mantle of an elliptic cylinder. 
(In the general case, on the other hand, it fills the whole interior of a 
spatial parallelepiped. If finally = the orbit degenerates into 

a single spatial ellipse that is unceasingly traversed.) B"or the co-ordinates 
r, (^, x.^ the quantum conditions would be 





mhr^ 




dr — n'h\ 


T 7 

“ js:, ~ ‘ 


(28) 


The first of these is identical with eqn. (25), the last with eqns. (19) 
and (17). The middle one allows itself to be reduced by a simple sub- 
stitution to the form of eqn. (8) in Note 6 and, when worked out, gives us : 


Jmh 


— (2?^' -h n)h 


It now follows from (27), (28) and (29) that the energy is 
2m W == - "'(2^ + n)h H- , 


(29) 


or also, according to the meaning of the vibration numbers v and t/;j (since 
2Trv == s/klm, 27n/3 = : 

W = (2n' + n)hv + 

Thus for the energy the result is the same as it would be by eqn. (22) 
if we were to base our calculation on the rectilinear co-ordinates : 

■ W = (?ii + n.^)hv + 

In both cases the energy, as it should do, comes out as an integral 
multiple of the energy-elements Jivi. Since, for spectral applications, we 
are primarily interested in the energy and since this is not affected by 
the ambiguity, we may, on the other hand, say : both co-ordinate systems 
equally admissible for the quantising of the energy, 

"The unique determination of the co-ordinates must also be regarded 
with doubt even in those oases in which is not indeed equal to but 
in which whereiSj^, denote integers. For then the Lissajous 

curve becomes closed after Sj^ vibrations in the direction 1 and s.^ vibrations 
in the direction 2. Thus true envelopes do not come into consideratipn 
in this case either, since, owing to the finite number of the points of 
the orbit at which reversion of motion takes place, the straight lines 
Xi = const., ~ const, are not yet defined geometrically as in Fig. 125. 

[i) We follow Schwarzschild * and call the exceptional case considered 
degenerate. A degenerate case thus occurs when the Hamiltonian equation 
allows itself to be separated in various ways and hence when the quantum 
conditions are not uniquely determined. The geometrical criterion for 

* Berlin Academy, Sitzunsber, 1916, p. 548. 
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this is that in the space of the co-ordinates . . . q/, the orbit fills a 
region of less than /-fold power and hence does not as in the general case 
define / enveloping surface-pairs. But first we shall introduce the concep- 
tion of degenerate cases analytically according to Schwarzschild by starting 
from the angular co-ordinates that are generally used in astronomy. 

To arrive at a general definition of angle co-ordinates we ask ourselves 
whether it is not possible to describe the motion of a conditionally periodic 
system by means of “ cyclic co-ordinates ” alone. A cyclic co-ordinate is 
(cf. {d) of this note) one such that it does not occur in the expression 
for the energy and that consequently its corresponding momentum co- 
ordinate remains constant during the motion. According to this, “ cyclic 
co-ordinates ” are “ (force-)free co-ordinates ” and this characterises their 
appropriateness for describing the progress of the motion. The simplest 
example of such a co-ordinate is given by the angle traversed about an 
axis for which the moment of the forces is zero. On account of this 
analogy we shall hereafter say instead of cyclic or free co-ordinates 
“ angular co-ordinates,” although it is not really the angle (which is in- 
creasing irregularly in time) but the surface swept out by the radius 
vector, that we have to fix our attention on as the analogon to the 
general definition of angular co-ordinates. Actually it is the linear 'pro- 
gress in time, besides the cyclic or free character, that constitutes the de- 
finition of the angular co-ordinates. 

We next show that we arrive at the desired angular co-ordinates in 
the sense of this postulate if v)e introduce our phase-integrals as 
momentum co-ordinates and seek out the position-co-ordinates that are con- 
jugate to them. To give the proof we have to base our argument on the 
scheme of contact transformations. 

In a conditionally periodic system the Jjk’s are pure functions of the 
constants ajc and W (they are independent of the remaining constants 
that enter into the equation of the orbit and that we shall denote by 
Thus, we may express the as by the J’s and insert them in eqn. (11). 
This equation then becomes 


and gives us 


S = Sfe, . . , 

• 2/) Ji • ■ . -T/) 

. . (30) 



. . (3.1) 



<)S 

If we here substitute pk for according to eqn. (8) and introduce the 
symbol 

“•-S (32) 

()S 

which for the present is to be regarded only as an abbreviation, for ^ 
(31) becomes 

ss = .... (33) 


We read from (33) that the criterion of a contact transformation, and 
indeed of one of the form (22b) on page 546, is fulfilled for the transition 
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m w so long as we define w by (32). The new variables J, w were 

dented earlier by P, Q ; our function of action S is there represented by 
the function W, and the case we are dealing with is the special one in 
which W is independent of t, that is, eqn. (22a) on page 546 assumes the 
form H = H. Over and above this, our present eqn. (32) shows itself to 
he identical with the earlier eqn. (22c). According to the theory of contact 
transformations the Hamiltonian equations hold for the new variables 
w, J. Now, Hamilton’s function H = W (just like the remaining in- 
tegration constants a^) is a prime function of the J’s, that is, it is ^in- 
dependent of the w’s and is constant during the course of the motion. 
Accordingly we have 


= 5^=^ = const. 

dt clt 00 k 


(34) 


The first equation states nothing new. It only confirms the constancy 
of the J*’s and this is identical with the fact that they can be calculated 
from the Eut the second equation states that the are aoUmUtj 

the ang^ldr co-ordinates that we are seeking, since they increase uniformly 
with the time, as we postulated in our definition of angular co-ordinates. 
If we denote the constant on the right-hand side by vh, then we have 

Wk vhi + h 


The symbol vk is to indicate that vk plays the part of a constant mhratkm 
mmher for the cyclic co-ordinate Wk> 

We next show that eQ)ery angnlar co-ordindte tVk increases hy 1 when- 
emr the co-ordinate qjc swings once to and fro hetivcen its libration Hmits. 

If we allow the co-ordinate qk to make a full but otherwise arbitrary 
revolution within its region of values whilst the remaining q^B are kept 
fixed, then the function of action S changes by the amount of its modulus 
of periodicity [c£. eqns. (12) or (26)]. ’Hence, if we denote the initial 
and the end points of the closed revolution by a and e, that is, two 
points given by equal values of all the ^’s, the relation : 

S« - - J, (36) 

holds. If we imagine S, as in eqn, (30), to be a function of the q^s and the 
J’s, we can differentiatse (36) partially with respect to Ja>, keeping the 
remaining J^’s and all the g’s fixed, and we get, in consequence of (32), 

'^^kcc ~ Wia — Wia, = 0, /c , . (37)^ 

Thus if the co-ordinate qjc returns to its point of departure after a full 
revolution, all the remaining s retaining their values, the corresponding 
angular co-ordinate tv^ increases by 1, whilst the values of the remaining 
angular co-ordinates remain preserved. And conversely : if one of th© 
angular co-ordinates increases by 1 whilst all the remaining angular 
co-ordinates keep the same values, the co-ordinates q return to their point 
of departure. The fs are 'periodic functions of the angnlar co-ordinntm 
and ham the period 1. 

The “modified function of action” S* has the same pinperby of 
periodicity as that possessed by q. We define from the function of 
action S as follows : 

S* = S - . 


• ( 38 ) 
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For if we allow lOk to increase by 1 in the sense of eqn. (37) but make all 
the other w/s return to their point of departure, alters by Then 
it follows from eqn. (38) that in this change of the w’s the simultaneous 
change of is equal to that of S, diminished by Jjg. Since, by eqn. (36), 
the change of S was equal to J*, the change of S* becomes equal to 0. 
Whereas thefimction of action S has, as a function of the to’s, the additive 
moduli of 'periodicity the modified function of action S* becomes a pure 
'periodic function of the w's loith the period 1. 

From the periodicity of the g’s it follows immediately that the latter 
allow themselves to be developed as functions of the w’s in an /-fold 
infinite Fourier series of the following form : 



27r(‘(SiWi. + -H 




(39) 


Ihe C^’s are constant co-efficients, that is, they depend only on the 
integration constants or, in the language of quanta, only on the 
integral quantum numbers nu- The time appears only in the Wh^, and 
indeed linearly. The summations in the . . . Sf stretch from 

- 00 to •+ 00 . After what we have said, the corresponding representation 
of course also holds for S*. If we insert the expression (35) for the in 
(391, it follows that 


qi - 



27r/(,s,i^, 

. . 


( 40 ) 


in which the co-efScients have the following meaning : 


Df. 


= c: 




^27r/(«,8, 4- ~\~ . . 


I iiyBj) 


(41) 


The dependence of q on the time is, in contrast with that of the 
angular co-ordinates, not periodic ; rather, it is of the Gonditionalk/ periodic 
type. In general the current point of the orbit never returns strictly to 
its starting-point ; and in general also the individual co-ordinate qk does 
not assume its initial value in periodically equal intervals of time. The 
single factor 


does indeed seem to exhibit the period tjc = 1/vkr but the juxtaposition of / 
different factors of this sort and the irrationality of vk on the whole 
disturbs this periodicity from coming about. Our example of the Lissajous 
niotion was distinguished by the fact that each co-ordinate in it, regarded 
separately, was completely periodic in time (thanks to the circumstance 
that in this case the infinite Fourier series became reduced for each 
co-ordinate to a single member). But here, too, the character of the 
motion as a whole is completely aperiodic, as Fig. 125 shows, except 
'lohen several of the Lissajous vibration numbers v become severally eq'iial or 
co'rmmns'iirable ivith one another. 

We are now in a pjosition to formulate in exact terms Schwarasohild’s 
definition of degenerate systems. The general case of non-degeneration 
occurs when all the vibration numbers vk that are present in the equations 
of definition (35) of the angular co-ordinates are incommensurable with 
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one another. The exceptional case of degeneration occurs when one or more 
relations of the form 

“1" • • ■ ~ 0 < ■ . • (42ij 

are fulfilled, s denoting integral coefficients. The case in which, in 
particular, two of the i/'s become equal to each other is clearly included 
'in eqn. (42). If n such relations hold, then the orbit does not, as in the 
/-dimensional space of the q-^ . . . qj, fulfil an /-fold continuum in 
general, but only an (/ - w)-fold continuum. In this case, we may speak 
of n-fold degeneration. Compare with this what was said in (h) about 
the Lissajous curves for which some of the r’s are equal. Complete 
degeneration occurs in the case of a completely periodic orbit : then 
/ - 1 relations of the form (42) must hold or, in particular, all the rib's 
must be equal to one another. 

(k) Hitherto we have disregarded the real problem of integration of 
the differential equations of mechanics, that is, the representation of the 
motion in its dependence on time, and have shown only that in angu- 
lar co-ordinates and for conditionally periodic systems, it is reducible 
to the general Fourier scheme (39). We must now supplement our 
remarks by a few statements about the method of calculating the orbits 
that constitutes the true achievement of Jacobi in this field. This is done 
most briefly by again founding our remarks on the theory of contact 
transformations. We start out from the integral (11) of the Hamilton- 
Jacobi equation with the integration constants W, a,^, a.^ . . . a/ (we shall 
in future continue to omit the unessential constant aj and perform the 
process of variation on it, obtaining 



Using eqn. (8), we write this 

. . . (43) 

2 

The quantities /3 here introduced are, to be defined thus, as a comparison 
with the preceding equation shows : 

■ ■ («) 

Eqn. (48) states that between the qk, pk as original variables, and the 
ak (with tti = W) as “new variables,” the characteristic relation of 
contact transformation again holds, and indeed in the form of eqn. (22b) 
on page 546. The function F^ that occurred there is here again repre- 
sented by S. As it does not contain t explicitly, eqn. (22a) on page 546 
assumes the form H(y>, q) = H(P, Q), that is, in our case 

Riqj, q) = H(W, W 

From this it follows that 



569 


8. Quantising of Elliptic Motion 


Now the Hamiltonian equations hold in the new co-ordinates, W, a, /5, 
just as much as in the old co-ordinates g. Thus, in view of (45), we 
have 


___ 

-^ = 0, 

rf/S, 

an 

== 1, 

dak 

c>H 

dt 


dt 

C)W 


dt 

■ SySfc 

h = 

= 2 , . . 

d^k 


= 0, 

k ^2 



dt 





These equations assert nothing new as far as W and a^. are concerned. 
They only confirm their constancy during the course of the motion. But 
concerning they state that the qiiantities are also constant 

during the motion and that becomes equal to t (except for an additive 
constant, which we can include in the reckoning of the time). If we 
now compare this result with the equation of definition (44) of the /3’s or, 
what comes to the same thing, if we use eqn. (22e) on page 546, we have 


t = 


DW 


1 ^ 1 ^ =z ^ = const., 
oak 


^ = 2 , 8 , . . . / 


(46) 


(47) 


Eqns. (47) give/ - 1 relations between the co-ordinates g, . . . q/ol 
the orbit which do not contain the time. They suffice to describe the 
form of the orbit. We call them the orbital equations. The constants 
ydg . . . (Sf, together with the afs and W, give the still wanting integra- 
tion constants of the problem. The course of the motion in time is 
represented by eqn. (46). We call this equation the time equation. It 
may also be read off directly from our initial eqn. (7), if we set ^qk ~ 
hqjP ^ 0 in it. 

We have thus deduced — by the shortest way — the remarkable 
theorem of Jacobi : the integrals of the equations of motion may, if a com- 
q)lete solution ^ of the partial differential equations i§ hnoum, he obtained 
by mere d^fferentiatmi. 


8. Quantising of Elliptic Motion by the Method of Separation of 

Variables 


(To Chapter IV, g 6, p. 236) 


The method of the preceding note leads astonishingly quickly to the 
main result in the treatment of elliptic orbits, namely to eqn. (20) on 
page 236. 


W - - 


1 

{71 + n'y^ 


( 1 ) 


Whereas in the discussion of the text in Chapter I V, diverse subsidiary 
calculations were made and special ideas were developed concerning the 
orbital curve, the present method proceeds directly towards its goal, 
eqn. (1), and reaches it with a minimum of calculation and reasoning. 

We take over from eqns. (15) and (16) on page 236 the expressions for 
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the kinetic and potential energy during the Kepler motion and get for 
their sum 

1 / „ 1 \ eE 


W = 'Ejcin + E^oS = 


On account of 


Pr 


'pot - 2^1 

hr’ 




= 


hS 

h<jf> 


the Hamilton- Jacobi differential equation becomes 


hr 




2m W + 


Since cji does not occur explicitly (cyclic co-ordinate), we may next set 

hS 


The quantum condition 




= const. = p . 


filS 

- ~ 


nil 


therefore gives us for the value of 
27rp ^ nh, 

By substitution in (2) there follows 


hS nh 
'b(f> 27r 


( 2 ) 

(3) 

(^) 

(5) 


'hS\'^ ^ ___ 2meE n^li^ 

j _ m 4- ^ 


or 


hS 

hr 


- a/- 


. nB C 

A + 2^ + 7, 


( 6 ) 




where we have used the abbreviations : 

A = 2mW, B - meE, 0 - - 
We need not waste time with the general integration of S, but form 


J,- 


f 


hr 


-dr — n'h. 


(7) 


directly. Our method of writing the integral denotes that we wish to 
apply complex integration and that the path of integration is to be 
looped around the points Twin and fmax (cf. Eig. 124). We take the 
result of the integration from eqn. (10 , Note 6 : 


"4 


, 2B O , 
A + y + -,*• 


2w4( ^(J 


B 


(8) 
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If we insert this in (7), then, on account of the meaning of A, B, and 0, 

we get 



.nh meB \ , 


(9) 


In determining the sign of JG the concluding remark of Note 6c is to be 
taken into account. Bqn. (9) now resolves into 


or 


^-rrimelSi 


= {n + 


W = 


[n + n'y 


( 10 ) 


which was to be proved. It cannot be denied that this process is 
perfectly adapted to the problem. 

Only one doubt may yet trouble us, that of the uniqueness of the co- 
ordinates : are the polar co-ordinates r, <jE) the only variables into which 
eqn. (2) allows itself to be separated ? Do other co-ordinates, if there are 
any such, lead to the same result, to eqn. (1) ? 

The first question is to be answered in the negative. We see in the 
treatment of the Stark effect in Chapter Y that by the introduction of so- 
called parabolic co-ordinates the partial differential equation of the Kepler 
problem for the case in which an external field is present (and hence also 
for the case in which it is absent) allows itself to be separated. The 
quantum conditions that we get in these co-ordinates and the quantised 
orbits that result from them, are different from those obtained in polar 
co-ordinates. The main result of our treatment, however, remains valid, 
nainely the expression for the energy when quantised in parabolic co- 
ordinates has the same form as in polar co-ordinates. (Of. with these 
remarks pp. 284, 285 and 287.) 

The ambiguity vanishes if we treat the problem more fully, that is, if 
we take into consideration the relativistic variability of electronic mass 
(cf. Note 16). For this problem polar co-ordinates are prescribed by its 
very nature. Now, as we have to regard ordinary mechanics as the 
limiting case of relativistic mechanics, we may also claim our treatment 
of the Kepler problem in polar co-ordinates as a legitimate limiting case 
of the complete and unambiguous relativistic solution of the problem. 

^ Even the form of the orbital curve in the classical and relativistic case 
points to the fact that in the one case we are dealing* with a degenerate, in 
the other with a non-degenerate, problem [cf. the previous note under the 
headings (^), (h) and (i)]. The ordinary Kepler-ellipse being a closed orbit 
has no envelope. Through its enveloping circles the relativistic Kepler 
ellipse (cf. Fig. 110) defines the co-ordinate r as the correct and uniquely 
determinate quantum co-ordinate; the azimuth <l>, being a cyclic co- 
ordinate of the problem, is in any case mechanically distinguished. 
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9. The Spherical Wave and its Moment of Momentum 

(To Chapter V. § 1, p. 256) 

The solution of Maxwell’s equations for a vacuum : 

I. - H = - curl E, ir. E = curl H 
c ’ c 

may be reduced, by extending them by means of a supplementary term 
due to Hertz, to determine a “Hertz vector” IL We set 

E = curl curl n, H = ^ curl n . . . (1) 

c 

which satisfy II. Eqn. (1) then transforms into 

curl ii + curl curl 11^ — 0 . . . • (2) 

If we use rectilinear co-ordinates we know that 

curl curl 11 = grad div II - All . . • (^) 

Since curl grad = 0, we may also write (2) in the form : 

curl ii - = 0. 

This equation is satisfied if we subject IT to the condition expressed in 
the vibration equation 

i ii = All (4) 

We write that solution of this equation, which corresponds to a mono- 
chromatic spherical wave r = 0 (a simple dipole) in the form : 

{ p,j, == ae'f'a 

p,, = . . (5) 

= ce‘>y 

ITere Ic = ~ is the wave number for 27r units of length, and 

C A 

(0 = -- is the vibration number for 27r units of time. The solution has 

r 

six constants of integration a, a, 5, /3. c, 7 ; but since one of the three 
phase-constants a, j3, 7 may be altered by choosing the point of time 
^ = 0, only five of them have a real physical meaning. If we add to this 
the time of vibration r and the whole time T of the process of emission, 
as measures of the frequency and the coherence of the wave, we have, in 
all, seve7^ determining elements for a spherical wave, as given in the text. 

The constant vector p is accounted for by three amplitudes and two 
phase constants, but for later purposes it is convenient to reduce .it to 
two amplitude-constants, two direction-constants, and one phase-con- 
stant. In connexion with this we remark that we can determine three 
real relative magnitudes A : B : C so that 

-1- -f =; 0, 
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Actually, if we form the real and the imaginary part of the preceding 
equation, we obtain two homogeneous linear equations by which the 
three ratio numbers A : B : G are determined. Since, simultaneously, 

AP,, + BFy + GP, = 0 


holds for every t, the vector P, which varies with respect to the time, lies 
continuously in the plane, whose normal is given by the ratios A : B : G. 
We may also speak of it as a '‘vibration plane”; in it P describes a 
“ vibration ellipse.” By placing the £C-axis and the ^/-axis in this plane, 
and the 0 -axis perpendicular to it, the supplementary conditions in eqn. 
(5) become 

Vz = 0, p., = a, p,, = heh' .... (5a) 


where we now denote the phase difterences between the y- and the 
rr-axis by y = yS ~ a (the earlier phase y for the 0 -axis now becomes 
meaningless). Our integration constants are now separated into the 
following five quantities : two amplitudes a, h, one phase y, and the 
ratios A : B : G, which define the position of the plane of vibration. 

In the following calculation of the field we have to make frequent 
use of well-known formulae of vector analysis. We shall note these here 
without working them out in detail. The calculation of the moment of 
momentum is due to Abraham.* But our point of view, based on the 
quantum theory, requires a different method of representation. 

Brom equation (5) it first follows that 


div II 
curl 11 
grad div II 


(Pr) 


1 a 

r 


dkr 


P, grad ' 


iti.kr " 






1 


_r hr 



The first equation (1) then gives us, if we take into account (3) 
and (±) : 


P(/b2 + 


d.k)' 


I -hY 

r 'dr) r 


+ (Pr) 


r a 1 a e'*‘' 


r dr r dr r 

a 1 a\e*'' 




( rP )(/^2 + 


1 1 

r i)r 


^ c) 

r hr ()rV r 


- (rP) 


%h 


+ 


2 y 

r'^J r 


or, as a first approximation for great values of r, 

(rE) = - 2*&(rP) 


( 6 ) 


( 7 ) 


Dar Drehimpuls des LicMes. Pkysik. Zeitschr., 15, 914 (1914). 



574 


Mathematical Notes and Addenda 


From eqn. (6) it also follows to a first approximation that 


. (6a) 


The second eqn, of (1) gives 


TT -1 1 C) , 1 7) pjfcr 

(.H).it(trPrl)i»«^’.o. . . , (9) 

Since (r[Pr]) = (P[rr]) = 0. Finally from (8) it follows as a first 
approximation tor great values of r that 

H = - 7c2[Pr] .... (8a) 

+ 1 , foment of momentum for the unit of volume at a distance r from 
the middle point is, by eqns. (2) and (3) on page 259 of the text [opn- 
cernmg the factor 4x m the denominator, of. what is said in the ease of 
eqn. (2) on page 259] : 


1 c) e*'' 

r 'dr r 


,[r[BH]] 


Or, taking into account eqn. (9), we have 

K--iH(rE) ^ . . ,(10), 

nampl7®-rSo*^^^ ^ volume in polar co-ordinates, 

of mompntnm ^ ^ and integrate over all dO’s, we get the moment 

spherical shell of radius r and thickness 
thioLhX f 1 ? other words the moment of momentum transferred 

iwnhSf f? r = ^/«- The moment of 

ZiLlL if through this sphere daring the whole time T of 

wirLXLT • Tet N, be the moment of momen- 

equations • ^ determined by the following 


u 

Nj^dt = j'dOMr'^dr = cdtji 
Ni = cJdflMr2 = - 


dnMr^ 


ord?r“ "sTee^hrmLS?/ "T ® 

of the maenitudp' of r O * vector that is independent 

oi me magnitude of r. Consequently, M vanishes in the ordor r -2 oh 

remarked on page 260, and N and become independent of r and’are 
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Before proceeding to the integration in (11) we must pass from our 
complex representation to its real part. We set, say, 

0 = O' = ReJ - . . . (12) 

According to the general hypothesis (5) O^;, 0^, 0^ we have the meaning 
[we return later to the more special assumption (5a)] : 

Ox = a cos (^T ~ cD^ + a), Oo;' = a sin (kr - cot + a)^ 

Oy = b COS {kr - iot + ^), Oy == b sin (kr - + ^8) r . (12a) 

Oz = G COS {kr - + y), 0/ = c sin (kr - (ot + y) J 


By (11), (7), and (8a), we then have 



Now, the following values hold : 


"do 

r do 

"do 

1 

'l 

Itt 

1 Itt 

inT 

3 


(dilxy 

I Itt J 

r do yz 

'do zx 
Itt r- 

= 0. 



Consequently, if we carry out the integration in ’Njx, vre get 

= |7c«(0^0/ - 0,0/) = |F[00%. . , (14) 

But by eqns. (12a) 

[OO'Ja; = he sin (y - y8)l 

[00']^/ = ca sin (a - y) I . . . (15) 

[00'], = ab sin (/3 - a)J 

Hence the^ moment of momentum radiated out through the spherical 
surface of radius r has by (11), (14), and (15) the components : 


'Nx == %k^71bo sin (y - /?)'! 

ISy == sin (a - y) I . . . ( 16 ) 

N, = fk'^Tlah sin (/? - a) j 

For the sake of comparison we also calculate the total energy radi- 
ated out. In the unit of time the following amount of energy is radiated 
out through the angular element d€l : 




where S,, denotes the radial component of the radiation vector S ; hence 
the amount radiated through the whole spherical surface in the unit of 
time is 


W, 




(17) 
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and during the time T it is 


W 


. 


( 18 ) 


Now if we also pass oyer to the real vector O, then by (6a) and 8a 

^{[“[“g] -(».-)[ log]! 


[EH] = 


qr\ 

r i 


lYol)’ - 0.}, 


ir 


therefore 


./.li y 


S = 4;^ [EH] 


S,, = 


. If 
W” iv ,• 

¥c 
4:7rf 


^{(og- 0'} 


or also on account oi k ^ ^ 
c 

Sp = - 


kh 

iTTf 


g(og-4 


From eqn. (17) it follows directly 

Wj = fs,riidn = - *3^ 


'do, 

4:7r 


{(gy- “’}■ 


(13), we'^get°'^^ integration with respect to dO, then, on account of 

Wi = + 0^ + 0']) . . . (19) 

bads t^^^° integration with respect to t denoted in (18) 


^Oldt = = 


T 

a. o 


C^. 


ordingly, by (18) and (19), the total energy radiated out is ■ 
W = ;|A;iio>r(a'* + 62 + c^). 

By eliminating T it follows from (16) and (20) that 
N„ = ^ sin (y - 1 

(t) CL"' -f* 

N = -j N = ®i° (“ - 7) 

' " <0 + 6^ + 

H a) 

<0 + 6“ +^3)~ 


( 20 ) 


( 21 ) 
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This is the complete representation of the moment of momentnm in 
arbitrary rectangular co-ordinates x, y, z. If, as in eqn. (5a), we choose 
the X- and y-axis specially to lie in the plane of vibration, and thus the 
2 '-axis perpendicular to it, then we get c = 0 ; and if we write yd - a for 
y, then : 


N, = N, = 0, F = N, 


W sin y 
w cC^ -i- ‘ 


( 22 ) 


This is eqn. (5) on page 261 of the text, from which our further con- 
clusions concerning the principle of selection and polarisation were 
deduced. We had to resort to the more general representation (21), how- 
ever, in the case of an external field of force. If in (21) we set (i> = 27rv 
and W = hv, we get, from the third of eqns. (21), again writing yd - a 
for y : 


27r -p 0 ^ 


(23) 


This is eqn. (1) on page 271 of the text. 


10. Bohr’s Principle of Correspondence 


(To Chapter V, § 3.) 


Bohr replaces the investigations which we carried out in Chapter V 
by his Principle of Correspondence to connect the classical and the quan- 
tum view of the phenomena of radiation. By this means he arrives not 
only at a determination of the polarisations, but also at a determination 
of the intensities. In view of this achievement, the question as to 
whether Bohr’s procedure is just as satisfactory logically as our less 
complete method, becomes only of secondary importance : and^ this 
question would, moreover, receive a different answer according to the 
subjective standpoint or perspective adopted. We first show that the 
correspondence between classical and quantum radiation has its analytical 
counterpart in the relation between differential quotient (coefficient) and 
the quotient of differences. 

{a) We consider the orbit of a conditionally periodic system with its 
/ vibration numbers vk l^vide eqn. (35) on page 566 ], or the corresponding 
periods of vibration = 1/v^. Here t/« denotes the mean value of the 
time in which the co-ordinate qjc vibrates to and fro between its libration 
limits. By eqn. (35) 



dwk 

and by (34) 

= df 

11 


thus 

m 




^W 

( 1 ) 


Plere W denotes the energy of the conditionally periodic system re- 
presented as a function of the phase-integrals Jj, . . . J/. 


37 
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According to the classical Tiew, the system composed of monng 
charges radiates in the periods of the motion. Thns th^ meohamcal m- 
hmtion frequemm vh are at the same time optuMl mhratwn frepemm. 
Besides the vfc’s themselves, their multiples ("overtones ) and the linear 
compounds of the multiples (combination “tones ) occur as mechanical 
and optical vibration frequencies : 


SjcVJc 


and 


'-2 


Skn, 


where s stands for quite arbitraiy numbers, the “ order numbers 
nmgszahlen) of the process of vibration in question. On account of (1) 
we get for the overtones and combination tones : 


hW 


(2a) 


and 


V 






(2b) 


The result is different, however, on the quantum view. ^ The system 
does not radiate in the stationary orbits : radiation occurs in the transi- 
tion from one orbit to another. If AW is the difference of energy be- 
tween the initial orbit and the final orbit, then Bohr’s hypothesis 


V = 


AW 

h 


( 3 ) 


holds. We shall first assume that in the transition only one of the 
quantum numbers alters by the amount Anjc- Since J^r == nuh, that is, 
Ajjfe = Ann * we may write, in place of (3), 


V 


AW , 


’( 4 =) 


For Ank — 1 we have the analogon to eqn. (1) ; for Anu ^ Sk the analo- 
gon to eqn. (2a) . The quantum leap 1 is the parallel to the fundamental 
vibration, the higher quantum leaps correspond to the overtom vihration^s 
of classical radiation. But the combination-vibrations (2b) have also a 
quantum analogon as soon as we take into consideration quantum tran- 
sitions in which several quantum numbers leap simultaneously. We 
dissociate the total change of energy AW in the form of a cascade into 
the partial changes of energy AW^, AWg, . . . AWf, which are to corre- 
spond to the successive quantum leaps An^, . . . An/. In “the 
partial change of energy AW^ all the n^ . . . n/ have their initial values, 
and only n-^ changes from its initial value by the amount A^j^. In the 
ease of AW^, % has its final value, whilst . . . %■ their initial values, 
and only alters by An^, and so forth. Thus if we write in place of (B) 


V 


AW AWi AW. 


or after the model of (4) 



AW/ 


( 5 ) 
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then the quantities - are proper ‘' partial differential coefficients,” 

each one defined by the change of the one phase-integral and the in- 
variability of the others, of which some preserve their initial value, and the 
others their final value. Thus, with iS^njc = Sjcy eqn.(5) is the exact analogon 
to (^b). The general quantum transition corresponds to the general combina- 
tion vibration of classical radiation. The characteristic feature is here 
that the differential coefficient is replaced by the quotient of the differ- 
ences. The same phenomenon appears quite generally in the transition 
from atomic theories to theories of continua. The quantum theory of 
radiation denotes a kind of atomism of happening (of " effect ”) ; the 
classical theory of vibration gives a scheme of this atomism in the sense 
of the ideas of continua. 

(6) There are, however, conditions under which the two sets of ideas 
and formulae not only correspond but coincide. These conditions are : 

Awa; <^nic (6) 


that is, the leap of any quantum number is to he small compared with the 
quantum number itself. Then 


AW^^W 

AJ^fe ()Jfc 



holds asymptotically. That is, the difference between the quotient of 
the differences and the differential coefficient becomes small compared 
with the absolute values of these quantities. Comparing (4) and (5) with 
(1) and (2) we see that at the same time the vibration numloer calculated 
according to the quantum theory merges asymptotically into that 
calculated from the classical theory. 

To illustrate this we remind ourselves of, say, the example of the 
rotator. Itp denotes the moment of momentum, C the inertial moment 
of a system rotating about a fixed axis, then 


W = 


1 p^ _ P 

2 ® 


holds. J = 27rp denotes the phase-integral for the rotator and is set 
equal to nh. Now in the leap of n by the amount A^z., and of J by AJ, 
we have 

A(J)2 = 2jAJ-f (AJ)2, 

thus 

- JL/^l 4 , ^ - JLA 

AJ ” 2 J y ■" 47r^®V "^2 n ) 

But this quotient of differences differs by as little as we please from the 
differential coefficient 

J 

()J 4:71^® 

when, and only when, eqn. (6) is satisfied. * 

Another example is furnished by the Balmer series. It was in this 
that Bohr for the first time convinced himself that the vibration number 
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that the hydrogen electron would radiate according to the classical theory 
in traversing its orbit coincides with the vibration number that Balmer’s 
formula gives for the cases when the quantum numbers of the initial and 
final orbit are great, in particular when these quantum numbers differ 
by unity : when, they differ by two or more, Balmer’s vibration number 
becomes an overtone of the circular vibration calculated on the classical 
theory. 

The coincidence of the vibration numbers calculated on the quantum 
and on the classical theory, respectively, for high quantum numbers and 
relatively small quantum leaps is perfect from the formal aspect. Never- 
theless their remains a considerable difference of view in the matter itself. 
From the classical point of view all vibrations, overtones and combination 
tones, are emitted simultaneously when the orbit is being traversed. The 
whole -vibration spectrum owes its origin to one uniform event. From 
quantum point of view, however, each line of the spectrum corresponds 
to a different single event and a different kind of quantum leap, The 
individual events do not necessarily occur simultaneously, but rather 
independently of each other. A.nd experiments on the excitation of spectiral 
lines confirm throughout the view-point of the quantum theory, and 
thus contradict the classical theory. 

(c) The correspondence or the coincidence, respectively, of the 
vibration numbers in the two theories is certainly not merely fortuitons 
but ratber is deeply rooted in the part played by the classical theory of 
vibration as a “continuum-approximation ’’ for discontinuous reality, ds 
it to be valid only for vibration numbers and not to extend to the vibra- 
tion forms and the vibration quantities, that is, to the polarisations and 
the amplitudes? For the circumstances defined in (b) for great quantum 
numbers this will scarcely be denied. But, beyond this, Bohr requires 
that amplitudes, etc., calculated on the classical theory should be useful 
approximations for moderate and small quantum numbers, too. Just 
this further extension constitutes the fruitfulness of his principle of 
correspondence. We formulate this principle in the following words. 
To every ^ quariHcm transition there corresponds a vibration deduced front 
the classical theory , namely that of which the order numbers sjq are eg^tcal 
to the quantum leaps fk.njc. Now calculate the amplitude and the polarisa- 
tion of the partial vibration in question hy classical methods and apply 
thepi to the spectral line corresponding^ to the related quantum leap. The 
principle of correspondence asserts that in this way we get the intensity and 
the polarisation of the spectral lines exactly right for infinitely greatj and 
approximately right for moderate, quantum numbers. 

Now how^ do we find, on the classical theory, the radiation of a single 
partial vibration that takes place in the time in which the atomic orbit is 
traversed? For this we have to take our support on eqn. (1) on page 25, 
in which the product of the charge and acceleration cv of the electron 
there considered occurs. By summing this product, in the use of a 
composite atom, over all electrons (including the nucleus that noiay 
happen to be moving with them), we get a vector 

0 = ^ ± ev, 

which is the decisive feature of the emitted radiation and which we fnauy 
resolve into its three rectangular components 0^, 0^^, In its stead we 
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may somewhat more conveniently consider the vector P of the variable 
electric moment of the atom, from which 0 is derived by differentiating 


twice with respect to t : 



P = 

^ ± . 

• ( 7 ) 

with its three components 



Bjb = db ex^ ^2/ ~ 

> ±ey, Pz = y ± . 

• (7a) 


We must now resolve the whole vibration complex that is contained in 
the atomic orbit and hence also represented in P, into the individual 
partial vibrations, since by the principle of correspondence these acquire 
a special physical meaning, namely, that of the individual spectral lines. 
The spectral resolution of the emitted light thus requires as its analytical 
counterpart the resolution of P (or 0) into its periodic components. But 
we have already undertaken such a resolution earlier ; it is just the angular 
co-ordinates for which it is successfully carried out. In eqn. (40) of Note 
7 we found for each variable of separation a Fourier representation 
and we can now pass from it to a corresponding representation for each 
rectangular co-ordinate of the charges participating in the atomic 
structure, in which each such co-ordinate is, of course, in its turn a 
definite function of If we insert these Fourier expressions 

in (7a), we may in general write 

^ ^ ( 3 ) 

\Z-/ «2l • • • «/ 

The summation is /-fold and extends from - oo to + co. To each 
spectral line given in turn by the quantum leap An^, A?^, • . • An/* there 
corresponds that member of this series for which Sk = Aw/-. The corre- 
sponding coefficient D [cf. eqn. (41) on p. 567], which is in general 
complex, is what interests us here. If we pass from the vector P, by 
differentiating twice with respect to to the emission vector 0 , the 
coefficient D of our member becomes multiplied by the real factor 

- -f- 4- . . . + S/Vj)'K 

The complex coefficient B, multiplied by this factor, thus gives us, a 
measure of the amplitude and phase of our partial vibration, calculated 
on the classical theory, and also, according to the principle of corre- 
spondence, a measure of the true quantum anipliPude and phase in the 
corresponding spectral line. By determining the amplitude and phase 
separately for the y-, ^-direction, we get at the same time a measure 
,of the polarisation of the emitted radiation. 

(d) This determination of the intensity and polarisation is not, 
however, fully unambiguous, and this fact in itself characterises it as a 
process of approximation. In calculating the expression (8) are we to 
use as our basis the conditions of the initial orbit or those of the final 
orbit, or, perhaps, an intermediate orbit that is to be defined by taking 
a mean of both? No answer is vouchsafed to this by the principle of 
correspondence. It is easy to see in a general way, indeed, that with 
the* asymptotic condition (6), Anjz<^n-kj the coefficients B that are 
obtained from thef initial or the final orbit, or from an intermediate orbit 
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must come out appreciably equal. In the case of values of Afnjc that are 
comparable with n]c, however, the D’s in general become different for the 
initial and the final orbit and hence a certain arbitrariness remains in 
applying the principle of correspondence. 

This arbitrariness vanishes in particular when it also happens for 
finite values of njc that the D’s of the initial and the final orbit and, as 
Bohr emphasises, also iof the intermediate orbits have the same value, for 
example, the value zero. In this case we shall also have no scruples in 
inferring the value zero of the radiation. The principle of correspondence 
then becomes specialised and condensed into a of selection ; it 

forbids the occurrence of such spectral lines the corresponding partial 
vibrations of which do not occur in the series expansion ( 8 ). 

We return below, at (/) to the example that is essential to us for 
manipulating this principle of selection (when a cyclic co-ordinate is 
present). Let it suffice for the present to illustrate the process by the 
ordinary Lissajous case. In it, thanks to the special simplicity of the 
quasi-elastic binding, the infinite Bourier-expansion for each component 
of P reduces itself (cf. p. 567, Note 7) to a single frequency 

. . (9) 

where we have in each case to suppose the conjugate imaginary 
member of equal frequency to be added. Comparing this with the 
■general representation ( 8 ) we see that for Pa- in each case = 0 , 

whereas of all the values between - oo and + oo only the one value 
I 5 J = 1 presents itself actually ; corresponding results hold for Fp Tg, 
From this we conclude in accordance with the principle of correspondence 
that none of the three quantum leaps A?i^, A?^^ can combine with 
either of the others. If jumps, and n.^ remain unchanged, and vice 
versa; moreover (and likewise n.^ can jump only by 1. The light 
emitted when % jumps is linearly polarised in the direction of x, that 
when jumps is polarised in the y-direction, and so forth. (We hereby' 
of course assume that we are not dealing with degenerate cases, that is, we 
suppose vi, vg to be all different.) Accordingly, the whole spectrum 
of the quasi-elastically and anisotropically bound oscillator consists 
only of three separate lines with linear a?-, y-, z-polarisation. In this 
case we have moreover the peculiarity that the quantum-determined v’s 
come out identical with those given by the classical theory, namely v^, ^3 
(on account of the quantising of the energy of the oscillator W = Sw,: . hvi ) ; 
that is, in this case the correspondence resolves into coincidence not only 
for great vibration numbers but also for small frequencies. In this case, 
moreover, there is nothing arbitrary in the application of the principle of 
correspondence, since in all these co-ordinates we have the same form of 
representation for the initial, final, and intermediate orbits. 

As the extreme special case Planck’s linear harmonic oscillator, of 
course, also belongs to the category of Lissajous motions. If there were a 
vibrating system of this simple type in nature, its spectrum would have 
to consist of a single line having the vibration frequency of classical 
emission and would have to be produced merely by quantum leaps of ± I 
In the case of a linear but non-harmonic oscillator (for example, with a 
supplementary quadratic term in the expression for the restoring force) 
the overtones will also occur, and, indeed, with definite amplitudes 
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which bear ratios to the fundamental vibration that have to be calculated 
in accordance with the principle of correspondence. If the fundamental 
vibration of the oscillation is vq and the direction of vibration is along the 
ic-axis, the formula is : 

+ 00 

Pa; (9a) 

— 00 

Hence, according to the principle of correspondence, in the case of the 
non-harmonic oscillator we have, besides the quantum leap ± 1, also 
any arbitrary leaps An = ± s. We made use of this in Chapter VII, 
§§ 2 and 4, in dealing with band-spectra. 

With regard to atomic models it is to be noted that in the case of the 
principle of correspondence we are dealing with the emission of electric 
charges and that P was intentionally defined in (7) as the moment, varying 
in time, of such charges. In the application to band-spectra we thus have 
in mind an osoillator with a variable electric moment. A heteropolar 
dipole like H+01‘~“, or complicated configurations like H+H + 0"“ , corre- 
spond to such an oscillator; but homoeopolar molecules like O 2 , Ng, 

Gig, do not correspond to it. The latter when their constituents, bearing 
equal charges, vibrate with respect to one another, lead to no electric 
moment and hence, on the classical view, to no emission of radiation ; 
thus, on the quantum theory, too, they may not radiate. It is in agree- 
ment with this that it has not been possible in their case to prove the 
occurrence of infra-red absorption (cf. p. 418). 

The case of a homoeopolar molecule is different if one of its constituents 
is electrically excited by disturbing the electronic orbits. By this means 
the molecule may acquire an electric moment as a whole and may become 
capable of emitting radiation as an oscillator. We infer, for example, in 
the typical case of the Ng-bands (cf. Chap. VII, g 8), that in them the 
oscillations (and likewise the rotations) of the homoeopolar Ng-molecule 
can become active spectrally, h'at only in conpmction icith electronic 
motions, that lead to an electric moment, or, in quantum language, in con* 
junction with electronic leaps. 

Farther applications of the principle of correspondence to the calcula- 
tion of amplitudes in the case of systems of the hydrogen-type are given 
by H. A. Kramers in his dissertation, quoted on p)age 275. Here we are 
already confronted with the case that we must use a certain dexterity in 
balancing between the values of the D’s in the initial and the final orbit. 
The excellent agreement with experiment, which Kramers reaches parti- 
cularly in the case of Paschen’s He “^-observations, as well as in that of 
the Stark-effect, shows that a balance is possible, and thus contributes con- 
vincing evidence of the fruitfulness of Bohr’s principle of correspondence. 

(e) We stated on page 275 that Bohr had discovered in his priilciple 
of correspondence a magic wand that allowed the results of the classical 
wave theory to be of use for the quantum theory.” To bring into pro- 
minence the astonishing effectiveness of this magic wand we have to 
repaeniber that the question of intensity is in reality a staPist'ical problem. 
The quantum theory considers individual events in the atom, all involving 
the same quantity of energy hv, so far as we are dealing with a definite 
spectral line, and it has no measure which tells us how frequently this 
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event occurs. But it is just this frequency of happening that is of im- 
portance to us when we are dealing with the determination of the in- 
tensity from the quantum point of view. The classical theory of radiation, 
too, makes no hypotheses of probability, it just derives mechanically from 
a given orbital curve the vibration complex contained in it together with 
its amplitudes. But the principle of correspondence asserts that the tin- 
hnown statistics of the individual quantum events are actually furnished by 
the classical calculation. By calculating the Fourier coefficients of the 
spectrum we get the correct conditions of intensity, that is, the numbers 
giving the relative freqtmicy of happening of the corresponding quantum 
'^events. Although we are convinced that the quantum theory is right in 
regarding the events that lead to the emission o£ different spectral lines 
as independent phenomena, and although we know that the classical 
calculation is incorrect in treating these events as conditioned mechani- 
cally by the motion in the orbit, we yet repose trust in the classical 
theory to the extent that we derive from it the conditions of intensity of 
the spectral lines. The classical theory is in error in regarding these 
conditions of intensity as determined by mechanics ; in reality, it furnishes 
the quantum theory with the missing statistics of the individual processes, 
as it were, without wanting to do so and without giving grounds for it in 
its foundation. This interlocking of the quantum theory and the classical 
theory becomes intelligible to some extent of course only from the side of 
great quantum numbers. The classical theory here hits on the correct 
vibration numbers. We believe therefore that for great quantum numbers, 
too, it will yield the correct conditions of intensity, actually then, the 
true statistics of the individual phenomenon. Consequently we can 
understand that we may enlist the aid of the classical theory to get at 
least approximate results for the statistics in the case of finite or small 
quantum numbers, too. 

(/) We now get to the most important application ot the principle of 
correspondence, namely to the case in which one of the variables of 
separation is cyclic. We call this cyclic co-ordinate c^, and the remaining 
variables q^ • • • qj- From the definition of cyclic variables (the 

expression for the energy is independent of <p; the corresponding 


hS 


momentum, is constant) it follows that S is represented by : 


s = . <l> + s{q.2, 


2 /. J) 


( 10 ) 


where J<^(= ^^p) and s are independent of < 56 , and hence depend only on 
q^ • • • Qf and the phase-integrals J (in general including In accord- 
ance with the definition of angular co-ordinates in Note 7, eqn. (32), we 
get /r = 2, 3, . . . /, by differentiating (10) with respect to 

fkiq^, • ^ • gfy 
bs 

where we have set or, resolving these equations, we get inversely 

aJfc 

qk == F*(^4;2, . . . tOf, J) . . . . (11) 


In particular, we get for k = 1 , now differentiating (10) with respect to 
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2r-, J) 


where we have set if/ = — . Taking into accounc (11) we may also write 

OOffi 

(j> = ^TTW^ + J) . . . (11a) 

The case of a cyclic variable cj> certainly occurs in an atom which is 
under no forces. Here we find it expedient to refer the co-ordinates of its 
point-masses to the invariable plane drawn through its centre of gravity 
and denote them by n, Zk^ <pk = the distance of the point-mass 
from the invariable plane, = its azimuth in this plane, and so forth). 
Then we may pick on one of the (for example, cj)^ = c^) as a cyclic 

co-ordinate and express the relative azimuths <f>k - 4^ which are alone 

of account as far as inner forces are concerned, as well as the n’s and Zk&t 
by means of the remaining variables of separation q. If we consider the 
combination Xk + iyk for each of the point-masses, we find that 

xk + iyk = fig's, ■ ■ ■ qf) 

and hence that 

P* + *Pj/ = ^ ± + iyk) = • • • 2/)- 

= ^ + = hiqs, ■ ■ ■ qj)- 

If we now insert (11) and (11a), set — vt + Wk = vkt H- hj and 

write /i , /2 by eqn. (8) in Pourier series, we get 

Pat + j'' + • • • , . (12) 

Pj = (^)'' ' • • • +Y?* ■ • (13) 

Here it is, above all, to be noted that the summation letter s corre- 
sponding to the cyclic azimuth occurs in (12) only with the value s == 1 
[as well as with 5 = - 1, if we form the real part of (12) and hence add 
*the conjugate imaginary part], whereas in (13) it occurs only with the 
value 6* = 0. I"rom this it follows by the principle of copespondence 
that ihe azimuthal qiianhm leap An is only capable of assuming the values 
± 1 and 0. To the qioankm leap ± 1 there oorrespo7%d Gircularly polarised 
vibrations parallel to the invariable plane ; to the quantum leap 0 there corre- 
sponds a linearly polarised vibration perpendicular to the invaridble plane. 
These are our results of Chapter V, § 2, page 266, where now the 
direction of the linear polarisation, which earlier made an auxiliary 
argument necessary, also comes out without difficulty. ^ 

If we are dealing with only one electron (Kepler orbit, hydrogen atom) 
the invariable plane becomes the orbital plane ; ^ 0, P^j == 0 then hold, 

and thus all the coefficients E in (13) vanish. This signifies, according 
to the principle of correspondence, that all the lines come out with 
An = 0 (that is, they are polarised perpendicularly to z). We thus 
arrive at the special Bohr principle of selection which we made in- 
telligible in Chapter V, page 269, by means of an auxiliary argument. 
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[g) We here give only a few test examples of the rich field of applica- 
tion of the principle of correspondence and refer for other examples to 
the recent works of Bohr and Kramers (loc. cit)> In particular the 
investigation to be made by Bohr, mentioned on page 59, promises 
undreamed-of fruits from the principle of correspondence. 

We next speak of series spectra produced in the absence of fields. 
Have we here to expect the transition Aw == 0 or not ? In the case of the 
hydrogen atom the answer is clear. Its orbits are plane, hence (on account 
of = 0) = 0 is to be rejected. In the case of spectra that are not of 

r the hydrogen type the answer becomes less free from ambiguity. If the 
supplementary field of the atom may be treated, as we actually did treat 
it, as a central force (cf. p. 326), the orbit becomes plane here, too, and 
hence Aw == 0 is forbidden. General experimental results about the 
combination of series terms (cf. Chap. V, g 2) are in good agreement 
with this. Thus the assumption of plane orbits seems in general to 
agree with reality. But we must not be surprised if, for example, in the 
alkaline earths, we encounter term combinations of the form {dtAf) or 
P- language of the principle of correspondence 

they may be explained simply on the ground that we are not here d aling 
with a central field nor with plane orbits. As a matter of fact eqiu (13) 
allows the quantum leap Aw == 0 in the case of non-planar orbits. 

The position is quite definite and unambiguous again in the homo- 
geneous electric field, according to the principle of correspondence 
as well as to our arguments in Chapter Y, g 3. The equatorial asiimuth 
^ counted round the direction of the lines of force is here the cyclic 
co-ordinate. With this altered meaning of eqns, (12) and (13) stand 
as before. The principle of selection now concerns only the equatorial 
quantum number, whose leaps are restricted to ± 1 and 0. In the 
case of the individual hydrogen electron, too, 2 ? is no longer equal to 0, 
and hence the linearly polarised vibrations in the ^-dii^ection occur with 
finite intensity. 

We pass on to the band-spectra and for this purpose we apply the 
formulae of the preceding section (/) to the case of a dipole, which Wi 
vibrating along its axis and at the same time being turned 
uniformly about its ^-axis which is perpendicular to the former. Let the 
angular velocity be to, the fundamental vibration of the dipole being % 
pl^G® of (12) and (13) w© get, by multiplying (9a) by 


-1-00 


Pa; + 


(i§; 


If we assign to the oscillations the quantum numbers tt, and to the 
rotations the quantum numbers m, then we read from eqm (14) that 
the quantum leaps Aw = ± s are arbitrary and are always connected with 
the quantum leaps Am = ± 1. [The negative sign contained in eem, (14) 
in ^ tar as the surnmation extends from — co to + oo and q- i may be 
exchanged with - i]. This contains tJu principle of seUcMim, eon. (8) on 
pag^lti, por rotation and oscillation qmnta of hand-spectra. 
y. . ® assumed a pure rotation of the molecule about the a-axiSi 
Ti as in Chapter VII, § 6, a jrrccmional 

motion, whereby we place the 2 -axis along the axis of the total moment 
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of momentum of this precessional motion, the projection of the electric 
moment P on to the ^-axis or, respectively, the ir^z-piane becomes equal 
to I P I cos ^ or I P I sin 0, respectively \B denotes (cf. p. 443) the Eulerian 
angle between the axis of the precession and the “ axis of figure ” of the 
“ gyroscope ” which we have assumed symmetrical or approximately 
symmetrical]. If co now denotes the precessional velocity of the gyroscope 
then we get in place of (14) 

Pa; + i'By = I P 1 sin P^ == | P | cos i9 . . (15) 

where we suppose the % of (14) inserted in place of | P |. 

The quantum number m of the total momentum is now allocated to 
the precessional velocity w just as formerly the quantum number m of 
the rotation corresponded to the rotational velocity w. From eqn. (1 5) for 
Pa: + i'2y we now deduce, as previously from (14), the quantum leap 
m ±l->m and infer that it is connected with the quantum leaps of the 
oscillation quantum n. From eqn. (15) for P^ it, however, now follows 
that the oscillation quantum may also jumq) alone, that is. that an emission 
is possible during which m does not cha?ige. This is what we required on 
page 446 to explain the zero branch of the band-spectra. It cannot, of 
course, be established by actual observation that this emitted radiation 
is polarised along. the ^-axis as demanded by the principle of correspon- 
dence, since the ^-axis is not defined in space. 

All of the preceding remarks apply to molecules whose ions form an 
electric dipole (HGl, etc.). For homoeopolar molecules (N^, etc.) we 
must, as on page 583, go back to the electronic motions that occur in 
them, or, in the language of quanta, to the corresponding quantum leaps. 

Finally, we also wish to consider the case of a rotationless molecule. 
The factor in eqn. (14) or eqn. .(15) then drops out, and, by the 
principle of correspondence, any arbitrary jumps of the oscillation quan- 
tum that are not accompanied by jumps of the rotation quantum would 
be possible. For band-spectra this would signify that the frequency of 
vibration of the nucleus and its overtone vibrations could occur as 
singular lines of the band, for example, the dotted line r(, in the sketch 
of Fig. 103 on page 421. In reality, such singular lines are never 
observed. From this we must conclude that the rotationlesB state never 
occurs so as to be of account in practice. As already emphasised on 
page 422, this conclusion is not to be derived from the principle of 
correspondence alone but only in conjunction with observation. 

Eecapitulating, we establish that the principle of correspondence 
furnishes with great certainty and ease not only the same results as we 
found earlier by considerations of the moment of momentum, but refines 
these results considerably, particularly as regards the calculation of 
amplitudes. 

11. The Stark Effect treated according to the Hamilton- Jacobi 

Method 

(To Chapter Y, §§ 4 and 5) 

In the case of the Stark effect, too, we reach our goal most quickly 
and with most certainty by using the method of the separation of 
variables. In particular, this method shows why we have to express the 
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nuantum conditions in parabolic co-ordinates (f, f)-. following on 

fmm Fia 77 page 279 we next define pmaholio co-ordinates ^ r, m the 
^lam liet i and y be rectangular co-ordinates, the x-axis being m 
direction of the field, 0 being the nucleus. The re ationship between 
them and the parabolic co-ordinates v allows itself to be written most 
conveniently in the imaginary form 

X + iy = US + • • • ■ 

By identifying the real and the imaginary parts we get 

X = - V^)’ y - Sn ■ 


. . ( 2 ) 

If we eliminate $ or 7 / from these two equations we get in agieement 
with eqn. (1) on page : 




2x = 


or ^ -h 2a; = 


( 8 ) 


respectively. 

The first (or second) of eqns. (3) shows that if we set rj (or ec|iial to 
a constant, we get a parabola which has for its axis the positive (or 
negative) direction of the £C-axis. Its focus lies at 0, its vertex has the 
co-ordinates x ^ - 97 V 2 (or a? = + ^V 2 )• we give rj (or i) all possible 
fixed values, we get the one (or the other) system of parabolas of 
Fig. 77. 

From (1) we form the line-element in the plane, that is the distance 
between two neighbouring points PP', and,^ again, this is most simply 
done by using imaginary quantities. By differentiating (1) we get 

dx + idy = (^ + iy) {d^ + idrj) 


and by passing on to the absolute value we have 

ds^ = dx^ + dy^ = (^^ + V^) (r^f^ 4- dy^) , . . (4) 

If, on the other hand, we proceed to take the absolute value in eqn. (I) 
we get the finite distance r of any point P of the plane from the origin 0 : 

4- 2/2 - ^(f^ + .... (5) 

We next imagine the diagrammatic plane of Fig. 77 turned about the 
a;-axis and call the angle through which it is turned f. The above 
2/ -co-ordinate then denotes the distance p fronx the axis of rotation. The 
three-dimensional rectangular co-ordinates x, y^ z now to be introduced 
are then expressed as follows in terms of our above plane co-ordinates 
X and 2 / (where, however, we write p for y in the sequel) and the 
angle i/r : 

X — X, y = p cos 1 / 7 , z = f) sin ij/. 

The line- element in space becomes 

ds"^ = dx^ 4- dy’^ 4* dz^ = dx' 4- ^^p' 4- . . (6) 

and the finite distance in space of any point from 0 becomes 
r2 == rc2 -I- 2/2 + B'* = 4- pK 


( 7 ) 
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oSS (2 )' y of (7) arises directly 

.r^ = + >;2)2, r = + ^2) . (8) 

opt^rf atioMlly ,rthoul ., root s4 m this ‘ .y by i°erns‘St«‘nd 'T 
In the same way the value of dx'^ + ^ in (6) ariLs oTof f4.\ ^Tf' 
further, we replace p in (6) by the value of y in (2). (6) becoLS ’ 

ds " = ( t ‘2 | 2 ^ 2^,/,2 . , ( 9 ^ 

6olJLT£X“r==® mTst Sth?dect?on(r 




m /ds\^ 

2 \Mj 


The potential energy is 


i) ~ 2 . (10) 




+ e’Fx 


(where B = nuclear charge, P = field strength, - eP = strenuth of fiolfl 


2fiE 

rw + T 


1 r 

+ r/^)\ 


- 4eE + 


eP(^'‘ - ,4) I 


• ( 11 ) 


Sten asSowsr f*«olf *0 be 

+ Q, + . . (13) 

- 4meE + meF(^4 ~ j 
in agreement with eqn. (2) on page 280. If we here set 

p, = 3S 

>e> P'1 - \-Z’ P‘1' = ^ 


( 14 ) 
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we get the partial differential equation for the function of action S in the 
following form : 




Hh 




== 2m “h 4m0B - meF(^^ 


• ( 15 ) 


where ifr is the cyclic co-ordinate. Hence 

c)S 

= const. 

holds. And for the equatorial quantum condition we get 

== 27rp^ = n.Ji 


Hereupon eqn. (15) passes into 



(16) 

(17) 


"We write the terms dependent on f on the left and those dependent 
on >7 on the right and have thereby effected the separation of the variables. 
The separated parts must be equal to the same constant, which we shall 
conveniently call 2m/5 : 

(^J _ 2m|2W - 2meE + 

= - (^J + + 2TOeE + 

= 2m^. 

From this we get by calculation 

in which /i and/g have the meaning given in eqn. (7) on page 281. Hence 
the quantum conditions for the parabolic co-ordinates i, rj, written as 
periodic moduli of the function of action are : 

Jf = ^ = nfi, ^ ^f‘fyi)d-q = nji . . (18) 

Both integrals have the same form. By using in the first integral, 
and in the second as new integration variables [called r in each case 
in (19)], we have 

^ A + 2— + ^ 4 - J)rdr = 2nh . . . (19) 


On the right-hand side of this equation, n stands for the first time, 
and for n.^ the second time. The factor 2 before n has been transposed 
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from the left-hand side and is due to the circumstance that or rjdyjy 
respectively, is equal to dr/2, The coefficients A, B, C, D first denote 

Aj =5 2wW, = w(aE -f /?), 

= ~ meF 

and, on the second occasion 

Ag = 2m W, Bg = m(cE - ^), 

Dg == + me¥ 

We have already anticipated the calculation of the left side of (19) in 
Note 6 under (/). By eqn. (26) of (/) it leads to 

. ■ ■ (-) 

Consequently, if v^e arrange (19) in terms of B, we get the equation : 

We regard the coefficient of D as a correction member (the external 
field is assumed small compared with the nuclear field) and in it we 
therefore replace B^A by the following value from (22), which is a first 


approximation : 



0- 

3B^ nn a 

-X- = -20 + 6 — 

A 'TT 


Accordingly (22) becomes 




. D 6nM 

r 4A\ ^ TT 

n/C-2c) . (23) 

This single equation really represents two equations, 
written once for 

We suppose them 

B = = m(cE + 13), 

B == - meF, 

n = n^, 

and a second time for 



\ 

s 

II 

11 

B = Dg = H-meF, 

n == 


where A and 0 have in each case the values 

A =« 2mW, C = — (n^hl^Tr)"^. 

We then form half the sum of the equations resulting in this way. This 
causes the integration constant jB, which is of no interest to us at present, 
to cancel out, and so we get 

vieFf B («/ - 3 ( m , - n-^)MjO\ 

+ "iTVa ^ 




TT 



592 


Mathematical Notes and Addenda 


We insert in it 




Uohi 

2^’ 


A==- 


A= >- 


(concerning the sign, cf. p. 552) and next calculate A to a first approxi- 
mation, that is, for P = 0 : 

(^1 + • • • • (25) 

We insert this value 'in the correction member multiplied by F in eqn, 
(24) and now evaluate A to a second approximation : 

47r2(w6E)2 3P//;^ 

(7^1 + ^2 + ~ &E 

Dividing this by 2m we arrive at the value given in eqn fli on 
page 286 : i \ / 

27r2we2E2 37^2^ 

(Wj + n^ + ns)%^ ~ “ ’''i) (’''I + ’'■li + »:i) ( 26 ) 

As has been discussed more fully in the text, the second term on the 
nght of eqn. (25) contains the entire manifold of phenomena that Stark 
has observed in the various Balmer lines. “ We may perhaps sav 
without exaggeration that the formal explanation of these phenomena 
cannot be given more simply than has been done in the above 
sentences. * 

Various conclusions may also be read off from the above conoermag 
the shape of the orbital curve. Here the integration constant B that 
was eliminated above becomes of account. In working it out we restrict 
ourselves to the case of an aAitrarily weak field (the Kepler motion 
F = 0 considered on p 311). Thus we set D = 0 in the two equations 
comprised in (23) and form half their difference : 

mB = . . , 


• . . . (27) 

tLr^ approximation (25) of A, it simply follows 


B = 


+ 7ty 


. (28) 


SS, J.; “Ass ■ “ ““ " "• 


27rmeBjh 

;) 


+ TZg 

2TrmeEilh 


2meB 


_2W| + n.^ 
+■ 




't + 2meB , 


?*! 4- Mg + n., • 


VSr 

/m,(A\s 

\ fe' 


^)1 


(29) 


links up direoHy 

the Physikal. Zeitschr., 17 , 506 (1916) Apstem and whieb appeared in 
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If we multiply these equations by introduce the standard length 

¥ 

^ ” inr^meEi 


which is analogous to the first Bohr circle of the hydrogen atom, eqn. (7) 
on page 213, and then use the abbreviations 


a(ni + 4- ^3)^ 


a(% + - 1 - 7 ^ 3 ) 


we get in place of (29) 

- 2(2% + n.^x == - 

- 2 ( 2 % + n.^)y - - 

Solving these we get 

X = 2 ? 2 i + 7^3 ± {Jn-^± \/% + 

y = 2% + % ± 4* 4n2% = (\/% ± \/7^2 4- 

If we then return to the meaning of x and y in (30) we get as the 
libration limits in the and 47-co-ordinates 

/- =: Jn-i ± n /% + 7^0 

sja \/% 4- TZg -h 7^3 1 - 1 ^ 3 

. . \J 'yi/a i Q'hi) 4* 7Z«> 

V 7Zi 4- ^^2 +* ^3 ^ ^ ^ 

Eor the sake of illustration we apply this result, say, to the final 
orbit of the Balmer series n-^ 4- 7Z2 + 7^3 = 2. According to the Tables 27 
to 34 on pages 289 to 293 the quantum triplets (002), (101), (Oil) occur in 
this case. For the first of these we have by (32) 




and for the second 


_1_ JL, 

Ja Ja 


= ± 2 


. (32a) 


--1 

\/a 

The third quantum triplet has the same libration limits as the second, 
except that f and y are interchanged. Since by eqn. (1) on page 279, the 
co-ordinate parabolas depend only on or respectively, the values 
± 2 denote one and the same parabola or, in three-dimensional space, 
one and the same paraboloid. Thus the libration limits denoted by ± 2 
coincide and the orbital curve (Kepler ellipse) lies on one and the same 
paraboloid. In the case (32a) it comes out as the intersection of two 
such paraboloids situated symmetrically with respect to the nucleus, and 
is thus merely a circle of the radius 4a. In the case (32b) the libration 
limits coincide only for the y-co-ordinate and are different in the f- 
co-ordinate. The corresponding orbital curve lies as a Kepler ellipse on 
the paraboloid determined by the ^/-co-ordinate, and, indeed, within that 
segment which is cut out by the libration limits of the ^-co-ordinate. 

38 


V2(l ± J2), = ± J2 . . (32b) 
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In conclusion, we remark that the development (35) has been ex- 
tended by Epstein* to the next member, which is quadratic in F, and 
that the “ Stark effect of the second order” corresponding to the quadratic 
term has also been proved to be present in observations by Takamine 
and Kokubu when particularly strong fields were used.t 


12. The Adiabatic Invariance of Phase-Integrals 1 


(To Chapter V, § 7) 

In dealing with adiabatic changes of state we consider a parameter a 
that enters in some way into the equations of motion of the system (as 
the length of a pendulum, the position of a point-mass, of an external 
field of force, and so forth). This parameter is changed in the course of 
time, but, by condition (1) on page 305, infinitely sloioly (reversibly), I'or 
every value of a the equations of motion are to remain valid in the form : 

dt bqjc di Tipk ' ’ ' ^ 

where H is the same function of p, q, and u, as when a is kept fixed. 
We mean this when we demand in condition (2) on page 305 that the 
adiabatic action is not to act on the co-ordinates of the system directly. 
We shall return below to the condition (3) on page 305 (unsystematic 
alteration of a). 

In integrating eqn. (1) in conditionally periodic cases by means of a 
function of action S whilst a remains constant, S becomes a function of 
a ; so that if we insert the time change of a, S also becomes a function of 
t. We derive the phase integrals J and the angular variables w from 8, 
just as in the case of a fixed a : 

^ Vidq, = ^ ~dq,, w, = II . . (2) 

The question is whether J also becomes a function of t through the 
intermediate agency of a. If the adiabatic hypothesis is to be right in 
its assertion that the quantum conditions == nuh are to be adiabatically 
invariant, then J must be independent of t, 

^ '-We find the answer to this question by doing as on page 566, and de- 
riving- < the canonical equations for J and v). Hereby we are no longer 
dealing with the special case that (cf. page 566) E* = S is independent of t 
Thus 

H = H 


no longer holds for the transformed Hamiltonian function H, but 


H==H + 




(3) 


by eqn. (20a) on page 545. 

* P. Epstein, Ann. d. Phys., 51, 184 (1916). 
t A. Sommerfeld, Ann. d. Phys., 65, 36 (1921). 

AT, cf. Ann. d. Phys., 52, 196 (1917), or Amsi 

AKacL, lyu, p. 1055. Here we follow a simpler line of proof, likewise indicated by 
Burgers, cf. his Dissertation for Leyden, 1919, p. 242. 
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The relationship between P and P* is by eqn. (21) on page 546, when 
P/= = h, Qk = Wfo 

P= 

th-xis on account of = S 

F = S - ^kivk = S* . . . . (4) 

[cf. eqn. (38) on p. 566]. 

In place of eqn. (34) on page 566 we thus get, on account of (3) and (4) 

dt “ 'dwk ”” 'bWk 'hwk M ^ I 

c)B[ 

The term here yanishes because H, regarded as a ‘function of the 

variables . . . Ja-, . . . wu, is independent of %v. If, further, we 
take into account that S*, as well as S, is dependent on t only through 
the medium of a, we may set 


with the notation 


Yf “ Da “ 


= <E>d 




ho- 


Erom (5) and (6) it follows that 

^ . b# 

dt ^ Iwh’ 



( 6 ) 

( 7 ) 

( 8 ) 


In addition we now take into consideration that by our condition (3) 
on page 305 a is to be changed unsystematically, that is, not in phase 
with the course of motion of the system. We act in agreement with this 
if, for example, we make d constant and write in place of (8) : 



0 


( 9 ) 


<!►, just like (cf. p 567), is a periodic function of the ^.y’s, and may 
thus be represented as a Eourier series in terms of the w’s. Hence 
'b^l'dw is a Fourier series without a constant term. Since the Wk = v^t -f h 
[eqp, (35) on p. 566] are linear functions of the ^'s, the integration with 
respect to t on the right-hand side of (9) may be carried out in the 
Eourier 'series, and furnishes a value, which even if T increases to any 
arbitrary extent, remains below a certain limit. 

The circumstance that the vibration numbers n themselves still depend 
on a, and thus also on causes no essential alteration in this conclusion, 
but entails only that the value of the integral becomes changed by terms 
of the value dT. But dT denotes the total change of the parameter in 
the interval of time T and, as such, is finite. Hence on the right-hand 
side of (9) d is multiplied loy a quantity that is finite even when T = m. 
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In the limit d = 0 and T the right-hand side of (9) hecofuefi eipial to 
zero, that is J becomes constant. 

On the other hand, however, the above inference falls to the 
if in the course of the adiabatic change the system passes tliroiigh a 
degenerate state. Then on account of the relation liStiVk ~ O [e(|n. (42) 
on p. 568] constant terms would occur in the Fourier series, and in the 
process of integration with respect to t they would yield torins of the 
order T. Thus the adiabatic invariance for all quantities J holdi only in 
the case of general, not degenerate, systems. 


43. Concerning the Spectra of Atoms not of the Hydrogen Type. 
Effect of the Supplementary Atomic Field 

(To Chapter IV, § 6 , p. 232) 

We schematise the supplementary field of the electronic configuration 
belonging to the body of the atom by regarding it as a pure central field 
varying with the time. Thus we assume that its action on the outer 
leaping electron [Aufelehtron) is : 


= - ? + V, 


V 


= (-Y 

r L \^ / 


+ <=,[-) + . . . I . ( 1 ) 

We have assumed V to be expressed so that the “cotistants of the 
atomic held, c, and are pure numbers ; a denotes a standard of lencth 
for the purpose of comparison, and we shall choose it appropriately as 
the radius of the first Bohr circle [cf. eqn. ( 7 ) on page 213] ^ ^ 


a = 


4:Trhie^ 


* • • • ( 2 ) 

^ In assuming that the field is central, wo make the orbit of the 
eapmg electron plane. We determine its position in this nlano 
momenta expressed in terms if the 


E 


%in — 


2 to pf 


The partial differential equation of the motion is then : 


SS\2_^ 1 


© 


w- 




W + 


eB 


We integrate it with regard to < 5 !. by assuming 

as 

= p = const. 


O' 


( 3 ) 


From the quantum condition, 




we then get 


27r 

J* « j || d<^ = nA, 


p = 




nk 


(4) 
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As a result of this (3) becomes 


7)r 




A Hr 2 — + 





A = 2mW, B = me'E, 

Dj^ = - 2mG-^e^a^, = 


- n^fi^ 

O „ 


(5) 


If we had added a term in l/r^ to the expression assured for V in eqn. (1), 
this would have changed only the meaning of the coefficients G, but not 
the form of eqn. (5). That is why we began the expansion of Y with 
the power 1/r^. The radial quantum condition 


now gives us 


J 




<)r 


dr = n'h 


Jk /T „B 0 D "d: 
^Va+2-+p+ J+- 


+ ^1 dr = n'h 


(6) 


if we strike out the higher coefficients of the expansion. The integration 
is to be taken along a complex path in the r-plane around the branch- 
points Tmin and Tmax of the integrand. 

The integral (6) is to be carried out in three different stages of ap- 
proximation, cf. (c), (d), and (e) of Note 6. 

For a first approximation (Dj^ == Dg = 0) we obtained in eqn. (10) of 
Note (6c) 


From this we deduce, as in eqns. (8), (9), and (10) of Note 8 : 


W = - 


(n + n'y-^’ 


(7) 


where E = Eydberg’s number. According to our earlier remarks, the 
quantity - W/h denotes the '■ term.'" In conformity with this, our first 
approximation gives us the JBalmer term^ namely, in the notation of eqn. 
(2a) on page 316, if we set m — n + n' : 

(™- 0) = ^ {7a) 


For our second approximation (D. 0, Do == 0) we obtained 

(16), Note (6d) : 


in 


T. = — 


i (VC 


B 

7a 


1 BDiS 

2 C 70/ 


By (6) we set this equal to n'h^ and remember the value of \/0 = - 
{vide the concluding remark of Note 6c). We then get 


eqn. 


ink 


{n + n')h 




B 

7a‘ 
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In view of the values of B and Dj in (5), and of a in (2), it follows that 

n-^. n' +7c = X. ^ ^ Bo, 

h>jA ’ n^h* ^ e ri^ ' ' ^ 

and hence, with A = 2m'W 


W = 


- Bh 


{n + n' + ky 


( 9 ) 


^ is dependent on n and on the nature of the supplementary field, but 
independent of n , thus for a fixed n it denotes a constant of the series. 
Accordingly, our second approximation leads to the form of the Bydherq 
term [cf. eqn. (2) on p. 316], namely, if w ^ < to : ^ 


[m, k) = 


E 


{m + hy 


(9a) 


(SIMhTs P. * 0, 1, + 0) obtoinea in .q„ 

J*,. = — 27r'i — 


1 B f 

^/A 2GVcI 


-n 3 _ B 15 „ B \ 

1 A /„ 3 1>,2 


4 0 Vo 




4 0 


If we insert in this the value VO = - as well as the values of B, 

Simplify the resulting expressions by 
using tJie meaning of a, we get o r ^ ^ uy 


== - nh ^wime E _ A E / 
JX e \ 


^ 2 e i ^2 I ) 

(o 

We write K2m as an abbreviation of A in the last term. Then 

■ ■ 


A 

4toE 


( 10 ) 


( 11 ) 


e 


Cl + 

2 e i g J ■ 


• (12) 
»' ““ «PP~™..io„ (8), if,. 

With these abbreviations (10) is written 


vA 2m 


(13) 
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If, by (6), we set this equal to n'h we get 

kA __ ^irime'E 
2mh 


n + n' + k 


hjk ' 

In view of the meaning of A, cf. eqn. (5), the energy comes out as : 


w = - 


f . 7 W\ 

( ^ - AC ) 


■W\‘^ ■ 


(14) 


If, finally, we pass on to the term - W//t, and call it (m, h, k) in accord- 
ance with page 316, where we again set n n' — m, we find from (14) 
that 


E(E/e)2 

[m, «, ^ ^ ^ • 


(15) 


Hence in the third approximation we are led straight to Eitz’s form of 
the series term. To get back to the ordinary nomenclature it is only 
necessary to identify fc, k 


with s, O' 

for 11 = 1 . 

. n. N.S., 

„ p, TT 

,, w = 2 . 

. H.S., 

„ d,B 

„ w = 3 . 

. 1. N.S., 

6,i3 

„ TO = 4 . 

. Bergmann series, 


for which detailed reasons are given in the text. 

The development of our argument clearly shows that Eifcz’s form of 
the series term is also only an approximation, and indicates the way in 
which we are to look for an improvement of Eitz’s representation in a 
fourth, fifth, . . . approximation. These all come under the general 
form : 

, , , , B(E/^)^ 

(w> ’ ’ * *) [m + /c-h /c(m,fc, . . .) + K(mfkj . . .)'^ + K'(m,k ^ . . .)^4- . . ^ ' 

in which k, k", . , . are new constants. 

If we set B = ^ in this expression and also in (11) and (12), we have 
the case of an atom that is neutral as a whole, one in which the outer 
electron is acted on by an atomic trunk which has a single charge. If, 
however, we are dealing with a charged atom which has lost one electron 
and if this is excited optically by removing one of its remaining electrons 
to a greater or lesser extent, the outer electron is confronted by an atomic 
trunk bearing a double charge. Consequently E is now equal to 2e, 
On account of the factor (E/^^ in the numerator of the term, 4E now 
occurs in place of E as the Eydberg number. The meaning of the 
coristants k, k, . . . alters correspondingly, and we write /c*, instead 
of them for the ionised atom. For instance, we should get 

k^^ 2k . . . . . (17) 

as a first approximation by (8) so long as we assume that the constant 
Cl in the expansion of the potential V has appreciably the same value 
for the ionised atom as for the neutral atom. 
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We thus get as the term representation for the ionised atom : 

4E 


(m, . . .) 


[m + + k'^(w, A;*, . . .) 4- • . 0^ 


. ( 18 ) 


§ 6 in Chapter VI is founded on this form of representation of the term. 
A closer investigation (cf. J. Weinacht, Dissertation, Munich, un- 
published) of the relative magnitudes that presumably occur in the atom 
has disclosed the surprising result that the decrease, or under certain 
circumstances the increase of the constant c of the atomic field is so 
gradual that the expansions used above are not always convergent 
(namely, never in the case of the 5-term, only quite exceptionally in that 
of the j)-term, often in that of the ^^-term, and always in that of the 
6-term ; in the spark spectrum, the convergence would be still worse). 
Whereas in our above development we had assumed the members with 
Dj, D 2 , ... to be arbitrarily small quantities, the atomic radii are in 
reality fixed in accordance with quanta, and are of such magnitude that 
the path of integration chosen on page 552 for the convergence in many 
cases becomes impossible. How does it happen then that Eitz’s formula, 
that is, a power series which is cut off as early as at the second member, 
represents the results of observation so well on the whole ? Obviously, 
the form of our development must remain, even if the special numerical 
values seem to make them illusory. One way of accounting for this 
(cf. Weinacht, loc. cit.) is to expand, not in powers of the supplementary 
field but in powers of a supplementary field that is modified to meet the 
requirements of convergency. For this purpose we reduce the supple- 
mentary field by means of the quadratic expression 


a + 2 ^ + 
r 


1 

1^*2* 


which we take in conjunction with the quadratic expression 


A + 2 



and in the interval of integration we in this way minimise as far as 
possible by our choice of the disposable parameters a, yd, y, the quantity 
in which we make our expansion, whilst at the same time increasing the 
principal quadratic terms. By this method the form of the expansion 
clearly remains preserved, that is, the dependence on the member-num- 
ber of the series, but the significance of the number coefficients and the 
consequent inference concerning the convergence becomes changed. 

Nor must we overlook that the assumption of a central supplementary 
field that is invariable in time in reality denotes a process of averaging 
that may be inadmissible. To this there becomes added the difficult 
question of the reaction of the outer electron on the atomic trunk. 
These circumstances are quite sufficient to explain why (cf. p. 328) the 
observed values of the spectral constants h, k and their dependence on 
the azimuthal quantum number cannot be given with satisfactory 
numerical agreement by our theory. It is so much the more gratifying that, 
in spite of this, there is a general agreement with the form of the 
spectral formula. 
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14. The Original Bohr Models of He, Hg, and and their 
Ionisation Potentials 


The following calculations concern models that are indeed interesting 
from the historical aspect but that cannot be maintained empirically and 
theoretically. They have already been criticised on pages 69 and 79 
of Chapter II. It is scarcely necessary to state that Bohr * furnished not 
only the original construction of these models but also the essential ideas 
for their criticism later. 

(a) The Neutral He-atom, Fig. 19 on page 69 represents Bohr’s 
original idea of the He-atom. We proceed to calculate the radius a of 
the orbit and the angular velocity w of the electrons in their “one- 
quantum ” motion. 

From the Coulomb attractive force of the nucleus we must 

subtract the Coulomb repulsion of the “second” electron acting on 

the “first ” electron. Accordingly the classical condition is : 




^ _ 7 

4 


(1) 


Further, we have the quantum condition for the rotator applied 
separately to the “ first ” or the “ second ” electron 




II 

27r 


From (1) and (2) we get by division 


ao) 


7^ 

4 h 


( 2 ) 

( 3 ) 


The sum of the kinetic energies of both electrons is : 




49 ^TT^'nu'^ 

= ¥ -IT- = ¥®^" 


The total enerqy of the Bohr Bie-atom is just as great but negative 
(cf. Note 5), thus 

W - - (^) 

The energy of the simply ionised atom FIe+ comes out very simply. 
He+ is of the hydrogen type and has a double nuclear charge. Hence its 
energy is four times that of the hydrogen atom (cf. p. 214) that is, it is 
equal to 

- 4E/t (5) 

Hence the transformation of the neutral into the simply ionised ECe-atom 
requires, by (4) and (5), the work 

A = - 4E/^ + E^ = • • • (^) 

This would be the ionisation potential of the neutral 'H.e-atom ac- 
cording to Bohr’s He-model. Since the ionisation potential of the hydro- 
gen atom as well as its energy is given by Bh and amounts to 13*53 volts 

* Of. for example his lecture in Berlin, Zleitsohr, f. Phys., 2, 168 (1920). 
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[cf. eqn. (3) on p. 34:2] the ionisation potential of He would be, likewise 
expressed in volts : 

J = -V-- 13*53 = 28*75 volts . . , (7) 

Experiment has not confirmed this value, but has yielded the smaller 
value (cf. pp. 344 and 350, Table 38) : 

J - 25*3 

which has been found by different methods and is certified in various ways. 
Thus Bohr’s He-model cannot be correct. 

In the same way the following value of the ionisation potential of the 
second order (work necessary to detach both electrons) for the helium 
nucleus 

i/-. 13*53 = 82*9 volts 


is too great and is in contradiction with the results of experiment [cf. eqn. 
(5) on p. 344]. 

' The fact that the true value of the ionisation voltage comes out less 
than that calculated from the model is particularly noteworthy. If it 
were greater we would say : Bohr’s model is, indeed, a possible arrange- 
ment of the structural elements of the He-atom but it is not the most 
stable one. We should have to think out another arrangement that 
would be more permanent as regards retaining its energy, and that would 
thus require more work to bring about its disintegration. But, as it is, 
we must say that, in spite of its greater stability as regards energy Bohr*s 
He-model is not a durable arrangement of the structural elements of He. 
Besides energetic stability dynamic stability is of importance. The latter 
is best investigated by the method of small oscillations. 

This has already been done for general ring systems by Nicholson.*^ 
The following is found for He-models in particular. Of the six degrees 
of freedom that belong to the model if we assume the nucleus to be im- 
movable, one is unstable. Eor if we strike both electrons in their orbital 
plane in the same sense at right angles to the line connecting them, a 
'‘fundamental vibration” of the system occurs, whereby the electrons do 
not tend back to their position of rest, but move away from them expon- 
entially. 

We thus see that the dynamic instability of Bohr’s He-atom outweighs 
the energetic stability, and we understand why the real He-atom which 
must, of course, be stable can appear energetically less stable than Bohr’s 
model. 

(b) The H 2 -molecule. Bohr’s model of the H 2 -molecule is represented 
in Big. 22, page 76. Erom the conditions of equilibrium we obtained 
the following relation between the radius a and the angular velocity o of 
its two electrons [eqn. (21) on p. 78] : 

1 ^2 .... ( 8 ) 


If we combine with this the quantum condition (2), applied separately to 
each of the two electrons, we get from (2) and (8) by eliminating w 


a = 


W 4 


0'95a;^ 


( 9 ) 


* Monthly Notices, 72, 1912. 
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the diameter of the hydrogen molecule would be somewhat less than 
diameter (p. 72) of the first Bohr circle in the hydrogen atom. 
We next calculate the energy W of the hydrogen molecule. Its po- 
^^rxtial energy is made up of three parts : the pdiential energy of the two 
^xiclei Yk, that of the two electrons Ye and that of the mutual energy of 
nuclei and the electrons Yke- 
By eqn. (17) on page 77 we have 

^2 />‘2 ^2 


Vek = - ■ 



( 10 ) 


Ja;^ + b^ 

= - ^(3 73 - 1 ) .... ( 11 ) 

substituting (9) in (11) it follows that 

^ 87r‘^me^/3 JB - 1 \ 2 

Thie kinetic energy of the revolving electrons in the hydrogen molecule is 
^Iso half as great as the potential energy (cf. Note 5). Hence the total 
B'TiBrgy that remains is : 

w= - 2-20B/t . . (12) 

We next determine the work of dissociation and the dissociation po- 
tBn^tial of the hydrogen molecule. After the dissociation both hydrogen 
ajtioms are separated from each other. We assume both initially to be in 
their most stable state, that is, in the state of the first Bohr circle. Their 
energy is then 


Hence the work of dissociation is 


2E/t. 


A = 2Wi - W = 0-20EA. . . . (13) 

Ttnas for a grammol of hydrogen gas it would be : 

^ = 0-20 ^ = 6-1 . 10* cals. . . . (14) 

where Q = 4*19 . 10^ ergs./cal. denotes the mechanical equivalent of heat, 
ji,nd L = 6*07 . 10^® denotes Loschmidt’s number per grammol, or Avo- 
g^aidro’s number. This value is appreciably smaller than a value obtained 
hy* Langmuir* from observation (certainly somewhat indirect) amounting 
tio 8*4 . 10^ cals. 

Passing on to the work of dissociation, let us express (13) in volts, 
and we get, corresponding to (7) 

D « 0*20 . 13*63 « 2*71 volts . . . (15) 


This value, too, is appreciably smaller than the value obtained from ob- 
servations [eqn. (4) on p. 343] D == 3*5 volts. 

* Langmuir, Journ. Amer. Ohem. Soo., 34, 860 (1912). 
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In th^ foregoing we have established one of the contradictions, which 
we mentioned on page 78, between the Hg-model and observation. A 
second contradiction concerns the ionisation potential. We first assume 
that the process of ionisation takes place according to the following scheme : 

H 2 H + H+ + El . . . . (16) 

that is, that the molecule becomes split up by an electronic impact into a 
neutral H-atom, an H-nucleus and an electron. The energy of the H-atom 
is Wj = ~ Wi, that of the isolated nucleus and electron in our enumer- 
ation (16) is nil. Hence the electronic impact must furnish the work : 

A = Wi - W = l'20m .... (17) 

Translated into volts this gives the ionisation potential 

J = 1*20 . 13*53 = 16’24 volts . . . (18) 

Unfortunately the results so far obtained from observation for the 
ionisation potential of Hjj are contradictory among themselves. They, 
however, agree in that they give no ionisation step at 16*2 volts. But 
here, too, there is a contradiction between observation and the H 2 -model. 
It was pointed out on page 344 that the energy step that is so pronounced 
at 11 volts is probably to be ascribed to an emission of light. 

Only when dealing with case (c) can we make detailed statements 
about the other possibility of the process of ionisation, namely, 

H2->H2++E1 . . . . (19) 

Concerning the other contradictions mentioned on page 78 we merely 
add that the instability of the Bohr Hg-model there emphasised comes 
about in just the same way as the Bohr He-model. If we strike both 
electrons of the Hg-molecule in the same sense in the plane of their revolu- 
tion and perpendicularly to the line connecting them at the moment of 
impact, they move systematically out of and away from their orbits. The 
model is dynamically unstable. 

(c) The H 2 +-ion. Eor this, too, Bohr has suggested the simplest 
possible model : the two H-nuclei are at a distance 2b from each other, 
and in the median plane between them a single electron revolves at a dis- 
tance a from the connecting line of the nuclei. Here the quantities a 
and b are different from those values that they were to have in the neutral 
H^-molecule according to Bohr, and they have to be determined anew 
from the conditions of dynamic equilibrium. 

Each of the nuclei is acted on by (cf. p. 77) : 1. the repulsion 
of the other nucleus ; 2. the attraction of the electron which has the com- 
ponent o^bKpP- -f 2)2)1 in the direction of the line connecting the nuclei. 
By setting these two equal to each other we get : 

= (a2 + 52)1 

(s)' - ITlb-i® ■ ■ ■ « 

The corresponding value in the case of the neutral Hg-molecule was y. 
Thus Bohr’s model of the H^-ion is considerably more attenuated than 
that of the H^-molecule. 
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The electron, on the other hand, is acted on by ; 1, the centrifugal 
force 2. the attraction due to both nuclei, which furnishes the 

component 2<!%/(a''* + b'^]i in the direction of 1. Thus we have the 

dynamic equation : 






In addition, there is the quantum equation : 

= A 

Stt 

and as the quotient of these two we get 

(KO = ^16 - l)f 


( 21 ) 


From this we get for the kinetic energy of the electron 

T^khi = i/Ie -!)» = ( ^16 - 1)3^ = 0-88 E;z. . (22) 

According to Note 5 the total energy W is of the same yalue but negative. 

This total energy W = - O-SSRh is greater than the energy - BIi 
of the dissociated state, in which the ion is resolved into a neutral H-atom 
and an Il-nucleus. 

The H 2 "^“-ioii is unstable energetically ; it can dissociate into H + 
giving tip energy. At the same time it follows from this for the ionisation 
of the Il^-molecule that if this happens in the sense of the scheme (19), 
it requires a greater ionisation potential than if it proceeds according to 
the scheme (1(3). This conclusion is independent of any assumptions 
about the model of the neutral and also remains preserved if we pass 
from the II j>molecule considered" so far to a more general molecule. 

The great advantage that the H 2 -ion has above the neutral Ha-molecule 
in analytical respects is that in the former we have mathematical control 
of the most general configurations. They all fall under the category of 
Jacobi'H problem of two fixed centres (cf. p. 279) and are of a conditionally 
periodic character. As a matter of fact, on account of the predoniinant 
mass of the two nuclei we may assume them fixed during the motion of 
the electron ; their distance apart is to be chosen so that the resulting 
force at the nuclei in the time-mean vanishes. 

On page 79 we stated that as regards these more general niotions 
llohr's circular orbit in the median plane of the nuclei is staole 

miergoMmUy, But we must add a correction at this stage. The cir^lar 
orbit is indeed stable energetically, but wistahle dynam'ically. Boh-r 
einphasiscd this as early as ,1913.t And, indeed, in this CJ^j^se it is an 
irmiact, on the electron, perpendicular to the median plane that <3^^ses 
the spontianeouB decay o£ the model. Consequently Bohr s model of t^e 
lL&4on is untenable. Here, too, just as in the case of the model of the 

^ Gf . Pauli, Ann. d. Phys., 1922. 
t Of. Gesammelte Abhandl., p. 61. 
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He-atom and of the Hg-molecule, it is shown that the dynamic stahility 
plays the deciding part as compared with energetic stability. 

That there is a stable configuration of the Hg'^-ion among the more 
general types of motion is proved beyond objection by experiments with 
canal rays. This dynamically stable configuration is energetically unstable 
both in comparison with the circular orbit model of and to .a still 
greater degree in comparison (cf. above) with the dissociated state H + H+. 
But this does not prevent the configuration in question from being lasting 
if the impacts are sufficiently small ; only under the effect of greater 
impacts would it be transformed into the state of minimum energy, that 
is, finally, into the dissociated state. 


16. Hamilton’s Theory in the Mechanics of Relatiyity 

(To Chapter VI, § 1) 

In the theory of relativity the components of momentum are [vide 
eqn. (24) on p. 463] 


mx 






my 




Vl - 




mz ■ 




n/1 


( 1 ) 


In ordinary mechanics they are represented as derivatives of the kinetic 
energy with respect to the corresponding components of the velocity. 
This does not hold in the theory of relativity. We can confirm at once, 
however, that they are derivatives of the following quantity with respect 
to X, y, i : 


B 


( 2 ) 


We may designate P as the kinetic potential/’ an expression due to 
Helmholtz. If we number the momentum components successively as 
Pv ‘ • Pk, . • more than one point-mass being present if so re- 

quired, and if we call the corresponding position co-ordinates qi, q 2 r • ' • 
qkj . . the corresponding velocity co-ordinates § 1 , 
the relation in question between P and the momentum components may 
be summarised thus : 

= . . . . . (3) 

[When several point-masses are present we must clearly take P as standing 
for the sum of expressions of the form (1) for all the point-masses.] 

In contrast with P the relativistic expression of the kinetic energy 
[cf. p. 465, eqn. (27)] is, in particular, for one point-mass 

Ew. = - l) .... (4) 


Since, expressed in terms of p and q, (1) is 


p - 


nir, 


Vl - yS'- 






it follows that 
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Trom the latter we can immediately confirm the relation 


P 


= - Bk, 


-f const., 


const. = 


(6) 


Since in classical mechanics is equal to twice ’Ejdn [eqn. (5) on p, 541], 
but not in the mechanics of the theory of relativity, we recognised that in 
the classical case F must be identical with Ehu (except for a constant), 
but must differ from it in the relativistic case. 

We now go through the developments of Notes 4 and 7, which led to 
Hamilton’s theory. Written in the form (9) on page 542, d’Alembert’s 
principle remains valid, likewise the eqn. (11) that follows on it, if we 
replace in it by P. Consequently eqn. (12) also remains in force, 
except that now the “ Lagrange function” is to mean : 

L - P -- (7) 


This is the only change which has to be made in our earlier developments 
for the sequel. The function of action S is defined by this L by means 
of eqn. (4) on page 556 : 

t 

jLiiT = S - Wi . . . . (8) 

0 


and the relation 


Pk 


Iqk 


(9) 


holds not only for rectangular, but also for arbitrary co-ordinates p/j, qk^ 
With the altered meaning of 'Ekmj the energy law, as compared with that 
of classical mechanics, has the form 


Bnn + = W . . . . (10) 


That is, not our F, but the relativistic value of l^jcin (o^, circumstances 
demand, the sum of such values if several point-masses are present) 
occurs here. If we set the left-hand side of (10), expressed as a function 
oi^k and qk, equal to H (“Hamilton’s function”), the partial differential 
equation of relativistic mechanics becomes, in formal agreement with 
eqn. (10) on page 558 : 

Ki-®)-'" ■ ■ ■ ■ <“) 


All further inferences, in particular those concerning the separation of 
variables, thus hold unchanged also in the relativistic case. They will 
be used in the next note. 

It is to be observed that our translation of results from classical to 
relativistic mechanics was effected so smoothly only because we wrote 
d’Alembert’s principle from the very outset in the rational form (9) on 
page 642, in which the changes of momentum and not the products of 
the mass by the acceleration mk'qk occurred. When written in the latter 
.form the inertial resistances do not allow themselves to be generalised 
relativistically. Further, we must note that the quantity L here defined 
by (7) may, on account of (6), also be written : 

L =» - Ejfcin - Bpot = tpq - H . 


( 12 ) 
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This relation, which we have already encountered in eqn. (13a) on page 543 
on the basis of classical mechanics, is thus not bound to the condition that 
H is a quadratic function of the p’s. As a matter of fact it holds quite 
generally and can serve to define the Hamiltonian function H, and, 
further, to set up the canonical equations, if the problem was originally 
present in the form involving variation, that is, if L was originally known. 
Conversely, if the problem was originally given in canonical equations, it 
can serve to calculate L and to transform the problem into the form 
involving variation. 


16. Quantising of Relativistic Elliptic Motion by the Method 
of Separation of Variables 

(To Chapter Till, § 2) 

As in Note 8, so also in the relativistic Kepler problem, we require a 
minimum of calculation and thought if we start out from the partial 
differential equation of mechanics and calculate the moduli of periodicity 
of the function of action as complex integrals. 

By eqn. (27) on page 465 the energy equation is : 

(^=:^ - =W 

(where B denotes the nuclear charge) or 

1 


Vl - 


= 1 + 


TXT 

w + — 

T 


( 1 ) 


Now, on account of the meaning of and in view of eqn. (7) on 
page 469 : 

or, on account ot m — mj Jl — 

^ 1 / a 1 


1 -^ 8 ^ 

Inserted in (1) this gives 


1 + 






w + 






2mr.eEi 


Pr^ + ^ 


4 * 


t(w+-V 

\ r J 


( 2 ) 
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Hence we get the partial differential equation [cf. the preceding note, 
eqn. (11)] : 


1 /^S\^ 


'dr ) 


+ 




SmnW + 


2mneEi 


W + 


r j 


( 3 ) 


The last term on the right is the relativistic supplementary term, which 
distinguishes this equation from eqn. (2) in Note 8. 

The equation allows itself to be separated in the co-ordinates r and 
(and only in these). Since ^ is cyclic, the law of areas 




const. = p 


holds, and gives us the a^simuthal quantum condition 

()S nh 


J,|, = 27rp = nhj 


d<l> 27r 


Eqn. (3) changes into 




as 

ar 


A n® G 

A + 2 — 


A = 2moW + ^ 

... , ^iEW ^ W \ 

B = + — = m„«E (l + — ) 


n^lh^ 


nV 


W 


( 4 ) 


(4a) 


The last of these results from the meaning of a, of. eqn. (8) on page 213. 
The radial quantum condition which is to be calculated from (4) differs 
neither in form nor in content from those contained in eqns. (6) and (7) 
of Note 8, and hence gives us 




n'k 


( 5 ) 


As a consequence of the present meaning of A, B, G in (4a) we, however, 
have 


27ri \/ G = — nh 


5L 

yn 

Eqn. (5) then becomes 
27rieli 


a 




_W\ 

'W|)C^/ J 


1 -f 


■wE/., W\-n-’« r, /7 :/E'v 


h. 


39 
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After division by h the expression before the bracket on the left-hand side 
E 

is Y ; if we square both sides of the last expression we get 


Here we have found the final representation of the eneigy foi the 
relativistic Kepler ellipse, in agreement with eqn. (23) ^ on page 472, 
which we commianicated there as a generalisation of the formula loi the 
circular orbit. The method by which it was reached was not the slightest 
degree longer than that in Note 8 for the corresponding iion-relativistic 
problem. It is truly a royal road for quantum problems. 

If we wish to inform ourselves about the form of the orbital curve in 
addition to its energy, then by Note 7, eqn. (44) we should have to cal- 
culate the function of action S, and differentiate with* respect to its 
integration constants. We, however, attain our object more simply 
thus. 

By eqn. (7) on page 469 

p-j. ^ mr _ 1 (7) 

d<l> 

where we have set 

s = i (8) 

r 

By placing outside the brackets on the left-hand side of 

eqn. (2) we get, in consequence of (7) : 

f + (^)' = 2moW + 2OToeBs + ^(W + eEs)**. 

It is convenient to differentiate this equation with respect to ^ : 


= ’^0®® {l + -^ (W + el 




By cancelling ds/d(l> on both sides and taking the terms involving s over 
to the left, we get the following Umar differential equation for s : 

TTT, + s i =-^ l + —r, . . . (9) 


d<^^ \ ) p^ \ 

Its general integral is 

s = A cos 79 ?) -f B sin -h C . , . (10) 

Here A and B are constants of integration ; y has the significance : 


( 11 ) 
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in agreement with eqns. i(2) and (3) on page 467. 
with which we are not specially concerned, is 


C = ^fl 


+ 


JW 


2). 


The significance of 0, 


Eqn. (10) agrees with eqn. (1) on page 467, except that the latter is written 
somewhat more specially. 

The occurrence of y in (10) brings about, as we saw on page 467, the 
motion of the perihelion of the Kepler ellipse. We proceed to calculate 
the advance A<5i> of the perihelion as defined in eqn. (4) on the page 
mentioned. Since y^ differs very little from (1), we get from (11) to a 
sufficient degree of approximation 


1 ___ 1 
^ - 1 + 2 


A<5() = Stt 



* 


Prom this we wish to pass on to the motion of Mercury’s perihelion 
which we touched on earlier, on page 468. Bor this purpose we write 
mM in place of cE, thereby supposing Newton’s law to act instead of 
Coulomb’s, and we take m as the mass of the planet, and M as that of the 
sun. Further, we express the momentum constant p of the planet in 
terms of the geometrical areal constant / thus : 

TVah TTCb^ sjl - 

p = 2m/, / = = 


(r is the time of revolution of the planet, 7rab the surface swept out in the 
time r). Thus 

TrmW _ MV 

^ ^ . (12) 

Finally we expTe&s the mass of the sun according to Kepler’s third law, 
which is, as we know : 

__ M 

47r^ 


From (12) we then get, in conjunction with the latter : 

.... (13) 

If we insert in this the data of Mercury for a, r, and e, then we get 
the value A<jf> == 7" per century, quoted on page 468. The general theory 
of relativity gives almost the same formula as (13) but with the numerical 
factor 24 instead of 4. Hence, according to general relativity, we get 
six times greater value A(^ = 43", also mentioned on page 468, which is 
in full agreement with the observed value as modified by Newcomb. 


17. Quantising of the Non-harmonic Oscillator during 
Simultaneous Rotation* 

Let us consider, for example, HCl; let the ions have the charges 
4- e, - c, and the masses Their centre of gravity remains at rest 

* A. Krateer, Zeitschr. f. Phys., 3, 289 (1920). 
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and serves as the origin of a polar co-ordinate system : and are 

the co-ordinates of and mg. Using the theorem of centres of gravity 
we introduce in their place the ne'w co-ordinates of the point-mass by 
means of the equations : 

<^l = </>2 + 7r=<5f>. 

Here, as on page 220, [l denotes the reduced mass of both ions and r 
the distance between them : 



r = r j >f r^. 


The kinetic energy is easily expressed in the co-ordinates r, tji : 


Bk.1, = 


4* 


nh 




^(^^+.rV) - (1) 


The potential energy is expressed electrostatically and depends only on 
r = -1- : 




(2) 


The coefficients express the action of the electronic systems surrounding 
the ions and are to he regarded as arbitrary quantities, between which the 
following condition of equilibrium exists : 

=0, for f ,= r() . ; . . (3) 


Here denotes the normal distance between the two ions for a molecule 
at rest in space, at which the electrostatic attractions and repulsions 
between nuclei and electrons remain in equilibrium. Let us set 


p = . . . . (4) 

Instead of (2) let us write 

’^pot = - ^ — -p -h + . . . ^ . (5) 


This assumption already satisfies condition (3) and is just as general 
as (2). It has the advantage over (2) that the correction members with 
the coefficients 5, c, . . . are small in the neighbourhood of the position 
of equilibrium and that the ‘^principal members'* preceding them can be 
taken accurately into account in the quantising later. The fact that the 
expansion in f’s in eqn. (5) begins with and not with nor with i is 
shown if we pass on to the mutual force acting on the ions. It is 



_ ,1 


A, 

r^dp 


^pot 


a 

r. 


(s- 


- 36P - ue + 



afi 




. or, on account of (4) 
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where we may, further, replace p® in the denominator by (1 + ^)®. Since 
all powers of i are represented here and are furnished with arbitrary 
coefficients, we have, indeed, by using our assumption (5), arrived at the 
law of force of the most general non-harmonic oscillator. 

From the first member of the expansion (6) we deduce the vibration 
number vj for an infinitely small amplitude, namely, 

= • (7) 

If we define 

J = (wir/ -1- = jur/ . . . (8) 

as the moment of inertia of the molecules in the state of equilibrium, we 
may also write eqn. (7) thus : 

27rpQ = a = 47r2vo2J ... (9) 

On account of (4) and (8), (1) becomes 

= 2(P^ "b • . . • (10) 

From this it follows that 

p, = ^ = Jp, p^=p= = Jp2^. 

Op ^<j> 

p is constant and is equal to mh/ 27 r on account of the azimuthcLl quantum 
condition. The energy equation is : 

rr( + 5) + = W . . . ( 11 ) 

It follows from this that 

p, = ,^2JW - - t 

and the Tadial quanhim condition is : 


i^p dp + aa) + (iitj q. -f ^ = nh . (12) 

The terms as far as they are written down under the root sign have the 
following form, familiar to us from eqns. (8) and (10) in Note 6 : 

and, indeed, if we divide (12) throughout by the coefficients A, B, C, 
have the significance 



\ 

iTr'^aJ ) 


(13) 


A - 2 
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Consequently (12) becomes 

Here, by (12), (5), and (4), the supplementary term Z denotes 


z = 6 + ■ • -y'ii + , 

Jx/0i+2Bjf+ ^ 2J(C7+ 2B7#+ (15) 


in which we haye set 


A, Bi = B + A, Cl = C + 2B + A . 


• (16) 


Si ^ “ p»«» 

Z = 6K2 + (i 4- c)K 3 + . . . _ ii^K; 4. 

If as in e^an. (7) on page 418 we take Av to stand for the distanoA 

between ne^gtbourmg b^^^^^^^ v, as in eqn ^ 'on 

page 613, to stand for the mutual vibration number v, = J, then 


Av h 

• • ■ ■ (18) 
Oi/Ai are of the first order in %. We shall use this 

P9r:7sstetr‘f£t£ «“ 


K OTT'L 


tr /'OtN^ 1 

x/Ai Aj a; 3 - - i^Tris;'; ’. K4 =» K, =3 . . . = 0 

1 ^Tri- / n ^ 9. 


Srt /CAa 


15-n-i- /CA2 


J-UTT'O f V^j\ 

IAja/A^VA^/ ’ = Ej = . . . _ 0 


ou^ appr^Satir “ (1^) “"y “-H b« '^‘^glocted in 

both sides^by ^the^wrgef on^the^M- (If )• H "we divide 

the right be^comes 

(13), contains the enemv fl-nrl hLr, ^ V\/ A which, by 

interest to us, we writ! y ; ^ ^ ^ selected as the term that is oi 


(14) then becomes 


2(a irw7a)’ 


nu = - 


- (20) 
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By (17) and (19) the quantities Bj/Aj and Cj/Aj occur in Z. By (16), 
(13), and (20) these become : 

C 2IB C i (22) 

2 ^ = 1 +'^ + ^ = 1 -' 2'^2 + (1 + m^vP)y^ = 1 - 2 /^ + 


If as a first approximation we set = 0, eqn. (21) is satisfied by 2 / = 1, 
since Ci/Ap and also Z vanish for 2 / = 1- Thus as our first ap- 
proximation we have 2 / = = 1. By setting as a second approximation 

2/ = 2/2 - 1 + conclude from (22) that and GJA.-^ vanish in 

the first order with u ; this fact we have already used above in calculating 
the values (19). By (19) Z then vanishes in u to the second order. 
From (21) we then get 

p ^ n, y.2^ — 1 ^ nu 

and from (22) 

3JA^ = CJA^ = - 2m 

By proceeding step by step we get the following successive approximate 
values from (21) : 

2/1 = 1 

-2/2 = 1 + nu 

2/y = 1 + nu + ~ + 2^ "■ "4^ ) f 

fni^ /15 3 15 \ 1 ■ 

2/4 = 1 + nu + ~ n^G-^h + - “4 y I 


The^ last approximation does not seem quite logical in that here a 
term with u^ has been taken into consideration whereas we have usually 
stopped at the terms with The reason is as follows : u is, indeed, a 
small quantity, but in the case of fully developed bands m may in given 
cases assume great values, so that u^m^ is not to be neglected. We 
obtain the last term of 2/4, by setting y ^ y,^m (22), that is, by setting 

B P 

■ J. = 2}m ~ + . . ., -rl = - ^nu + . . . 

iV-i 

SO that in the expression (19) of Kg we get 
B C 


It is not difficult to show that even when higher powers are taken into 
account the added member is the only one in with the factor nm^. 

To arrive at the energy expression W, we form, in accordance with 


( 23 ) 


1 

W 

1 



“ yy-i " = a + 

a 

2 

+ nu 

\ 


3 

15., 

3 15, A 

\ 3 

2 + 

y6 + 


!• - -^u^nm^^L -f 26) H- . . .J 
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By (18) and (9) we have 

° iSj- 

Thus we get from (23), except for a constant quantity, that is, one that is 
independent of n and w : 

W = nhvo + 2 + + 2^‘ - jby 

3 * r • (2^) 

- + 2&) + . . . I 

If we set m == 0 in this, we get the pure energy of oscillation, which was 
called Wq in eqn. (10) on page 422, namely 

Wo = nhv^{l - xn + . . .) , . . ( 25 ) 

From (24) we now get the following significance for the abbreviation x 
introduced earlier : 




15, 


15, 


IP ) u. 


The j)VLTe energy of rotation i^m'pmBentedihy the second member on the 
right-hand side of (24). It has the form of the Deslandres term. Finally 
the last term^ in (24) represents the term expressing the mutual action 
between rotation and oscillation. If, as in eqn. (11) on page 422, we write 
it as - m%nh, acquires the meaning 

3 

(I'll =* 2Vo‘7w//‘^( 1 "h 25 + . . .) ; 

as emphasised on page 422, an is proportional to the oscillation quantum n. 

In this note we have furnished all the necessary addenda for the 
detailed explanation of band-spectra. 
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— criterion of intensity, 428. 

Hewlett, 188. 

— total coefficient of extinction, 536. 
Hexadecade of elements, 58. 

H-ion, 7, 68. 

Hjalmar, precision measurements of L- 
series, 152, 160, 161, 

— screen number, 507. 

— weak K-lines, 525. 

H-rays, 92. 

H-transformationa,' 88. 

Hittorf, 8. 
t’Hoff, van, 125. 

Holtzmark, 447, 448. 

— absorption spectrum of Na, 203. 
Homoeopolar molecule, 425. 

Honigschmid, 80. 

Horton, ionisation steps of He, 344. 
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HCoyfc, exoi-batiott the L-series, 154, 

180, 181. 

Hull, erysba.1 po’wfiLej: g ’ 

Hydrogeji, atom, 68, 

iOB» 7, BS. - -ion noi 

= i?Sii*oTS\¥?S"- 

lialh.} , 209* 

— sp0Glja:ti:onL, 202 

I 

Imes, absorption of lia-logen acids, 

419, 4,20. IQS 

Inl,4?ion bj ooiipJ-2S,''*S“(gi 

Ixxtensities, 273, 4=87, 4 : 01 , 

.« — rule of, 369, 4=90- 
- — statistical, 583. 

IntexfereaGLce, 253- t k iifi 

of K.o3atgeii raiys, 

pbotograpb.s, 11 -B?^^-^- 

Intm-atoSrie 

Invariable plane. 251. 264,269. 

Ion, 3, 6S. 


Knipping, electron affinity of halogens, 
118, 449. 

' Knot&nlinie, ^ 

Kooh, P. P., photometiy, i:u- 
KoHbransoh, ertincfaon coefficient, Sd - 
Kouen, 334. 

Kossel, 104, 143, 354. 

— addition lelations, 523. of 

■— explanation of successive maxim f 

K-limits, 190, 

— and Sommerfeld, 373, 378. 

K-radiation, 142. 275 

Kramers, intensity of spectral line., , 

487, 491, 583, 586. 

spekra! 413, 422, 424, 434, 611. 
K-ring, 143, 227. 

Kroo, BmtmngsmMen, 2 ^y- 
K-series, 137, 140. 

— absorption limits, 185. 

Ag-leaf, 182. 

— y/B- values, 156, 157 . 

— 'wave-lengtbs, 153. 

K-sbell, 143. 


Ladenburg, 109, 383. 

— useful formula, 340- 
Lagrange, 547. 

— function, 543, 607. -- qq^ 

Land6, crystal oaloffiatioM, 104, S67, 383, 

393, 399, 400, 407, 503.^ 


Xoix, O, DCS. .cl 07 

looio sizes, curve at> 399 ^ 400, 407, 

_ „„da., 60, « 
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ellip-fcio co-orrdixi^bes, 

K 

ICanneliertingen ==__ fi-utmgs, 440. 
lCaufm.©bXLXi, deflleotxorx * 
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ICiro3ubi.o:fi, 421. 


Larmor! precession of orbits, 296, 301, 309 , 
310. 

Latitude, 243. 

Lattice, 113, 537. 

_ constants, IIT. 120, 140, 152. 

— points, 115. 

Zf^:e:’Sri23 S- <^^*0 orystad 
structure. 

If’^^tootion of Eantgen rays, 110,118. - - 
Law of rational indices, 128. 

L-doublets, 160, 161, 496 
— table of, 162, 163, 500. 

L-levels, 602 et s&q. 

368. 

Dynamide theory. 

Lenard window, 12, «r 

i Lenz,413,430, 431, 445, 528. 

laodel of He-nucleus, 96, -lOb 

LevZ scixeme of, 322, 519. 

N', 0-, P-levels. 

Liibration limits, 282, 561. 

LieS!comtoa.tion series in the electxK 
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LigTit quanta, 44, 254. 

Line- element, 588. 

Linear oscillator, 195. 

— polarisation, 261. 

Line intervals, 287. 

— Mercury lines, 352. 

— spectra, 202. 

Lippmann, colour photograpliy, 

Lissajous curves, 561, 681. 

Litliium atom, 71. 

— fluoride, 137. 

Lobe, intensity differences of Rontgen rays, 
34. 

Lohmann, Zieeman effect of neon-lines, 
383, 390. 

Lohuizen, van, anomalous Zeeman effect 
and principle of combination, 390. 
Longitudinal vibrations, 23. 

Loomis, band -spectra and isotopes of 
cMorine, 424. 

Lorenser, term representation of arc spectra, 
376. 

Lorentz, 2, 21, 95, 259, 400. 

— contraction, 458, 46l. 

— displacement, 296. 

— theory of Zeeman effect, 295, 304. 

— transformation, 457, 632. 

Losohmidt’s (or Avogadro's) number, 4, 

139, 535, 603. 

Lo Surdo, Stark effect, 277. 

L-radiation, 142, 144. 

L-ring, 143, 227. 

L-series, 140, 354. 

— absorption limits, 186. 

— Ag-^f, 183. 

— JvjR values, 166, 167. 

— excitation limits, 181. 

L-shell, 14:3. 

L-terms, 497. 

Lunelund, Stark effect of H-canalrays, 313. 
Lyman, 378, 480, 487. 

— ultra-violet series of H, 207, 218. 
He, 224, 226. 

— and Fricke, ultra-violet lines of helium, 

350. 

M 

Mach, 3. 

McLennan and Henderson, 

Magnetic axis, 408. 

— quantum number, 392, 407. 

— spectrum = velocity spectrum, 43, 449. 
Magneton, 247 et seq, 

— Bohr, 249, 407. 

— Weiss, 251. 

Magneto-optic law of resolution (Sommer 
fold’s), 390. 

Maimer, 152. 

Mandersloot, overtone bands, 423. 
Many-lines spectrum (Yidlmienspeoir'iim), 
209, 344, 414, 440. 

Marsden, 62. 

Mass, variability of, 452, 461| 528. 


Mass, reduced or resultant, 220, 240, 425, 
612. 

Maxwell, 1, 2. 

— equations, 254. 

Maxwell- Boltzmann law, 420. 

M-doublets, 160, 506. 

MeTvrlimenspectrum (more-lines spectrum), 
345. 

Meissner, composite doublets in the Berg- 
mann series of Os, 359, 362. 

— neon spectrum, 382. 

— and Paschen, hydrogen doublet, 482. 
Meitner, structure of nuclei, 84, 90. 
Mendeleef, periodic classification, 56, 98. 
Mercury lines, 852. 

Mercury’s perihelion, 468, 611. 

Merton, differences in the spectra of isotopes 
of Pb, 102. 

Meta-neon, 86. 

Meta-stable states, 79, 350., 

Meyer, Edgar, directional character of y- 
emission, 34. 

— Lothar, atomic volumes, 56, 61, 106. 

— Stefan, atomic volumes, 46, 99. 
Michelson, 482. 

— and Morley’s experiment, 454. 

Miller, anomalous Zeeman effect, 388. 
Millikan, electron, 16, 39, 527. 

— extension of ultra-violet region, 161. 

— reversing potential, 41. 

— spectra, 207. 

Minkowski, four-dimensional world, 457, 
Modified function, 646. 

Moduli of periodicity, 555, 559. 

Mol, 4. 

Molecule, hydrogen, 438. 

— diatomic, 441, 443. 

Molecular size, 430. 

Monaent of inertia of molecule, 415. 

models, 72. 

Momentum, 194, 267, 469. 

— co-ordinates, 233. 

— moment of, 199, 257, 258, 572. 
Monochromatic vibrations, 216, 269. 
Moore, anomalous Zeeman effect, 388. 
More-lines spectrum, 345. 

Moseley, 135, 140, 149, 161, 609. 

— high frequency spectra, 147, 149. 

— law of, 176. 

— nomenclature, 159, 177. 

Moving systems, 455. 

M-radiation, 142. 

M-ring, 143. 

M-series, 140. 

— wave-lengths, 172. 

— y/B-values, 174. 

M-shell, 143, 507. 

]sr 

Natural orbits {Qrimdbahnen), 284, 324. 
N-doublets, 160. 

Nernst and Eucken, specific heat of rota- 
tion, 439. 
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Net planes, 130, 138. 

Newcomb, 468, 611. 

Newlands, 56. 

Newton, 1. 

— gravitational law, 65. 

— laws of motion, 193, 257, 452. 
Nicholson, group of ellipses, 502. 

— quantum condition for rotator, 212. 

— ring systems, 602. 

Niggli, 127. 

Nilson, 59. 

Nimaux. See Levels. 

Normal levels, 516. 

N-shell, 507. 

Nuclear charge, 13, 64, 226. 

“effective,” 69, 73, 498. 

— defect, 503. 

— physics, 89 et seq. 

— theory of matter, 62. 

— vibrations, 416, 433. 

Nucleus, 13, 55, 63. 

— relative motion of, 218, 240. 

Null line (= zero line) of rotation bands, 
419, 445. 

0 

One-line spectrum, 345. , 

Orbit, natural or ground, 284, 324. 

Orbital azimuth, 248. 

— equation, 569. 

— plane, 303. 

Order numbers (Ordnungszahlen)^ 578. 

— of interference, 116. 

Ordnungszahlm. See Order numbers. 
Oscillator, linear, 195. 

— spatial, 195, 199, 560. 

0-shell, 512. 

Ostwald, 3. 

Overtone bands, 423. 

P 

Parabolic co-ordinates, 571, 588. 

— quantum numbers, 283. 

Paramagnetic substances, 249, 4-13. 
Partial series, 319. 

Pasohen, 318, 333, 346, 380, 383, 418, 420, 
483, 488, 490, 491, 527, 583. 

— He-lines, 531. 

— infra-red series, 206, 207, 218, 223, 487. 
Paschen-Back effect, 285, 381, 388, 401, 

409, 495. 

partial, 389, 409. 

Paschen and Back, 300, 363. 

Pauli, 79, 313, 605. 

— theory of magneton, 249. 

Periodicity and non-periodicity, 567. 

— conditional, 201, 307, 559, 561, 567, 577. 

— of atomic structure, 102. 

Periodic table, 57, 99. 

Permanency of multiplicities, 358. 

Phase, 195. 

— area, 195. 


Phase, integral, 198, 201. 

— orbits, 198. 

— points, 195. 

— space, 195. 

Photo-electric efiect, 35, 448. 

indirect, 339. 

laws of, 36. 

normal, 35. 

selective, 35. 

Pickering, spectra of nebular clusters, 207, 
208. 

— series, 208, 222, 223, 317, 373, 493. 
Planck, 36, 200. 

— oscillator, 193, 195, 196. 

— rotator, 195, 199. 

Pleiads, 87. 

P-levels, 515. 

Pohl, 111. 

Poincard, 259. 

Poinsot motion, 442, 444. 

Point transformation, 541. 

Poisson, 547. 

Polarisation, 23, 289, 581^ 

— in Zeeman effect, 294. 

— left circular and right circular, 266, 

272. 

— linear, 273. 

of wave, 255, 261, 262. 

— rule of, 264 et seg.^ 273. 

Popow, 363, 378. 

I Positive ion, IS. 

— rays, 14, 86. 

Potential. See Dissociation. 

— Ionisation. 

— See Besonance. 

Poynting’s vector of energy-flux, 260. 
Precession, Larmor, 296, 297, 801, 309, 
441, 586. 

Preston’s rule, 385, 388. 

Principal series, 207, 816. 

Probability, statistical, 263. 

— of orbits, 247. 

Front’s hypothesis, 56, 59, 87. 

P-shell, 512. 

Ptolemy, 466. 


Q 

Q-series, 431. 

Quantised orbits, 198, 212, 236. 

Quantising of spatial position of orbits, 
243. 

— of elliptic motion, 569. 

hy separation of variables, 

608. 

Quantum of action, 87. 

— ground, 520. 

— numbers, 67, 243, 283, 367, 620. 

inner, 358, 364, 520. 

magnetic, 392, 409. 

— orbits, 67, 236, 326. 

— sum, 334. 

— theory, 36 et seg. 
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R 

B = Bydberg-Ritz constant. 

Radial q^uantum condition, 234. 

number, 326. 

Badiation, 25, 142, 148. 

— obaract eristic, 25, 28, 110, 137. 

— homogeneous, 28, 142. 

— impulse, 25, 29, 110, 137, 179. 

— momentum of, 257. 

Badioactive constant, 49. 

— eq_uilibrium, 41. 

— families, 46. 

— substances, 17. 

Badioactivity, 45. 

— decay, theory of, 53. 

— disintegration (table), 47. 

— displacement, laws of, 81. 

Badium, doublet, 377. 

— emanation, 53. 

Baleigh and Ramsay, 56. 

Bamsauer, linear law, 39. 

Bational units, 259. 

Bau, 339. 

Bawlinson, 42. 

Bayleigh, intensity of scattered light, 535. 
Beduced or resultant mass {reduzierte 
masse), 220, 240, 425, 612, 

Reflection of R5ntgen rays, 130. 

Eeiche, specific heat of rotattion of 
421, 439. 

Relative motion of nucleus, 218, 219. 
Relativistic Kepler motion, 466 et seq. 
Relativity, 452 et seq, 

— correction, 158, 164, 203, 487. 

— Hamilton’s theory in, 606. 

Resolution of series terms, 477 et seq., 487. 
Resolving power of lattice, 113. 

Resonance line, 341. 

— potential, 341. 

Reversible processes, 305. 

Revolving crystals, method of, 131, 
Riemanu surface, 551. 

Ritchmeyer, non-existence of J-radiation, 
144. 

Ritz, 315, 329, 375, 600. 

— principle of combination, 205. 
Robinson, 42. 

Rock salt, Bontgen spectrum of, 137. 
Rojdestvensky, 329, 330, 332. 

Rontgen rays, 15, 28, 110, 111, 139, 353. 

— — photographs (medical), 191. 

— — primary, secondary, tertiary, 23. 

— spectra, 512, 

— spectrum (white), 2^. 

Rotating systems, 466. 

Rotation and oscillation, 436, 616. 

— number {Umtaufsmhl), 275. 

— spectra, 416 et seq. 

— vibration spectra, 416 seq. 
Botationless molecule, 587. 

Rotator, 195, 199, 211, 443. 

— (magneton), 248. 

— of Bjerrum and Schwarzschild,.4:14. 


Rowland, 453. i 

— grating, 117. ! 

B- series, 431. 

Rubens, 418. 

Rubens and Wartenberg, 419. 

Rubinowicz, 313, 407. 

— principle of correspondence, 275. 

Bunge, 391. 

— and Grotrian, 429. 

Paschen, 380. 

1 Precht (Ea-doublet) , 377. 

— denominator, 385. 

— numerator, 387. 

— rule of, 385. 

Russell, 81. 

Rutherford, Sir Ernest, 13, 62, 79, 14:9, 
232. 

— disintegration of nitrogen, 88, 91. 

— and Andrade, y-ray spectrum of Ra* 

185, 172, 449. 

— and Chadwick, 64. 

— Geiger, and Marsden, deflections of a- 

ray, 62, 65. 

— and Richardson, coefficient of scatter- 

ing of y-rays, 536. 

— Robinson, and Rawlinson, secondary 

a- and 3*rays, 42. 

— and Soddy, decay theory of radioactive 

substances, 53. 

Rydberg, 59, 71, 329, 359, 379, 381. 

— constant, 204, 329, 375. 

— frequency, 165, 173. 

Rydberg-Ritz constant, 154, 204, 220, 316* 
Rydberg- Schuster law, 318. 


S 


Sadler, 31. 

Saunders, 362, 375, 409. 

Scandium, 149. 

Scattering power, 121, 533. See Electrons. 
Schafer and Neumann, 464. 

Schillinger, 374. 

Schmid, 71. 

Schonflies, arc spectra of alkalies, 117, 
125. 

Schrodinger, s-term and ground spectra of 
alkalies, 329. 

Schumann, 358. 

Schuster. See Bydberg«Schuster. 
Schwarzschild, 413, 417. 

— degenerate cases, 564, 667, 568. 

— and Epstein, choice of co-ordinates, 

276, 556, 592. 

conditionally periodic motions, 

201 . 

Schweidler, 46. 

Screen constant or number {Ahsohirmungs- 
zahl), 498, 502, 507, 508, 609, 

Second subsidiary series of H, 207. 

Seeliger and Thaer, 379. 

Seeman, 134. 

Selection of inner quantum numbers, 365. 
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Selection, principle of, 217, 240, 264 d seq,, 
273, 351, 483, 485, 521, 522, 581. 
Semi-spectroscopic units, 527. 

Serienfremd, 389. 

Series, 202, 207, 314 et seq. 

— doublet, 231. 

— law of system, 437. 

— partial, 319. 

— principal, 207, 315. 

— Rontgen, 354. 

— scheme of, 336. 

and electronic impact, 339. 

— subsidiary, 207, 315, 333. 

— terms, 187. 

— theorems, 321. 

Shadow pictures, 191. 

Shells, electrons in, 108, 109, 143. 

Siegbahn, 102, 127, 140, 151, 152, 173, 177, 
525. 

— and Friman, 152. 

Jonssou, 135, 186. 

Stenstrom, 152. 

Siegbahn’s nomenclature, 169. I 

Silver band, 184. 

Simultaneity, 459. 

Sleator, infra-red absorption spectra, 419. 
Smehal, non-existence of A-douhlet, 172. 

— scheme of levels of Eontgen rays, 514, 

615. 

Soddy, displacement laws of radioactivity, 

81. 

Sohnke, 117. 

Sommerfeld, 76, 230, 304, 313, 862, 873, 
400, 406, 594. 

— fine structure, 213, 237, 474, 521. 

— generation of Ealmer lines, 237. 

— law of magneto-optic resolution, 390. 

— quantum integral, 200. 

— Stark effect, 692. 

Sommerfeld and Debye, 44. 

Wentzel, 507. 

Space-lattice, 115. 

Space-reffection, 128. 

Spark current, 333. 

— spectrum, 372. 

Spatial quantising, 242. 

Specific charge, 5, 14, 16. 

Spectra not of the H type {to asser staff un- 
ithnlich), 696. 

Spectral lines, sharpness of, 662. 
Spectroscopic units, 217. 

semi-, 527. 

Spectrum, flame, arc, spark, 372, 481. 
Spherical top, 442. 

— wave, 256, 572. 

S-series, 431. 

Stark, 14, 313, 332, 333, 447. 

— effect, 237, 270, 276 et seg., 310, 486. 
according to method of Hamilton 

and Jacobi, 587. 

components of, 291-295. 

Static length (EuhUnge), 459. 

— mass (JRuhmasse) 6, 21, 461. 

— system of reference, 297, 801. 

40 


Stationary orbits, 202. 

Statistics of intensity, 683. 

Stay, length of {yerweilzeit], 262, 353. 
Stensson, weak K-lines, 152, 525. 

Stenstrom, 102, 133, 173. 

— H-limits, 189. 

— mle, 141. 

Stokes’ fluorescence rule, 141, 159, 179, 184. 
— • lag, 179. 

Stoney, 5. 

Strengths of shells (= distribution numbers 
ot Besetzungs zahJen), 108, 143. 
Subsidiary series, 207, 315. 

Surface, in (/+l)-dimensions, 546. 

— Riemann, 551. 

— of atom, 448, 451. 

Swinne, relation between L~ and M-series 
174. 

T 

Takamine and Kokubu, Stark effect of 
second order, 594. 

— — Yamada, Zeeman effect of neon 

lines, 383, 391. 

Target point {TreffpvnJd)^ 567. 

Tate and Foote, 845. 

Terms, 187, 314, 516. 

— constant and variable, 205, 314. 

Thiele, meaning of head of band, 428. 
Thomson, Sir J. J. , researches on canal 

rays, 68. 

Thorium series, 45. 

Time- dilatation, Einstein’s, 460. 

Time equation, 669. 

Time of stay (Vertoeiheit), 262, 358, 481. 
Time, half-value, 46. 

Transformation potential, 349. 
Treffpunktl=^ target point, 657. 

Triad of elements, 58. 

Triplets, 381. 

— Hydrogen, 5C6. 

Triplet systems, 3 66, 376, 401. 

differences of level, 371. 

Trouton and Noble, experiment, 454. 
Tungsten anti-cathode, 188. 

U 

Ubrey’s intensity law, 179. 
Dltra-Bergmann series, 379. 

'Umla'ufzahl = rotation number, 276. 
UmwandlungsspanTiung == transformation 
potential, 349. 

Dnits, electromagnetic, 15, 25. 

— electrostatic, 15, 213. 

— rational, 266. 

— semi-speotroscopio, 627. 

— spectroscopic, 217, 526. 

Uranium series, 45, 60. 

V 

Vacuum spectrograph, 135, 162. 

Valency electrons, 108. 
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Variables, separation of, 555, 569, 590, 603. 
Variations, calculus of, 542, 557. 

Vegard, distribution numbers, 230. 

Velocity spectrum (= magnetic spectrum), 
43, 449. 

Verweilzeit (= length of stay), 262, 353, 
431. 

Vibration circle, 261. 

— ellipse, 261, 572, 602. 

— fundamental plane of, 261, 264, 572. 

— numbers (frequencies), 154. 
VieUinieii^jo&ktritm (Many lines spectrum), 

209, 344. 

Violet shift of helium lines, 223. 

Virtual work, 542. 

Voigt, theory of anomalous Zeeman effect 
of : alkalies, 400, 401 ; quantum in- 
interpretation, 405. 

Voltaic current, 21. 

W 

Wagner, L-series, 140. 

— Stokes’ lag, 178. 

— wave-length of Eontgen rays, 127. 
Wagner and Brentano, bromine and silver 

edge, 183. 

Walter and Pohl, diffraction of Bontgen 
rays, 110. 

Warburg, 305. 

WdrmetDnwig , 349. 

Wasserstoffdhnlich = of the hydrogen 
type, 203, 222. 

Wave, coherence of, 255, 262. 

— intensity of, 255. 

— length, measurement of, 129. 

— lengths, equal differences of, 161, 169. 

— numbers, 154, 175, 217, 294. 

— polarisation, 255. 

— theory, 253. Se& also Spherical wave. 
Weak fields, 388, 496. 

Weber, magnetic moment, 247. 

Webster, 178, 179, 180. 

Webster and Clarke, determination of h 
from excitation limits, 178. 

excitation limits, 180. 

Webster and Duane, ionisation method, 
135. 

Wehnelt tube, 9, 35. 

— hardness gauge, 192. 


Weinacht, spectra of atoms not of the 
hydrogen typo, 600. 

Weiss, magnetic moment, 247. 

Weiss and Piccard, number of magnetons 
in paramagnetic gases, 251. 

Wentzel, irregular doublets, 510. 

— scheme of levels of Eontgen spectra, 

515. 

— selection principle of Eontgen spectra , 

522. 

— spark lines of Eontgen spectra, 525. 
Werner, 104. 

Width of impulse, 28, 111. 

Wien, researches on canal rays, 14. 

Wiener, 130, 

Wiess (abldifigen), 262. 

Wilson, 0. T. B., paths of a and /8 rays in 
gases, 17, 62. 

— paths of Bontgen rays, 28. 

Wilson, W-, quantising several degrees of 
freedom, 96, 200, 285. 

Wind, 111. 

Winkler, 59. 

Wolf-Eayet nebulae, 225. 

Wood, 430, 447. 

Work of escape, 39, 448. 

World, 461. 

X 

X-rays (= Bontgen rays) 15, 28. 

— hard, 32. 

X-units, 151. 

Y 

Young, 253. 

Z 

Zeeman effect, 237, 270, 310, 495. 

anomalous, 294 ei scf/., 363, 384, 

of band spectra, 441, 446. 

longitudinal, 294. 

Lorontz’s theory of, 295. 

transverse, 294. 

triplet, 294. 

types, anomalous, 296. 

Zenker, 130. 

Zero-line = null line of rotation bandB, 
419, 445. 
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5s. net. Faith and Experience, 5s. net. 
The Cult op the Passing Moment, 6s. 
net. The English Church and Re- 
union, 5s. net. SCALA Mundi, 4s. 6d. net.- 
Chesterton (G. K.)— 

The Ballad of the White Horse. All 
Things Considered. Tremendous 
Trifles. Alarms and Discursions. A 
Miscellany of Men. The Uses of 
Diversity. All Fcap. Svo. 6s. net. 
Wine, Water, and Song. Fcap. Svo. 
IS. 6(i, net. 


Clark (Norman). HOW TO BOX. Illui- 
trated. Cr. Svo. ys. 6d. net. 
CIutton-Brook (A.). WHAT IS THE KING- 
DOM OF HEAVEN? Fifth Edition. 
Fcap. Svo. 5s. net, 

ESSAYS ON ART. Second Edition. Fcap. 
8vo. 5s. net. 

ESSAYS ON BOOKS. Third Edition. 
Fcap, Svo. 6s. net. 

MORE ESSAYS ON BOOKS. Fcap. Svo. 
6s. net. 

SHAKESPEARE’S HAMLET. Fcap. Svo. 
5 s. net. 

SHELLEY : THE MAN AND THE POET. 

Fcap Svo. 7s. 6d. net. 

Conrad (Joseph). THE MIRROR OF 
THE SEA : Memories and Impressions. 
Fourth Edition. Fcap. Svo. 6s. net. 
Drever (James). THE PSYCHOLOGY OF 
EVERYDAY LIFE. Third Edition. 
Cr. Svo. 6s. net. 

THE PSYCHOLOGY OF INDUSTRY. 
Cr. Svo. ss. net. 

Einstein (A.). RELATIVITY: THE 
SPECIAL AND THE GENERAL 
THEORY. Translated Robert W, 
Lawson. Seventh EdiUon. Cr. Svo, 
5s. net. 

SIDELIGHTS ON RELATIVITY. Two 
Lectures by Albert Einstein. Cr, Svo. 
6d. net. 

THE MEANING OF RELATIVITY. Cr. 
Svo. 5$. net. 

Other Books on the Einstein Theory. 
SPACE—TIME—MATTER. By Hermann 
Wkyl. ' Demy Svo. i8s, net. 

EINSTEIN THE SEARCHER : His Work 
explained in Dialogues with Einstein. 
By Alexander Moszkowski. Demy 
Svo. 12s. 6d. net. 

AN INTRODUCTION TO THE THEORY 
OF RELATIVITY. By Lyndon Bolton, 
Second Edition. Cr, Svo. 55. net. 
RELATIVITY AND GRAVITATION. By 
Various Writers. Edited by J. Malcolm 
Bird. Cr. Svo. 8s. 6d, net. 
RELATIVITY AND THE UNIVERSE. 
By Dr. Harry Schmidt. Second Edition. 
Cr, Svo. 55 . net. 

THE IDEAS OF EINSTEIN’S THEORY. 

By J. H. Thxrring. Cr. Svo. 55. net. 
RELATIVITY FOR ALL. By Herbert 
Dingle. Third Edition, Fcap. Svo. 
2S. net. 

Evans (Joan). ENGLISH JEWELLERY. 
Royal \to. £2 12s, 6d. net. 


W.). THE ART OF 
Svo. 6s. net. 
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“Fougasse.’* A GALLERY OF GAMES. 
Fcap. ito. 35. 6 d, nci, 

DRAWN AT A VENTURE. Royal 4^0- 
I os. 6 d. net. 

Freundlich (Dr, Herbert). COLLOID AND 
CAPILLARY CHEMISTRY. Dtmy 
8t;o. 36s. net. 

Fyleman' (Rose). FAIRIES AND CHIM- 
NEYS. Fcap. 8 vo. Fourteenth Edition. 
35. 6 d. net. 

THE FAIRY GREEN. Seventh Edition. 

Fcap. 8 vo. 3s. 6 d. net. 

THE FAIRY FLUTE. Third Edition. 

Fcap. 8 vo. $s. 6 d. net. 

THE RAINBOW CAT AND OTHER 
STORIES. Fcap. 8 vo. 3s. 6 d. net. 
GibWns (H. de B.). INDUSTRY IN 
ENGLAND : HISTORICAL OUTLINES. 
With Maps and Plans. Tenth Edition. 
Demy 8 vo. 12s. 6 d. net. 

THE INDUSTRIAL HISTORY OF 
ENGLAND. With 5 Maps and a Plan. 
Twenty-seventh Edition. Cr. Bvo, 5s. 
Gibbon (Edward). THE DECLINE AND 
FALL OF THE ROMAN EMPIRE. 
Edited, with Notes, Appendices, and Maps, 
by J. B. Bury, Seven Volumes. Demy 
8 vo. Illustrated. Each las. 6 d. net. 
Also in Seven Volumes. Unillustrated. 
Cr. 8 vo. Each ys. Bd. net. 

Glover (T. R.)-- 

The Conflict or Religions in the Early 
Roman Empire, ios. 6 d. net. Poets and 
Puritans, ios. 6 d. net. From Pericles 
TO Philip, ios. 6 d. net. Virgil, ios. 6 d. 
net. The Christian Tradition and its 
Verification (The Angus Lecture for 
IQ12). 6 s. net. 

Grahame (Kenneth). THE WIND IN 
THE WILLOWS. Tzoel/th Edition. Cr. 
Bvo. 7s. 6 d. net. 

Also small <Lto. los. 6 d. net. Illustrated 
by Nancy Barnhart. 

Hall (H. R.). THE ANCIENT HISTORY 
OF THE NEAR EAST FROM THE 
EARLIEST TIMES TO THE BATTLE 
OF SALAMIS. Illustrated. Fijih Edi- 
tion. Demy Bvo. 21s. net. 

Holdsworth (W. S.). A HISTORY OF 
ENGLISH LAW. Seven Volumes. Demy 
Bvo. Each 25s. net. 

Inge (W. R.). CHRISTIAN MYSTICISM, 
frhe Hampton Lectures of 1899,) Fifth 
Edition. Cr. 8 vo. ys. Sd. net. 

Jfenks (E,). AN OUTLINE OF ENGLISH 
LOCAL GOVERNMENT. Fi/th Edition. 
Cr. 8 vo. 5 s. net. 

A SHORT HISTORY OF ENGLISH LAW : 
From the Earliest Times to the End 
OF THE Year 19 ii. Second Edition. 
Demy 8 vo. 125. 6 d. net. 

Julian (Lady) of Horwich. REVELA- 
TIONS OF DIVINE LOVE. Edited by 
Grace Warrack. Seventh Edition. Cr. 
8uo. 5s. net. 

Keats (John). POEMS. Edited, with In- 
troduction and Notes, by E. de Selin- 


couRT. With a Frontispiece in Photo- 
gravure. Fourth Edition, Demy Bvo. 
J2S. 6d. net. 

Kidd (Benjamin). THE SCIENCE OF 
POWER. N inth Edition. Cr.Bvo. ys. 6d.net. 
SOCIAL EVOLUTION. Demy Bvo. Bs. 6d.net. 
A PHILOSOPHER WITH NATURE. 

Second Edition. Cr. 8 i>o. 6s. net. 

Kipling (Rudyard). BARRACK-ROOM 
BALLADS. 22Bth Thousand. Cr. 8vo, 
Buckram, ys. 6d. net. Also Fcap. Bvo. 
Cloth, 6s. net ; leather, ys, 6d. net. 

Also a Service Edition. Two Volumes. 
Square Fcap. 8uo. Each -%s. net. 

THE SEVEN SEAS. 161st Thousand. 
Cr. Bvo. Buckram, ys. 64 . net. Also 
Fcap. Bvo, Cloth, 6s. net ; leather, ys. 6d, 
net. 

Also a Service Edition. Two Volumes. 
Square Fcap. Bvo, Each 3s. net. 

THE FIVE NATIONS, iagth Thousand. 
Cr. Bvo. Buckram, ys. 6d, net. Also 
Fcap. Bvo. Cloth, 6s. net ; leather, ys, 6d. 
net. 

Also a Service Edition. Two Volumes. 
Square Fcap, Bvo. Each 3s. net. 
DEPARTMENTAL DITTIES. los^-d 
Thousand. Cr. Bvo. Buckram, ys. 6d. 
net. Also Fcap. Bvo, Cloth, 6s. net; 
leather, ys. 6d. net. 

Also a Service Edition. Two Volumes. 
Square Fcap. 8uo. Each 3s. net. 

THE YEARS BETWEEN, gsth Thousand. 
Cr. Bvo. Buckram, ys. 64 , net. Fcap. 
Bvo. Cloth, 6s. net ; leather, ys. 6d. net. 
Also a Service Edition. Two Volumes. 
Square Fcap. 8vo. Each 3s. net. 

A KIPLING ANTHOLOGY— VERSE. 
Fcap. Bvo. cloth, 6s. net. Leather, ys. 64 , 
net. 

TWENTY POEMS FROM RUDYARD 
KIPLING. 313th Thousand, Fcap. Bvo. 
IS. net. 

Knox (E. V. G.). (‘ Evoe ’ of Punch.) 

PARODIES REGAINED. Illustrated 
by George Morrow. Fcap. Bvo. 4s. 64 , 
net. 

THESE LIBERTIES. Fcap. Bvo. is.6d.net. 
Lamb (Charles and Mary). THE COM- 
PLETE WORKS. Edited by E. V. 
Lucas. A New and Revised Edition in 
Six Volumes, With Frontispieces, Fcap, 
Bvo. Each 6$. net. 

The volumes are : — 

X. Miscellaneous Prose. 11. Elia and 
VHE Last Essay of Elia. hi. Books 
FOR Children, xv. Plays and Pobms. 
V. and VI. Letters. 

Lankester (Sir Ray). SCIENCE FROM AN 
EASY CHAIR. Illustrated. Thirteenth 
Edition. Cr. Bvo, ys. 6d. net. 

SCIENCE FROM AN EASY CHAIR. 
Second Series. Illustrated. Third Edi- 
Hon. Cr. Bvo. ys. 6d. net. 
DIVERSIONS OF A NATURALIST. 
Illustrated. Third Edition. Cr, Bvo, 
ys. 6d. net. 
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SECRETS OF EARTH AND SEA. Cf. 
Bvo. 85, 6d. net. 

GREAT AND SMALL THINGS. Illus- 
trated. Cr. 8vo, 7$. 6d. net. 

Lescarboura (A. C.) RADIO FOR EVERY- 
BODY. Illustrated. Cr. Bvo. 7s. 6d. 
net. 

lodge (Sir Oliver). MAN AND THE 
UNIVERSE. Ninth Edition. Cr. Bvo. 
7s. Bd. net. 

THE SURVIVAL OF MAN : A Study in 
Unrecognized Human Faculty. Seventh 
Edition. Cr. Bvo. ys, 6d. net. 

MODERN PROBLEMS. Cr.Bvo. 7s.6d.net. 
RAYMOND ; or Life and Death. 
Illustrated. Twelfth Edition. Demy Bvo. 
tos. 6d. net. 

RAYMOND REVISED. (Abbreviated 
edition). Cr. Bvo. 6s. net. 
loring {F. H.). ATOMIC THEORIES. 

Second Edition. Demy Bvo. 125 . 6d. net. 

Lucas (B. V.)— 

The Life of Charles Lamb, 2 vols., 21 s. 
net. A Wanderer in Holland, 10 s. 6d. 
net: A Wanderer in London, 10 s. 6d. 
net. London Revisited, xos. 6d. net. A 
Wanderer in Paris, ios. 6d. net and 6s. 
net. A Wanderer in Florence, ios. 6d. 
net. A Wanderer in Venice, ios. 6d. net. 
The Open Road : A Little Book for 
Wayfarers, 6s. 6d. net. The Friendly 
Town : A Little Book for the Urbane, 
6s. net. Fireside and Sunshine, 
6s. net. Character and Comedy, 6s. net. 
The Gentlest Art : A Choice of Letters 
by Entertaining Hands, 6s. 6d. net. The 
Second Post, 6s. net. Her Infinite 
Variety : A Feminine Portrait Gallery, 
6s.net. Good Company : A Rally of Men, 
6s. net. One Day and Another, 6s. net. 
Old Lamps for New, 6s. net. Loiterer’s 
Harvest, 6s. net. Cloud And Silver, 6s. 
net. A Boswell of Baghdad, and other 
Essays, 6s. net. 'Twixx Eagle and 
Dove, 6s. net. The Phantom Journal, 
and other Essays and Diversions, 6s. 
net. Specially Selected : A Choice of 
Essays, 7s. 6d. net. Urbanities. Illus- 
trated by G. L. Stampa, 7s. 6d. net. 
Giving and Receiving. 6s. net. You 
Know what People Are. 5s. net. 
The British. School : An Anecdotal 
Guide to the British Painters and Paint- 
ings in the National Gallery, 6s. net. 
Roving East and Roving West: Notes 
gathered in India, Japan, and America. 
5s. net. Edwin Austin Abbey, R.A. 
2 vols. £6 6s. net. Vermeer of Delft, 
IOS, 6d. net. 

Masefield (John). ON THE SPANISH 
MAIN. A new edition. Cr.Bvo. Bs.6d.net. 
A SAILOR’S GARLAND. Second 
Edition. Cr. Bvo. 6s. net. 

SEA LIFE IN NELSON’S TIME. Illus- 
trated. Second Edition. Cr. Bvo. 5s. net. 
Meldrum (D. S.). REMBRANDT’S PAINT- 
INGS, Widt Royal Bvo, 1^3 3$, net. 


Methuen (A.). AN ANTHOLOGY OF 
MODERN VERSE. With Introduction 
by Robert Lynd. Twelfth Edition. 
Fcap. Bvo. 6s. net. Thin paper, leather, 
7 s. 6 d. net. 

SHAKESPEARE TO HARDY: An An- 
thology of English Lyrics. With an 
Introduction by Robert Lynd. Third 
Edition. Fcap. Bvo, 6 s. net. Leatheri 
7 s. 6 d. net. 

McDougall (William). AN INTRODUC- 
TION TO SOCIAL PSYCHOLOGY- 
Eighteenth Edition. Cr. Bvo. Bs. 6 d. net. 
BODY AND MIND: A FIistory and a 
Defence of Animism. Fifth Edition. 
Demy Bvo. 12s. 6 d. net. 

NATIONAL WELFARE AND NATIONAL 
DECAY. Cr. Bvo. 6 s. net. 

Maeterlinck (Maurice) — 

The Blue Bird : A Fairy Playin Six Acts 
6s. net. Mary Magdalene : A Play in 
Three Acts, 5s. net. Death, 3s. 6 d. net. 
Our Eternity, 6s. net. The Unknown 
Guest, 6s. net. Poems, 5s. net. The 
Wrack of the Storm, 6s. net. The 
Miracle of St. Anthony : A Play in One 
Act, 3s. 6 d. net. The Burgomaster op 
Stilemonde : A Play in Three Acts, 5s. 
net. The Betrothal ; or. The Blue Bird 
Chooses, 6s. net. Mountain Paths, 65. 
net. The Story of Tyltyl, 21s. net. 
The Great Secret. 7 $. 6 d. net. 

Milne (A. A.)— 

Not that it Matters. Fcap. Bvo. 6 s. 
net. If I May. Fcap. Bvo. 6 s. net. 
Newman (Tom). HOW TO PLAY BIL- 
LIARDS. Illustrated. Cr. 8pg. 8s. 6i. 
net, 

Oxenham (John) — 

Bees in Amber ; A Little Book of 
Thoughtful Verse. Small Pott Bvo. 
Stiff Boards, as. net. All’s Well; 
A Collection of War Poems. The King’s 
High Way. The Vision Splendid. 
The Fiery Cross. High Altars : The 
Record of a Visit to the Battlefields of 
France and Flanders. Hearts Coura- 
geous. All Clear ! All Small Pott 
Bvo. Paper, is. 3^. net ; cloth hoards, 25. 
net. Winds of the Dawn, Gentlemen 
— ^The King, as. net. 

Petrie (W. M. Flinders). A HISTORY OF 
EGYPT. Illustrated. Six Volumes. Cr, 
Bvo. Each gs. net. 

VoL. I. From the 1 st to the XVIth 
Dynasty. Tenth Edition, {xzs. net.) 
VoL. II. The XVIIth and XVIIItk 
Dynasties. Sixth Edition. 

VoL. III. XIXth to XXXth Dynasties. 
Second Edition. 

VoL. IV. Egypt under the Ptolemaic 
Dynasty. J. P. Mam avvy. Second Edition. 
VoL. V. Egypt under Roman Rule. 

J. G. Milne. Second Edition. 

VoL, VI. Egypt in the Middle Ages. 
Stanley Lane Poole. Second Edition, 
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SYRIA AND EGYPT, FROM THE TELL ' 
EL AMARNA LETTERS. Cr. Svo. 
Ss. net. 

EGYPTIAN TALES. Translated from the 
Papyri. First Series, ivth to xiith 
Dynasty. Illustrated. TUri Edition. 
Cr. Svo. 5s. net. 

EGYPTIAN TALES. Translated from the 
Papyri. Second Series, xviiith to xixth 
Dynasty. Illustrated. Second Edition. 
Cr. &VO. 5s. net. 

Pollitt (Arthur W.). THE ENJOYMENT 
OF MUSIC. Second Edition. Cr. Svo. 
5S. net. 

Price (L. L.). A SHORT HISTORY OF 
POLITICAL ECONOMY IN ENGLAND 
FROM ADAM SMITH TO ARNOLD 
TOYNBEE. Eleventh Edition. Cr. Svo. 
5s. net. 

Selous (Edmund)— 

Tommy Smith’s Animai-s. Tommy 
Smith’s Other Animates. Tommy Smith 
AT the Zoo. Tommy Smith again at 
THE Zoo. Each 2s. gd. Jack’s Insects, 
3r. 6d. Jack’s Other Insects, 3s. 6d. 
Shelley (Percy Bysshe). POEMS. With 
an Introduction by A. Cltjtton-Brock 
and Notes by C. D. Locock. Two 
Volumes. Demy 8uo. £1 is. net. 
SHELLEY: THE MAN AND THE POET. 

By A.Clutton-Brock. Fcap Svo. 7s.6s.net. 
Smith (Adam). THE WEALTH OF 
NATIONS. Edited by Edwin Cannan. 
Two Volumes. Third Edition. Demy 
Svo. £i $s. net. 

Smith (S. C. Kalnes). LOOKING AT 
PICTURES. Illustrated. Second Edi- 
tion. Fcap. Svo. 6s. net. 

Sommerfeld (Prof. Arnold). ATOMIC 
STRUCTURE AND SPECTRAL LINES. 
Demy Svo. 32s. net. 

SteTeneon (R. L.). THE LETTERS OF 
ROBERT LOUIS STEVENSON. Edited 
by Sir Sidney Colvin. A New Re- 
arranged Edition in four volumes. Fourth 
Edition. Fcap. Svo. Each 6s. net. 
Bnrtees (R. S.)— 

Handley Cross, 75. 6d. net. Mr. 

SroNGE’s Sporting Tour, 7s. 6d. net. 
Ask Mamma : or, The Richest Commoner 
in England, 7s. 6d. net. Jorrocks’s 


Jaunts and Jollities, 65. net. Mr. 
Facey Romford’s Hounds, 7s. 6d. net. 
Hawbuck Grange ; or, The Sporting 
Adventures of Thomas Scott, Esq., 6s. 
net. Plain or Ringlets ? 7s. 6d. net, 

Hillingdon Hall, 7s. 6d. net. 

Tilden (W, T.). THE ART OF LAWN 
TENNIS. Illustrated. Fifth Edition. 
Cr. Svo. 6s. net. 

Tileston (Mary W.). DAILY STRENGTH 
FOR DAILY NEEDS. Twenty-eighth 
Edition. Medium i6mo. 3s. 6d. net. 
Underhill (Evelyn). MYSTICISM. A 
Study in the Nature and Development of 
Man’s Spiritual Consciousness. Ninth 
Eldition. Demy Svo. 15s. net. 

THE LIFE OF THE SPIRIT AND THE 
LIFE OF TO-DAY. Cr. Svo. Ss.6d.net. 
Vardon (Harry). HOW TO PLAY GOLF. 
Illustrated. Sixteenth Edition. Cr. 8ro. 
5s. 6d. net. 

Wade (G. W.). NEW TESTAMENT 

HISTORY. Demy Svo. i8s. net. 

OLD TESTAMENT HISTORY. Nin^ 
Edition. Cr. Svo. 7s. 6d. net. 
Waterhouse (Eliiabeth) . A LITTLE BOOK 
OF LIFE AND DEATH. Twenty-first 
Edition. Small Pott Svo. as. 6d. net. 
Wells (J.). A SHORT HISTORY OF 
ROME. Eighteenth Edition. With 3 
Maps. Cr. Svo. 5s. 

Wilde (Oscar). THE WORKS OF OSCAR 
WILDE. Fcap. Svo. Each 6s. 6d, net. 

I. Lord Arthur SAvits’s Crime and 
THE Portrait of Mr. W. H. ii. The 
Duchess of Padua, hi. Poems, iv. 
Lady Windermere’s Fan. v. A Woman 
of No Importance, vi. An Ideal Hus- 
band. VII. The Importance or Being 
Earnest, viii. A House of Pome- 
granates. IX. Intentions, x. De Pro- 

FUNDIS AND PRISON LETTERS. XI. ES- 
SAYS. xii. Salome, A Florentine 
Tragedy, and La Sainte Courtisank. 
xin. A Critic in Pall Mall. xiv. 
Selected Prose of Oscar Wilde. 
XV. Art and Decoration. 

FOR LOVE OF THE KING. A Burmese 
Masque. Demy Svo. 8s. 6d. net. 

Yeats (W. B.). A BOOK OF IRISH 
VERSE. Fourth Editior*. Cf. Svo. ys * net* 


Part IL— A Selection of Series 

The Antiquary’s Books 

Demy Sva. los. 6ci. net each volume. With Numerous Illustrations. 


Ancient Painted Glass in England. 

ARCHJiOLOOY AND FaLSE ANTIQUITIES. 

The Bells of England. The Brasses 
or England. The Castles and Walled 
Towns of England. Celtic Art in 
Pagan and Christian Times. Church- 
wardens’ Accounts, The Domesday 
Inquest. English Church Furniture. 
English Costume. English Monastic 
Life. English Seals. Folk-Lore as 
AN Historical Science. The Guilds and 
Companies of London. The Hermits 
AND ANCMOEITKS 07 ENGLAND. ThE 


Manor and Manorial Records. The 
Medleval Hospitals of England. 
Old English Instruments of Music. 
Old English Libraries. Old Service 
Books of the English Church. Parish 
Life in Medi.«val England. The 
Parish Registers of England, Re- 
mains OF THE Prehistoric Ace in Eng- 
land. The Roman Era in Britain, 
Romano-British Buildings and Earth- 
works. The Royal Forests of Eng- 
land. The Schools of Medxjbval Eng- 
land. Shrines of British Saints. 
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The Arden Shakespeare 

General Editor, E. H. CASE 
Demy 8vo. 6s. mi each volume 

An edition of Shakespeare in Single Plays; each edited with a full Intro- 
duction, Textual Notes, and a Commentary at the foot of the page. 

The Arden Shakespeare will be completed shortly by the publication of 

THE SECOND PART OF KING PIENRY IV. Edited by R. P. Cowl. 

MUCH ADO ABOUT NOTHING. Edited by Grace Trenery. 

Classics of Art 

Edited by Dr, J. H. W. I.AING 
With numerous Illustrations. Wide Royal Svo 

Thk Art of the Greeks, 215. nd. The Etchings, 315. 6d. net. Rembrandt’s 

Art of the Romans, i6s. net. Chardin, Paintings, 63s. net. Rubens, 30s. net. 

15s. net. Donatello, i6s. net. George Tintoretto, i6s. net. Titian, 16s. net. 

Romney, 15s. net. Ghirlandaio, i ss.net. Turner’s Sketches and Drawings, 

Lawrence, 25s. net. Michelangelo, 155. 15s. net. Velasquez, 15s. net. 

net. Raphael, 15s. net. Rembrandt’s 

The ‘ Complete ’ Series 

Fully Illustrated. Demy Svo 

The Complete Airman, 16s. net. The 5s. net. The Complete Lawn Tennis 

Complete Amateur Boxer, ioj. 6 d. net. Player, 12s. 6 d, net. The Complete 

The Complete Association Foot- Motorist, 10s. 6 d. net. The Complete 

BALLKR, los. 6 d. net. The Complete Mountaineer, j8s. net. The Complete 

Athletic Trainer, ios. 6 d. net. The Oarsman, 15s. net. The Complete 

Complete Billiard Player, ios. 6 d. Photographer, 12s. 6rf. The Complete 

net. The Complete Cook, 105. 6 d. net. Rugby Footballer, on the New Zea- 

The Complete Foxhunter, i6s. net. land System, 12s. 6 d. net. The Com- 

The Complete Golfer, 12s. 6d. net. plete Shot, i6s. net. The Complete 

The Complete Hockey Player, 10s. 6d. Swimmer, 105. 6 d. net. The Complete 
net. The Complete Horseman, 155. Yachtsman, x8s, net. 
net. The Complete Jujitsuan. Cr. Svo. 

The Connoisseur’s Library 

With numerous Illustrations. Wide Royal Svo. £i iis. 6d. net each volume 

English Coloured Books. Etchings. Ivories. Jewellery. Mezzotints. 

European Enamels. Fine Books. Miniatures. Porcelain, Seals. 

Glass. Goldsmiths’ and Silversmiths’ Wood Sculpture, 

Work. Illuminated Manuscripts. 

Handbooks of Theology 

Demy Svo 

The Doctrine of the Incarnation, 135. the Creeds, 125. The Philosophy 

net. A History of Early Christian of Religion in England and America, 

Doctrine, 16s. net. Introduction to 12s. 6d. net. The XXXIX Articles of 

THE History of Religion, 125:. 6d. net. the Church of England, 15s. net. 

Ah Introduction to the History of 

Health Series 

Reap. Svo. 2 s. 6d. net 

The Baby. The Care of the Body. The Long. The Prevention of the Common 

Care of the Teeth. The Eyes of our Cold. Staying the Plague, Throat 

Children. Health for the Middle- and Ear Troubles. Tuberculosis, 

Aged. The Health of a Woman. The The Health of the Child, as. net. 

Health of the Skin. How to Live 
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The Library of Devotion 

Handy Editions of the great Devotional Boohs, well edited 
With Introductions and (where necessary) Notes 
Small Pott 8vo, cloth, 35. net and $s. 6d. net 


Little Books on Art 


With many Illustrations, Demy x6mo. $s. net each volume 


Each volume consists of about 200 pages, and contains from 30 to 40 
Illustrations, including a Frontispiece in Photogravure 


Albrecht D^rer. The Arts op Japan, 
Bookplates. Botticelli. Burne- 
Jones. Cellini. Christian Symbolism. 
Christ in Art. Claude. Constable. 
Corot. Early English Water-Colour. 
Enamels. Frederic Leighton. George 
Romney. Greek Art, Greuze and 


Boucher. Holbein. Illuminated 
Manuscripts. Jewellery. John Hope- 
NER. Sir Joshua Reynolds. Millet, 
Miniatures. Our Lady in Art. 
Raphael. Rodin. Turner. Vandyck. 
Watts. 


The Little Guides 


With many Illustrations by E. H. New and other artists, and from 
photographs 

Small Pott 8vo. 45. net to ys. 6d. net. 

Guides to the English and Welsh Counties, and some well-known districts 

The main features of these Guides are (i) a handy and charming form; 
(2) illustrations from photographs and by well-known artists ; (3) goad 
plans^ and maps ; (4) an adequate but compact presentation of everything 
that is interesting in the natural features, history, archaeology, and archi- 
tecture of the town or district treated. 


The Little Quarto Shakespeare 

Edited by W. J. CRAIG, With Introductions and Notes 

Pott i6fno, 40 Volumes. Leather, price xs. gd, net each volume 
Cloth, IS. 6d. net. 


Plays 

Fcap. Svo. 3s. 6d, net 


Milestones. Arnold Bennett and Edward 
Knoblock. Eleventh Edition. 

Ideal Husband, An. Oscar Wilde. Act- 
ing Edition. 

Kismet. Edward Knoblock. Fourth Edi- 
tion. 

The Great Adventure, Arnold Bennett. 
Fifth Edition. 


Typhoon. A Play in Four Acts. Melcblor 
Leiigyel. English Version by l-aurence 
Irving. Second Edition. 

Ware Case, The. George Pleydell. 
General Post. J. E. Harold Terry. 
Second Edition, 

The Honeymoon. Arnold Bennett. Third 
Edition, 
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Sports 

IllustraUd. 

All About Flying, 3s. net. Alpine 
Ski-ing at All Heights and Seasons, 
$$. net. Cross Country Ski-ing, 5s. net. 
Golf Do’s and Dont's, 25. 6d. net. 
Quick Cuts to Good Golf, 2s. 6d. net. 
Inspired Golf, 2s. 6d. net. Driving, 
Approaching, Putting, 2s. net. Golf 
Clubs and How to Use Them, as. net. 
The Secret of Golf for Occasional 


Series 

Fcap. 8uo 

Players, 2$. net. Lawn Tennis, 3s. net. 
Lawn Tennis Do’s and Dont’s, 2s. net. 
Lawn Tennis for. Young Players, 
as. 6d. net. Lawn Tennis for Club 
Players, 2$. 6i. net. Lawn Tennis for 
Match Players, as. 6d. net. Hockey, 
4s. net. How to Swim, as. net. Pu.'it- 
iNG, 35. 6tl. net. Skating, 3s. net. 
Wrestling. 25. net. 


The Westminster Commentaries 

General Editor, WALTER LOCK 
Demy Svo 


The Acts op the Apostles, 12s. 6d. net. 
Amos, 8s. 6d. net. I Corinthians, 8s. 
6d. net. Exodus, 15s. net. Ezekiel, 
J2S. 6d. net. Genesis, i6s. net. Hebrews, 
8s. $d. net. Isaiah, x6s. net. Jeremiah, 


i6s.net. Job, 8s. 6d. net. The Pastoral 
Epistles, 8s. 6d. net. The Philippians, 
8s. 6d. net. St. James, 8s. 6d. net. St. 
Matthew, 15s. net. St. Luke, 15s. net. 


Methuen’s Two-Shilling Library 

Cheap Editions of many Popular Books 
Fcap. Svo 


Part III. — A Selection of Works of Fiction 


Bennitt (Arnold) — 

Clayhanger, 8s. net. Hilda Lkssways, 
8s. 6d. net. These Twain. The Card. 
The Regent : A Five Towns Story of 
Adventure in London. The Price of 
Love. Buried Alive. A Man from 
THE North. Whom God hath Joined. 
A Great Man : A Frolic. Mr. Prohack, 
All 7s. 6d. net. The Matador of the 
Five Towns, 6s. net. 

Birmingham (George A.)— 

Spanish Gold. The Search Party. 
Lalage’s Lovers. The Bad Times. Up, 
THE Rebels. The Lost Lawyer. All 
7$. 6d. net, Inishkeny, 8s. 6d. net. The 
Great-Grandmother, 7s. 6d. net. Found 
Money, 7 s. 6c?. neL 

Burroughs (Edgar Rice)— - 
Tarzan of the Apes, 6s. net. The 
Return of Tarzan, 6s. net. The Beasts 
of Tarzan, 6s. net. The Son of Tarzan, 
6s. net, Jungle Tales of Tarzan, 6s. 
net. Tarzan and the Jewels of Opar, 
6s. net. Tarzan the Untamed, 7s. 6d. net. 
A Princess of Mars, 6s. net. The Gods 
of Mars, 6s. net. The Warlord of 
Mars, 6s. net. Thuvia, Maid of Mars, 
6s. net. Tarzan the Terrible, as. 6d. net. 
The Mucker, 6s. net. The Man with- 
out A Soul, 6s. net. The Chessmen of 
Mars, 6s. net. At the Earth’s Core, 
6 s. net. 

Conrad (Joseph) — 

A Set of Six, 7s. 6d. net. Victory : An 


Island Tale. Cr. 8vo. gs. net. The 
Secret Agent ; A Simple Tale. Cr. Svo. 
gs. net. Under Western Eyes. Cr. 
8vo. gs. net. Chance. Cr. Svo. gs. net^ 

Corelli (Marie)— 

A Romance of Two Worlds, 7s. 6d. net. 
Vendetta ; or, The Story of One For- 
gotten, 8s. net. Thelma ; A Norwegian 
Princess, 8s. 6 d. net. Ardath ; The Story 
of a Dead Self, 7s. 6d. net. The Soul of 
Lilith, 75. 6d. net. Wormwood ; A Drama 
of Paris, 8s. net. Barabbas : A Dream of 
the World’s Tragedy, 7s, 6d. net. The Sor- 
rows of Satan, 7s. 6d.net. The Master- 
Christian, 8s. 6d. net. Temporal Power : 
A Study in Supremacy, 6s. net. God’s 
Good Man : A Simple Love Story, 8s. 6d. 
net. Holy Orders : The Tragedy of a 
Quiet Life, 8s. 6d. net. The Mighty Atom, 
7$. 6d. net. Boy : A Sketch, 7s. 6d. net. 
Cameos, 6s. net. The Life Everlasting, 
8s.6d.net. The Love OP Long Aoo, and 
Other Stories, 8s. net. Innocent, 
7s. 6d. net. The Secret Power: A 
Romance of the Time, 6s. net. 

HIchens (Hebert)— 

Tongues of Conscience, 7s. 6d. net. 
Felix : Three Ycart in. a Life, 7s, 6d, net. 
The Woman with the Fan, 7s. 6d. net. 
The Garden of Allah, 8s, 6d. net. 
The Call op the Blood, 8s. 6d. net. 
The Dweller ON the Threshold, 7 s, 6d. 
net. The Way of Ambition, 7s. 6d. net. 
In the Wilderness, 7s. 6d. net. 
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Hope (Anthony)— • 

A Change of Air. A Mam op Mark. 
Simon Dale. The King’s Mirror. 
The Dolly Dialogues. Mrs. Maxon 
Protests. A Young Man’s Year. 
Beaumaroy Home from the Wars. 
All 7s. 6d. net. 


Jacobs (W. W.)- ^ 

Many Cargoes, 5s. net. Sea Urchins, 
5s. net and 3s. 6d, net. A Master of 
Craft, 6s. net. Light Freights, 65. net. 
The Skipper’s Wooing, 5s. net. At Sun- 
wicH Port, §s. net. Dialstone Lane, 
5s, net. Odb Craft, 5s. net. The Lady 
of the Barge, 5s- net. Salthaven, 6 s. 
net. Sailors’ Knots, 5s. net. Short 
Cruises, 6s. net, 

London (Jack) — WHITE FANG. Ninth 
Edition. Cr. 800, 7^. 6d, net, 

Lucas (B. V.) — 

Listener’s Lure : An Oblique Narration, 
65. net. Over Bemerton’s : An. Easy- 
going Chronicle, 6s, net. Mr. Ingleside, 
6s. net. London Lavender, 6 ^; net. 
Landmarks, 6s. net. The Vermilion 
B px, 6s. net. Verena in the Midst, 
8 s. 64. net. Rose and Rose, 6s. net. 
Genevra’s Money, 7s. 64. na. 


McKenna (Stephen)— 

Sonia : Between Two Worlds, 8s. net. 
Ninety-Six Hours’ Leave, 7s. 6d. net. 
The Sixth Sense, 6 s. net. Midas & Son, 
8s. net. 


Malet (Lucas)— 

The History of Sir Richard Calmady : 
A Romance. los. net. The Carissima. 
The- Gateless Barrier. Deadham 
Hard. All 7s. 64. net. The Wage.s of 
Sin. 8s. net. Colonel Enderby’s Wife, 
7s. 64. net. 


Mason (A. E. W.). CLEMENTINA. 
Illustrated. Ninth Edition. 7s. 64. net. 


Milne (A. A.)— 

The Day’s Play. The Holiday Rounb. 
Once a Week. All 7 s. 64. net. The 
Sunn y Side. 6 s. net. The Red PIoUse 
Mystery. 6 s. net. 

Oxenham (John) — 

The Quest of the Golden Rose. Mary 
All-Alone. 7s. 64. net. 

Parker (Gilbert) — 

Mrs. Falchion. The Translation 
OF A Savage. When Valmond came 
TO Pontiac : The Story of a Lpsf 
Napoleon. An Adventure of the 
North : The Last Adventures of ‘ Pretty 
Pierre.’ The Seats of the Mighty. The 
Battle of the Strong : A Romance 
of Two Kingdoms. The Trail of the 
Sword. Northern Lights. Judcement 
House. All 7s. 64. net, 

Phillpotts (Eden)— 

Children of the Mist. The River. 
The Human Boy and the War. All 
7 s. 6d. net. 

Rohmer (Sax)— 

The Golden Scorpion. 7s. 6d. net. The 
Devil Doctor. The Mystery of Dr. 
Fu-Manchu. The Yellow ChX'W, All 
$s. 64. net. 

Swinnerton (F.) Shops and Houses. 
September. The Happy Family. On 
The Staircase. Coquette. The Chaste 
Wife. All 7s, 64. net. The Merry 
Heart, The Casement, The Young 
Idea. All 6s. net. The Three Lovers, 
7 $. 6d. net. 

Wells (H. G.). BEALBY. Fourth Edition. 

Cr. 8vo. 7s. 64. net. 

Williamson (C. N. and A. M.)— 

The Lightning Conductor : The Strange 
Adventures of a Motor Cat. Lady Betty 
across the Water. It Happened in 
Egypt. The Shop Girl. The Lightning 
Conductress. My JJ’riend the 
Chauffeur. Set in Silver. T**e 
Great Pearl Secret. The Love 
Pirate. All 7s. 64. net. Crucifix 
Corner. 6s. net. 


Methuen’s Hall- Crown Novels 

Crown Svo 

Cheap Editions of many of the most Popular Novels of the day 
Write for a Complete List 


Methuen’s Two-Shilling Novels 

Fcap. Svo 

Write for Complete List 


